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Abstract

The cohomology groups associated to the absolute Galois group of a field E encode a
great deal of information about E, with the groups H™(Gg, ) being of classical in-
terest. These groups are linked to the reduced Milnor K-groups K., E/pK,FE = k,E
by the Bloch-Kato conjecture. Using this conjecture when E/F is a Galois exten-
sion of fields with Gal(E/F) ~ Z/p"Z for some odd prime p, and additionally as-
suming &, € E, we study the groups H"(Gg, it,) as modules over the group ring
F,[Gal(E/F)]. When E/F embeds in an extension E’/F with Gal(E'/F) ~ Z/p" "' Z,
we are able to give a highly stratified decomposition of H™(Gg, jt,). This allows us
to give a decomposition of the cohomology groups of a p-adic extension of fields.
In general we are able to give a coarse decomposition of H™(Gg, ), showing that
many indecomposable types do not appear in H"™(Gg, p,). With an additional as-
sumption about the norm map N ;| : k, E, — k,E,_1, we strengthen this coarse

decomposition to a highly stratified one.

v
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Chapter 1

Galois Modules

1.1 Motivation

When a group G acts on an object X, there is typically an induced action of G
on invariants associated to X. This action often provides insight into the objects
parametrized by these invariants. We give a classical example here.

Let E be a field, and denote a separable algebraic closure of E by E. We will also
assume a primitive pth root of unity &, is in E (so that, in particular, char(E) # p).

We have an exact sequence of G = Gal(E/E)-modules
1 —p,— B L E<—1

which group cohomology converts into a long exact sequence, including the 4-term

sequence
HO(GE7EX> = HO(GEﬂEX) - HI(GEVMP) - H1<GE7EX>‘

By definition H°(Gg, E*) = (E*)9F (the submodule of E* fixed by Gg), which
is £ by Galois theory. Since §, € E, the action of Gg on p, is trivial, and so
HY(Gg,pp) = Hom(Gg, p,). Using u, ~ Z/pZ and the properties of the absolute
Galois group of E, we know that Hom(Gg, u,) classifies extensions of L/FE that
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satisfy Gal(L/FE) — Z/pZ. Finally, the cohomological version of Hilbert’s Theorem

90 gives H'(G g, E*) = {1}. Hence the exact sequence above becomes

EX/EXP ~ { extensions L of F with }
Gal(L/E) — Z/pZ

One can chase the connecting homomorphism and find that the extension of
corresponding to a power class represented by v € E* is given by E(y/7). This
correspondence is known as Kummer Theory.

To strengthen bijections such as this, one often attempts to put a more refined
structure on either side of the correspondence. The game is to then interpret how
this additional structure on one side is manifested on the other.

For instance, the collection E*/E*P is obviously an F,-vector space, and in fact

we have a correspondence

elementary p-abelian
{ [F,-subspaces of E*/E*P } o . ,
extensions of £

where an elementary p-abelian extension of F is a Galois field extension L/E with
Gal(L/E) ~ @*Z/pZ for some k.

We now ask the following question: suppose that F is itself an extension of a field

F, with Gal(E/F) = G. Then E*/E*? becomes a module over the group ring IF,[G].

How is this additional structure translated into a property of the corresponding field

extension L? The answer is the following

Proposition 1.1. There is a correspondence

of EX|E*P

which are also Galois over F

{ F,[G]-submodules } { elementary p-abelian extensions L/ E }
— .

In particular cases, one can say more. Toward this end, we restrict ourselves to
the case G = Gal(E/F) = Z/p"Z and also fix a generator o € G. We write E; for
the intermediate field of F/F which is degree p’ over F, and write G; for the group
Gal(E;/F).
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Definition 1.2. For v € EX/E*?, if either Ng,py € F*P or Ng/py ¢ E*P, then we

say vy is of trivial index. If Ng,py € E*P\ F*P then we say v is of non-trivial index.

One can show that the triviality (or non-triviality) of a generator for a cyclic sub-
module M is invariant (i.e., if one generator for M is trivial index then all generators
for M are trivial index).

With this (admittedly mysterious) notion of index, we have the following result

of Waterhouse:

Proposition 1.3 ([15]). Suppose that G = Gal(E/F) = Z/p"Z, and let M be a
cyclic IF,[G]-submodule of E*/E*P. Let L be the extension of E corresponding to M.

Then Gal(L/F) can be computed knowing only dimg, M and the index of a generator
of M. If a generator for M is trivial index, then Gal(L/F)= M % G.

Suppose that an [F,[G]-module M can be written as a direct sum of F,[G]-
submodules, say M = M;& Ms. If L, L and L, are the corresponding field extensions
of E, then one can show Gal(L/F) = Gal(L,/F) x Gal(Ly/F). Since every F,[G]-
submodule can be written as a direct sum of cyclic submodules (Theorem 2.9), the
previous proposition implies we can determine the Galois group of a field extension
corresponding to an arbitrary F,[G]-submodule M.

With this result in mind, it is natural to ask for the [F,[G]-structure of E*/E*?.
One would especially like this decomposition to keep track of the index of elements
in £*/E*P, or possibly even contain in some obvious way a maximal trivial index
submodule (that is, a submodule 7" whose elements are all trivial index, and so that
any other module S properly containing 7" contains an element of non-trivial index).

We shall describe such a result in the next section.

1.2 HYGg,u,) as a Galois Module

The investigation of the F,[G]-module structure of E*/E*? was started by Faddeev
in [3], where F' was assumed to be a local field of finite degree over Q,. More recently
Minéd¢ and Swallow calculated in [11] the module structure whenever G = Z/pZ (i.e.,

when n = 1). The question was resolved for general p-power cyclic extensions E/F
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by Miné¢, Swallow and the author in [10]. Even in this general case, E*/E*P has a
highly stratified module structure, with all but one summand ‘free’ (i.e., isomorphic
to F,[Gal(E;/F)] for some 7).

We state the decomposition in the case p > 2 and §, € E, although analogous

results without these restrictions exist.

Theorem 1.4 ([10, Theorem 2]). Let E/F be an extension of fields such that
Gal(E/F)simeqZ/p"Z, where p > 2 is prime and &, € E. Then as an F,[G]-module

EX/E” ~X o @Y,

i=0
where

e X is cyclic of dimension p"E/") + 1 for some i(E/F) € {—o0,0,--- ,n — 1},

and
o for each i, Y; C E;/E*? is a direct sum of free F,[Gal(E;/F')]-modules.
Moreover, the submodule (o — 1)X & @;_,Y; is a mazimal trivial index submodule.

Given Kummer theory and Waterhouse’s result, it is not surprising that this theo-
rem contains a great deal of information about certain embedding problems involving
E/F. For instance, the isomorphism class of the exceptional summand (i.e., X)
is determined by an invariant i(E/F) € {—00,0,---,n — 1} which can be defined
as follows: if E/F embeds in a cyclic extension E'/F which is Galois with group
Z/p"Z, then i(E/F) = —oo; otherwise, if j is chosen as small as possible so that
E/E; embeds in a cyclic extension E’/E; which is Galois with group Z/p" 7 *1Z, then
i(E/F) = j— 1. Since ¢, € E we know that £ embeds in a cyclic extension (here
we're using the assumption that p > 2), and hence i(E/F) < n — 1 as stated. This
characterization of i(E/F') (and several others) are found in [10].

There are other connections with embedding results. Note that the last statement

of Theorem 1.4 gives

Corollary 1.5. A mazimal trivial index submodule is a direct sum of ‘free’ submodules

(i.e., submodules free over appropriate quotients IF,[G;] of F,[G]).
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This result is used in the joint work of Minéa¢, Swallow and the author [8] as follows.
Suppose that there exists a trivial-index, cyclic submodule M which is dimension
p' + 1. Then the corollary above gives the existence of some trivial-index submodule
N of dimension p'™!. In terms of Galois groups a la Waterhouse, this translates
to an automatic realization result: if there exists some field extension L of E with
Gal(L/F) ~ F,[G]/(c — 1)P"*! x Cal(E/F) then there exists a field extension L' of
E with

i+41

Gal(L'/E) ~F,[G]/(c — 1)’ x Gal(E/F) ~ F,[Gi1] x Gal(E/F).

One could also use this result to give specific obstructions to certain embedding
problems, and just such an analysis was carried out in the case n = 1 by Minac¢ and
Swallow [12].

1.3 Generalizations

One can attempt to generalize the results above in a number of ways. Again fixing
an extension E/F with Gal(E/F) = Z/p"Z, one natural problem is to determine the
Z/p°Z|G)-module structure of E*/E*P". This question adds a new challenge because
the isomorphism classes of indecomposable Z/p*Z[G]-modules are more complex than
those for IF,[G]-modules: the former is of infinite representation type, while the lat-
ter is of finite representation type. In characteristic p one finds that all summands
of E*/E*P" are ‘free,” as shown by Mina¢, Swallow and the author [9]. Prelimi-
nary work of these authors suggests that there will be more exotic summands in the
decomposition of E*/E*P" when char(E) # p.

One might also attempt to allow for more general Galois groups, perhaps moving
away from cyclic groups of the form Z/p"Z to elementary p-abelian groups or even
abelian p-groups. The group rings IF,[®*Z/pZ] are of infinite representation type when
k > 1, and so studying these modules will be difficult. This project was initiated by
Chemotti, Mina¢ and Swallow in [2], where they study the Galois module structure
of EX/E** when E/F is Galois with Gal(E/F) = Z/27 @ Z/27Z. They show that
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the module structure of E*/E*? contains only finitely many isomorphism classes of
indecomposables.

Another direction of generalization was pursued in [7] by Lemire, Mini¢, and
Swallow, where they used the Bloch-Kato conjecture and recent work of Voevodsky
to determine the module structure of H™(Gg, p1,,) under the assumptions &, € E and
Gal(E/F) = Z/pZ. In this case the only indecomposable types which appear in a
decomposition are cyclic of dimension either 1, 2 or p, though — contrary to the
results of [11] — the decomposition can have more than one ‘exceptional’ summand.
These results have been used to study Sylow-p subgroups of absolute Galois groups
of fields (see, for instance, [1] and [6]).

This thesis generalizes the investigation of H'(Gp,p,) by studying the Galois
module structure of H™(Gg, p,) for extensions E/F with §, € E and whose Galois
group is a cyclic p-group, where p is an odd prime. Our approach mirrors that in
[7]: we use the Bloch-Kato conjecture and several results of Voevodsky to inductively
study the groups H™(Gg, ft,). The result requires studying maps induced by inclusion
and norm maps for intermediate extensions within £/F, as well as understanding the
subgroups of norms from these intermediate fields.

In Chapter 2 we give some basic facts about F,[G]-modules, including a full de-
scription of all indecomposable F,[G]-modules as well as a result which guarantees
a unique decomposition of any F,[G]-module W into indecomposables. The basic
module-theoretic language for the rest of the thesis is established in this chapter.

In Chapter 3 we begin the investigation of the groups H™ (G, 11,,) by introducing
Milnor K-theory and its connection to our cohomology groups. Our main results
are developed for the so-called reduced Milnor K-groups of E, which themselves
are conjecturally isomorphic to our Galois cohomology groups via the Bloch-Kato
conjecture. Hence after we develop our results for the reduced Milnor K-groups of
E, we translate them back to the language of group cohomology for the reader’s
convenience. We state an exact sequence of Voevodsky that is the engine that drives

our results. We also develop machinery for understanding H™(Gg, p,,) in our context,
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particularly for determining those elements in

im (Nt kb By — ki Ep_y) Nker (00— knEpey — knEy)

n—1 -

and also for computing
knEG 015 (NG (ki )

for 0 < j < n — 1. The conclusion of Chapter 3 gives the structure of H™(Gg, 1)
when i(E/F) = —oc0.

In Chapter 4 we use results from Chapter 3 to give the Galois module structure
of the cohomology groups of a p-adic extension containing appropriate roots of unity.
Again, results are developed in the language of K-theory and then translated back
to Galois cohomology.

In the final chapter, we use the machinery developed in Chapter 3 and an addi-
tional assumption on the properties of the norm map N}, : k., E,, — k, E,—1 to give
a decomposition of H™(Gg, it,) when i(E/F) > 0; as always, it is first developed in
the language of K-groups and then translated to Galois Cohomology via Bloch-Kato.
In the case i(F/F) = 0 we show that this assumption on N;* ; holds.



Chapter 2
Properties of I)|Z/p"Z]-modules

In order to prepare for the results which follow, we first remind the reader of some
F,[Z/p"Z])-module properties. Throughout this section we write G = Z/p"Z and
denote by o a fixed generator of G. Although we restrict ourselves to the case p > 2
in the sequel, we shall allow p = 2 in this section. We note that ¢ — 1 generates a
maximal ideal of the commutative ring I, [G], since the quotient of F,[G] by this ideal
is the field F,. Soon we will see that it is the only maximal ideal.

We start with the following polynomial identity, a result which will be important
not only in showing that F,[G] is a local ring, but also in understanding the norm

operators which later play a key role in our results.

Lemma 2.1. As elements of F,|G],
p"—1
ol =(oc 1)1
i=0
Proof. The coefficient of o* in (o — 1)P"~1 is (—1)P"~17k ( b N > When k£ = 0

this coefficient is clearly 1 mod p (in fact, if p # 2, it actually is 1). Now when 0 < k

()0 (0)

we have
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where the latter binomial coefficient is congruent to 0 modulo p. Hence
b = — P mod p,
k k—1
-1
and by induction we have that ( b h ) is congruent to (—1)*. Hence we conclude

n m_l
(—1)? 1k<p " >El mod p

as desired. (Notice that this argument works when p = 2 since 1 = —1.) O

The element > o? defines the norm operator for the field extension E/F,
and our theorem says that one can calculate the norm (modulo p) with the operator
(0 — 1)P"~L. The following corollary records a generalization of this result to an
intermediate extension E;/E;. Note that we abuse notation by writing o? for a
generator of Gal(E;/E;) instead of the more traditional 3% (this particular abuse of

notation will happen frequently).

Corollary 2.2. As elements of F,|Gal(E;/E;)],

pimi-1

N\ k . - .

5 () = o
k=0

Proof. The first equivalence holds by the previous lemma (after replacing G by

Gal(E;/E;)). For the second equivalence, notice that the coefficient of o* in (o0 — 1)?

p

is (—1)P=F , which is zero modulo p whenever & # 0 or p. Hence we have

(0 —1)» = o? — 1 in F,|G]. Repeating this argument j times gives the desired

equivalence. O

Corollary 2.3. The ideal

ann((o — 1)P"7Y) i= {r € F,[G] : (0 — 1)!"~'r = 0}
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15 the ideal generated by o — 1.

Proof. Since (o —1)P"~! % 0 from the previous lemma, we know that the annihilating

ideal is not all of F,[G]. However we can see that

(-1 =(c—1)"Yo—1)= (Z ai) (0 —1) =0, (2.4)

and hence ¢ — 1 is in the annihilating ideal. Since o — 1 generates a maximal ideal,

we have the desired result. ]
Lemma 2.5. F,[G] is a local ring with mazimal ideal (o — 1).

Proof. Suppose that [ is an ideal and o — 1 ¢ I. Then we have 1 = (0 — 1)f + ig
for some f,g € F,[G] and i € I. Using the F,-basis {1,0 — 1,--- (0 — 1)P" '} of
F,[G], we write g = ?igl ¢j(o —1)7. We also note that ¢y # 0, since otherwise 1 is
an element of the ideal generated by o — 1. Multiplying this equation by (o — 1)P"~1

and recalling Equation 2.4, we have
(0 —1)P" 7t =co(o — 1)P" 7Y,

and hence by the previous corollary we have i = c;* + (0 — 1)h for some h € F,[G].
Since the non-units of F,[G] form an ideal, the element i = c;* + (o0 — 1)h € I must

be a unit in F,[G]. Therefore I = F,[G], contrary to our hypothesis. O

Our next goal is to determine the isomorphism classes of indecomposable F,[G]-

modules. As a start we show the following

Lemma 2.6. For 0 < ¢ < p", a cyclic submodule M of dimension i over I, is

indecomposable and isomorphic to the F,[G]-module A; :=F,[G]/(c — 1)

Proof. If M is a cyclic submodule generated by m, then we have a short exact sequence
of IF,[G]-modules
0 — ann(m) — F,[G] — M — 0.

Since F,[G] is local with maximal ideal (¢ — 1), any ideal of F,[G] is isomorphic to

(0 — 1)* for some 0 < k < p" — 1. In particular ann(m) = (o — 1)* for some k.
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It is easy to verify dimg, (F,[G]/(0c —1)¥) = k, and so we have k = i since M is i

dimensional. Hence M =~ A; as an [F,[G]-module by the map

pr—1 i1
(Z a;j(o — 1)j> m Zaj(ﬁ —1).
=0 =0

To see that this module is indecomposable, suppose we could write M = M; @& M,
where both M; and M, are F,[G]-submodules of M. Let m = m; & my. Since
(0 —1)""'m # 0, without loss of generality we may assume (o — 1)"'m; # 0. Hence
M, is a submodule of M with dimg, M < dimg,(m;) < dimg, M; < oo. Since
dimg, M; + dimp, M, = dimg, M we have dimg, (M;) = 0, and hence M, = {0}. O

It will be convenient for us to have a simple notation for this defining quality of

a cyclic submodule.

Definition 2.7. If M is a cyclic F,[G]-module generated by an element m, we write
lg(m) = dimg, M.
By the previous result, this is the same as
le(m) =min{i > 1: (¢ —1)'m = 0}.

When there is no risk of confusion we will frequently abbreviate this notation by
writing ¢(v) for ¢g(7). Since (0 — 1)*" = 0 in F,[G] (Equation (2.4)), we have
la(m) < p" = |G| for any m.

Since we are ultimately interested in giving decompositions of F,[G]-modules, we
show below that every F,[G]-module W can be written as a direct sum of indecom-
posable F,[G]-modules. Then we show that all expressions of W as a direct sum
of indecomposables are equivalent, in the sense that if ©,caW, and ©zcpWp are
two decompositions of W into indecomposable submodules, then there is a bijection

j : A— Band, for each o € A, an F,|G]-isomorphism W, ~ Wj,. There is certainly
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machinery already in the literature that gives us this result, but in our context the
result is fairly elementary and illuminates a technique we use frequently in the sequel.
First is a result that allows us to easily check when two submodules have trivial

Intersection.

Lemma 2.8 (Exclusion Lemma). Suppose U,V are F,[G]-submodules of an F,[G]-
module W. Then U NV # {0} if and only if U9 N VY #£ {0}.

Proof. That US NVY #£ {0} implies UNV # {0} is trivial, so we show that U NV #
{0} implies U N VY # {0}. Suppose that w € U NV for some w # 0. Since
ann(w) = (o —1)4®), the element (o — 1))l is nontrivial and fixed by G. Since U

and V are both F,[G]-submodules, we therefore have (o — 1)/®)~tw € US N VE. O

Theorem 2.9. If W is an F,[G]|-module, then there exists an F,[G]-isomorphism
pn
W ~ @ @diAi,
i=1

where d; is the codimension of im ((o — 1)) N WS within im ((oc — 1)) N WY,

Proof. For 1 <17 < p™ we define V; as the F,-subspace of elements in W& which are
in the image of (o — 1)"~!, and for each ¢ we choose an F,-basis Z; for a complement
to Viy1 in V;. Hence d; = |Z;] is the codimension of im ((¢ — 1)!) N W within
im ((o — 1)1 N WE. Our construction also implies that (Z;, Z;y1,- -+ , L) = V.

For each = € Z;, let w, € W be chosen so that (o — 1) tw, = x. Since (w,) =i
we have (w,)r, (¢ = A; as an F,[G]-module. We define W; =, (w.)r,[q); to show
that W; ~ @4, A;, it will be enough to show that Zwezi<wm>yp[g] = @ger, (Wa)F,[G)-
Now the Exclusion Lemma 2.8 implies that a non-trivial dependence among (w,)r,[q]
must appear as a non-trivial dependence among <wx>1§p[0} = (r)p,. But the x are
chosen to be independent, and so W; = @zez, (wy)w,[g) as desired.

We now show that >, W; = @&;W,. Again, any dependence among the modules
must appear as a dependence among the various W by the Exclusion Lemma 2.8.

Recall that
VV’L'G = Dzez; <w$>]§p[G} = Boer, <x>Fp - <IZ>’
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and that (Z;) is selected as a complement to Viyy = (L1, -+ L) = (WG, -+, W)
in V;. Hence WF has trivial intersection with (W5, -+, W), and so Yisi Wi =
@;>;W;. Running this argument inductively gives Y . W; = &;W;.

Finally we argue that @f;Wi = W. By construction we have {Zy,--- ,Z,n} is
an F,-basis for W& = V;. Since W& = (Z;) we have V; = @, WWE, and hence all
elements of length 1 are contained in @, WW;.

Suppose, then, that &W; contains all vectors of length at most £ — 1, and let w be
an element of length . Then we have (¢ — 1)*"'w € V;, and hence by construction

(0 — 1) tw € @i WF. We may therefore write

(0 —1)" w= Z Z CpT = Z Z cx(o— 1),

i>l x€Z; i>l z€Z;

Hence

(o0 — 1)1 (w - Z Z Cp(o— 1)i_€wx) =0,

1>l z€L;

and so w — Y ;> c,(0 — 1)""*w, is an element of length at most ¢ — 1. Hence it
is contained in ®W; by induction. Since each w, € ®W;, we also have w € W, as
desired. O

Corollary 2.10. Every indecomposable F,|G|-module is cyclic.

Proof. Suppose W is not cyclic. We argue that
dimg, W > 1. (2.11)

Once we have this inequality the previous theorem implies W is decomposable.
First, choose an element w; of maximal length in W. Since W is not cyclic we
have (w1)r,j¢) # W. Hence choose an element wy ¢ (wi)r,[g) Which has minimal
length among elements with this property. We claim that <w1)gp[G} N <w2>11?p[(;} = {0},
from which our desired inequality (2.11) follows.
If (wﬁgp[G] N (w2>ﬂgp[G] # {0} then for some ¢ € F we have (0 — 1)) =1y =
c(o — 1))~ 1w, This implies that (o — 1)%*2)7! (cw, — (o0 — 1) WD) =Hw2lyy, ) = 0.
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But then cw,— (0 —1)4®) w2y, has length at most ¢(w2)—1 and is outside (w1)g,q),

contradicting the minimality of ws. O]

Corollary 2.12. Let @neaW, be a decomposition of W into indecomposable F,[G]-

modules. Then A is a disjoint union of subsets Ay, As, -+, Apn where
o |A;| is the codimension of im ((o — 1)) "W within im ((o — 1)) NWE, and
o for each a € A; there is an F,[G]-isomorphism A; ~ W,.

Proof. The previous corollary gives that any indecomposable F,[G]-module is iso-
morphic to A; := F,[G]/(c — 1) for some 1 < i < p". Hence we define A; to be the
collection of @ € A so that W,, ~ A; as F,|G]-modules. Our goal is therefore to show
that |.A4;| is the codimension of V;;; in V;.

Our result will follow if we can show
_ G
Vi = ®j>i Daca;, Wy,

since then we have dimg, V; = >, [A;| for any i. For the “27 containment, note

that AS € im ((0 —1)/7") Cim ((o — 1)""") for any j > i, 80 ®j>; Baca, WS C Vi

For the reverse containment, note that (o — 1)*~! annihilates every module A; for
k <i. Hence im ((¢ — 1)" ') N®p<i Paca, Wa = {0}. The independence of the various

W, allows us to conclude V; = @;>; Daca, WaG as desired. O



Chapter 3

Galois Cohomology for Z/p"Z

Extensions

In this chapter we again consider a cyclic extension of fields £/F with Galois group
Z/p™Z, where p > 2 is a prime. We further require £, € E. Since Gal(E/F) = Z/p"Z,
this is equivalent to the assumption that §, € F. Via the Bloch-Kato Conjecture,
we shall investigate the structure of the cohomology groups H"(Gg,F,) as modules
over F,[Gal(E/F)]. In particular, results are stated as theorems about the reduced
Milnor K-groups of E, then translated back to statements about Galois Cohomology
via Bloch-Kato.

3.1 Notation and Preliminary Results

We shall use the following notation. The intermediate field of E/F of degree p* over
F' is written F;, and hence we shall frequently write F, for E and E, for F. The
group Gal(FE/F) will be written G, and we write G; for the groups Gal(E;/F). We
shall write H; for the subgroup of G whose quotient is G;, and so H; = Gal(E/E;).
As in Chapter 2 we write o for a generator of GG, though we will often abuse notation
and also write o as a generator of Gj;.

Kummer Theory tells us that ;1 = E;(¢/a;) for some a; € E

7 )

and keeping

careful control of when these elements appear as norms in E*/E*P was important in

15
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determining Theorem 1.4. It was also important that these elements themselves be
compatible with the norm operators, and so it was shown ([10, Proposition 1]) that

one may choose these elements with the following norm compatibility property:
Ng,jg;a; = a; for any i > j. (3.1)
It is also shown that, up to pth powers in E, the a; are fixed by the action of G;:
al = a;k? (3.2)

for some k; € E. Hence for i > j, each a; is an element of minimal length in E*
whose norm to £} is a;.

We make a few comments regarding the submodule X from Theorem 1.4 (the
so-called ‘exceptional’ submodule). A generator for this submodule is the power class
of an element y € E* which attempts to play the role of what we might call a,, in
the sense that N'_;(x) = an—1 & la the norm compatibility condition (3.1), and that
the power class of y has minimal length among all elements whose norm to E,_; is
an_1. The length of the power class of x is precisely p"®/F) + 1, where we recall that
i(F/F) has an explicit interpretation in terms of embedding properties.

It is useful to note that for an intermediate extension £;/F with i < n, the power
class of a; in E*/E;? plays the role of x for the extension E;/F: we have N} ;(a;) =
a;—1 from our norm compatibility condition (3.1), and from Equation (3.2) we see
that the length of the power class of a; is 1 = p"F/F) 41 = p~>* 41 as expected. This
means that the submodule (a;E;”)r, can be chosen to be the exceptional summand
of EX/E;? in Theorem 1.4. These observations will be important both in running
the induction we use to prove the main results and in determining the structure of

Galois cohomology for p-adic extensions in the next chapter.
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3.2 Milnor k-theory and Galois Cohomology

For a field L, the m-th Milnor K-group of L is defined as

KL = (é) LX> .

where [, is the subgroup of ®[*,L* generated by elements a; ® --- ® a,, with
a; + a; = 1 for some ¢ # j. We denote the equivalence class of a; ® -+ ® a,, in
K,,Lby{ai,---,any} and use additive notation: {aya},as, - ,an} ={a1, - ,an}+
{a}, -+ ,an}. It is not difficult to see that the map K,,L X K,y L — K, v L defined
by

({ah . 7am}7 {bh .. 7bm,}) — {ah Cee O, by, 7bm,}

puts the structure of a graded ring on the Milnor K-groups. When G acts on elements
of L™ we have an induced action on K,,L by 7{ay, - ,an} = {7(a1), - ,7(am)};
notice we write the action additively. The exception to this is the natural Z-action
which acts by n{ay, -+ ,an}t = {a}, a2, -+ ;am}(={ar, -+ ,a?, -+, a,}) by virtue of
the tensor product.

Although Milnor K-groups encode a great deal of information about a field, we
shall be interested only in the quotients of these groups by the ideal (p). These
so-called reduced Milnor K-groups are written k,,L := K,,L/pK,,L, which we call
k-groups. Notice that when m = 1 we have kyL = L*/L*P, and hence

k’lL :> Hl(GL, ,[Lp>

One can then attempt to extend this map to higher k- and cohomology groups via

the cup product in cohomology:
{ar, - am} = (a) U U(am) € H™(GL, ™).

This does produce a morphism k,,L — H™ (G, u;‘?m) because cohomology satisfies

the relation (a;) U (a;) = 0 whenever a; + a; = 1 (see, for instance, [13, Chp. VI]). In
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our context (i.e., when L = E;) it is important to note that this morphism respects
the action of GG; on both groups.

That this induced map is an equivariant isomorphism for m > 1 is the Bloch-
Kato conjecture. In certain cases the Bloch-Kato conjecture has already been verified.
Merkurev and Suslin showed the conjecture is true for m = 2 and all p; Merkurev and
Suslin, and independently Rost, have verified the conjecture in the case p = 2 and
m = 3,4. A huge step forward was Voevodsky’s verification of the result for p = 2 and
m arbitrary in 1996. Voevodsky, Suslin, and Rost have worked to extend Voevodsky’s
attack on p = 2 to settle the Bloch-Kato conjecture when p is an arbitrary prime,
and at writing it seems that the final details for a proof of the conjecture have been
presented by Chuck Weibel in a seminar at Rutgers (in the fall of 2006).

We assume the Bloch-Kato conjecture for all m and p in developing our results,
and we state all results in the language of reduced Milnor K-groups. We translate
these results back to Galois Cohomology for the reader’s convenience.

In order to proceed we shall need properties of two classes of maps on k-groups
associated to an extension of fields L/K. The first is the collection of maps ¢z/x :
knK — k., L induced by the inclusion K — L, and the second is the collection of
norm homomorphisms Ny, k : ky L — ky K. In our context (where we are interested
in the extensions F;/FE; for various i > j), we shall write ¢, B; as Lé», and we shall
write Ng,/g; as N JZ The history of the norm map is particularly interesting, and the
reader is encouraged to consult [4, Chp. 9.

In addition to the exact sequence below, we shall use the fact that the morphism
L; oN j’ is given by the polynomial function Zii;é_l (Jpj>k, which is equivalent (over
F,[G]) to (0 — 1)P =" = (¢” — 1) 7'~ by Lemma 2.2.

We shall also use the so-called Projection formula, which allows one to compute the
norm Ny g of an element {a1,+-,a,} in terms of the ‘usual’ norm operator Nr/k :
L — K when all but one of the terms in the symbol is in the field K. Specifically,
for an extension L/K of fields, and for elements [ € L and kq,--- ,k,,_1 € K, the
Projection Formula [5, p. 81] is

Nl k), s inyx(Bm-1)} = {No/x (1), k1, -+ km—1}- (3.3)
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We now give an exact sequence that drives much of the machinery we use. In his
work on the Bloch-Kato conjecture [14], Voevodsky proves that for a field F' with
&, € F and which has no extensions of degree prime to p, and for any a € F* \ F*?,

there is an exact sequence

N, a ag-— L a
ko A F(3/a@) — 8 g P p O R(3a) .

In [7] Lemire, Min4¢ and Swallow show that the assumption on extensions of degree
prime to p can be dropped. Hence for our a; € E; (which satisfy E;y1 = E;j(¢/a;))
we have the exact sequences

Nt {a;}-— P

km-1Eip1 —kn 1 E; kmE; — km i . (3.4)

We cannot overstate the important role these exact sequences play in the development

of our results.

3.3 Main Results

In the case of cyclic field extensions E/F of degree p, the structure of the module k,,
was determined in [7], where it was shown that the k,, E' consists of indecomposables
of dimensions 1 and p if i(E/F) = —oo, or dimensions 1, 2 and p if i(E/F) = 0.
In trying to extend this result to cyclic, prime-power extensions, we remark that the
principle difficulty is in using the ‘coarse’ knowledge of the action of Gal(E,,/E,_1) to
determine the ‘refined’ action of Gal(E,/E)), particularly with respect to the norm
map N}’ ;. Here and elsewhere we say that the action of Gal(E,/E,_;) is coarse
because it is given by the action of (67" —1) = (0 — 1)?"', whereas the action of
Gal(E/F) is more refined because it is given by the action of (¢ — 1).

One can still formulate results with only knowledge of this coarse action. As an
example, the following theorem concerning the structure of k,, E as an F,[G]-module
is developed using only an understanding of the operator (¢?"" — 1) from [7], and so

we call it a coarse decomposition. It will be important in running our induction.
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Theorem 3.5. Let E/F be an extension of fields with Gal(E/F) = Z/p"Z, where
& € Eandp > 2. Let x € E* be an element selected according to the paragraph
following Equation (3.2). Then as an F,[G]-module, k,E = U &V, where U is a
n—1

direct sum of cyclic F,[G]-submodules of dimension at most 2p
F,[G]-submodule.

and V is a a free

Remark 3.6. Under the assumptions above and using the Bloch-Kato conjecture, this
result says that
H™(Gg,pp) =U®V

as an F,[G]-module, with U and V' having the given module structures.

This theorem implies that as either p or n tends to infinity, the collection of iso-
morphism classes of indecomposable F,[G]-modules which can appear as summands
in k,,FE, has zero density within the collection of all isomorphism classes of inde-
composable F,[G]-modules. It does not, however, provide much information on the
submodule U, as it does not use the additional structure of E as a Z/p"Z extension.

A remedy for this situation is available when i(F/F) = —oo, as the following

theorem shows. It is the main result of the chapter.

Theorem 3.7. Let E/F be an extension of fields with Gal(E/F) = Z/p"Z, where
& € E and p > 2 is a prime. Assume additionally that i(E/F) = —oco. Let x € E*
be an element selected according to the paragraph following Equation (3.2). Then as
F,[G]-modules,

kmEﬁXo@Xl@"‘@Xn—l@yb@'“@yna

where

(1) each X; and Y; is a direct sum of cyclic submodules of dimension p*, with Y; C
Mk E;) and each X; € {x} - M (km-1E;); and

(ii) for everyi >0, (M(Ni(knmE;)) = (Y; @ - @ Y,)C.

Remark 3.8. Using the Bloch-Kato conjecture, this results says that

H™Gg,pp) =X1 @0 X,10Y0---8Y,
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where the X; and Y; have the stated F,[G]-module structure. In this language condi-
tion (i) says X; C (x)Ures! (H™ (G, pp)) and (ii) says resy (corh (H™(Gg;, pip))) =
(Y;®---®Y,)¢. Here res;'» is the map induced on cohomology by the inclusion F; — E;,

and cor’, is induced by the norm map Ng, /g, : E; — E;.

This result is important for a number of reasons. First, since i(E,/E)) = —oo
whenever E,/F, embeds in a cyclic extension E, /E, with group Z/p""'Z, this
result will give us the module structure of k,, F; for any « < n — 1. If an inductive
technique is to be used to resolve the general case (i.e., without regard of i(E/F)),
this will certainly be important. Second, this result will allow us to give the module
structure of k,, F when E/F is an extension with group Z,, again because any finite
intermediate extension E,,/F will have i(E, /F) = —oc.

This theorem has many of the features of Theorem 1.4. First, it restricts the
possible isomorphism types that appear in the structure of k,,FE. It also shows the
important role norm subgroups play in the decomposition of these modules. In the
case i(E/F) = —oo, the main difference in this decomposition as compared to the
structure of £*/FE*P from Theorem 1.4 is that that there are more ‘exceptional sum-
mands’ when considering higher cohomology. In this case, the exceptional summands
are the submodules X;.

We shall prove our result by a multiple induction, assuming the structure of k,, E;
is known for all m’ < m and i < n. We shall also need the ‘coarse’ decomposition of
kp_1E, provided by Theorem 3.5. Our base cases are given by the known structures
of k1 E,, (Theorem 1.4) and of k,,,Ey ([7, Theorem 1]).

Our induction will rely on a submodule I'(m,n) C k,,_1E,_1 whose properties we
detail in the next section. With this submodule in hand, we show in the subsequent
section that elements in the kernel of the map N, _; which are fixed by the subgroup H;
actually lie in the image of ¢', and moreover that the fixed parts of such submodules
are norms from larger-than-expected intermediate fields. To control those elements
which lie outside of N ; we shall also need the module I'(m, n), and we address this
problem in the case i(E/F) = —oo in Section 3.6 (and the case i(E/F) > —o0o in
Chapter 5). In the final section of this chapter we bring prove Theorem 3.7 using the

developed machinery.
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3.4 The Submodule I'(m,n) C k,,_1FE,_1

We shall see that understanding ker(._,) and its intersection with im(N;!_;) will be

essential in developing our results. Exact Sequence (3.4) tells us that

ker(l’Z—l) = {an—l} k1 En_,

so in this section we describe the structure of this module. Although we shall later
focus on the case i(E/F) = —oo, the structure of {a,_1 }k,,—1 E,_1 will be determined
here without condition on i(E/F). We shall see that this module carries many of the
important features of the F,[G]-module structure from [10], namely that it is ‘free’ as
an F,[G]-module and stratified according to norm subgroups (Property 1 below).

To investigate {a,_1} - k1 E,_1 we find a complement I'(m, n) of N/ (kn—1E,)
in kp,—1E,-1 (Property 2 below). Since Exact Sequence (3.4) gives

{an-1-—}

our submodule T'(m,n) will satisfy {a,_1} - km_1Fn_1 = {an_1} - ['(m,n) (Property
3 below). Finally, since a?_; = a,_1k? for some k € E, , (Equation (3.2)), we have

I'(m,n) ~ {an—1}-I'(m,n) (Property 4 below), and so we have an F,[G]-isomorphism
F(m, n) = {anfl} : kmflEn—l

as desired.

These results are summarized in the following
Lemma 3.9. There exists a submodule I'(m,n) C kp,_1FE,_1 such that

1. T'(m,n) = EB?:_OlZZ- where each Z; C 1! (ky_1E;) is a direct sum of free F,|Gi]
modules, and Z& C 1§ (NG (kpm-1E));

2. F(m,n) ) Ng_1<k'm_1En) = km—lEn—l;

3. {an—l} ’ km—lEn—l = {an—l} ) F<m7n>; and
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4. as Fy[G]-modules, T'(m,n) ~ {a,—1} - I'(m,n) under the map v — {an—1} - 7.

Notice that we have already verified Properties 3 and 4 using only Property 2.
Hence in proving the result we need only prove that there exists a complement of
N (k-1 E,) which is ‘free.’

To prove this result, we shall use induction. Once we settle the base case, we
resolve the inductive step in several steps. We begin by analyzing elements in
ker /", N 0 (kym_1Fp), a result which allows us to give a ‘nice’ decomposition of
km_1E,_1 (in particular, we show that ker:." ; is a free submodule of k,,_1F, 1,
and is captured as a summand in our ‘nice’ decomposition). Then we show that
N (km-1Ey) is a free submodule of k,,_1F,_1, and again a summand of our ‘nice’
decomposition. This allows us to find a complement I'(m, n) of N}}_, (kp,—1 E,,) within
km_1F,_1 as the remaining summands in our ‘nice’ decomposition.

We proceed with the proof. For the base case we must verify that there exists
a submodule I'(1,n) C koE,_; = F, which is a complement of N ,(koE,_1) = {0}
and appropriately free. Naturally, I'(1,n) = F, will be our choice. Those who prefer
a non-vacuous base case can rest assured that the arguments we give below can be
adjusted to prove the existence of a submodule I'(2,n) C ki E,_; with the desired
properties.

We now assume by induction the existence of a submodule I'(m—1,n) C k,,_oF,_4

which verifies the properties of Lemma 3.9.

Lemma 3.10. For~y € )" (kp_1Eo) with i _,(y) = 0, there exists a € ky,_1E,,_1 so0
that 1y (NJ Ha)) = v and 1*_,(a) = 0.

Proof. Since vy € ker:!' ;| we have v = {a,_1} - g for some g € k,,_2E, 1 by Exact
Sequence (3.4). By induction we may take g € I'(m — 1,n) by Lemma 3.9(3). Since
v € (km_1E,_1)%1, Lemma 3.9(4) gives g € I'(m — 1,n)% 1, and by Lemma 3.9(1)
we have g € 1! (kp_oEy) C 0"~ 3 (kpm_oE,_5). (Here we've used n > 2.)

Since v € 13" (kpm_1Eo) we know N" 5y = 0, and because g = ¢"~5(§) for some

g € ky_2E, 5 the Projection Formula (3.3) gives

0= N:LL:21(7) = Nr?:zl({an—l} ) g) = {an—2} - g
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This means § € N5 (kn_2F,_1) by Exact Sequence (3.4), and therefore § is in the
image of (0 — 1)?"'~?""*. This shows g is the fixed part of a submodule of length at
least p"~1—p""2+1 > p"~2. Since I'(m—1,n) is a direct sum of free F,[G;]-submodules
for 0 <4 < n—1 by induction, g = ¢5~* (Ng‘_l(o/)) for some o' € k,,_oF,_1. Letting

a={a,_1} - we have /! (o) =0 and

G Ny @) = (0 = )P @) = (0 = )P ({ane} @) = {ana} g =7
as desired. ]

Lemma 3.11. There exists a module decomposition
km—lEn—l :XO®"'®XTL—2®3}O®"'@3}TL—1

satisfying the conditions of Theorem 3.7, and with the properties
o X, C{an_1}-kmoE,_1 for each i, and

eV, 1 =KaeN® yn—l; where each of these submodules is free over F,[G,_1],
and so that

1. K Ckerey 4 and

2. N C N (km1Ey).

Proof. We shall let our decomposition come from an ‘arbitrary’ decomposition Xy @
DX, DV DD Yy of k1 E,_1 provided by induction, subject to a few
conditions on X and ) we are free to impose.

First, since a,_1 plays the role of y for the extension E, 1/F, Theorem 3.7 tells
us that &; C {an_1} - (k1B € {an_1} - kmoEn 1.

Second, Corollary 3.24 gives us a great deal of freedom in choosing the submodule
V.1 Specifically we may choose any F,-basis Z of t§ (N ' (kp_1E,_1)) and —
for every x € Z — an element a, € k,,_1E, 1 so that (f ' (Ny '(a,)) = . Then
Corollary 3.24 says that ), can be taken to be ®zez(0z)r, (G, 1]

We choose our basis Z as the disjoint union of Zx,Zy and 7 , where
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1. Tk is a basis for ker ", N2 (NF (k-1 En_1));

n

2. Iy is a basis for a complement to

ker o', Ny (NG (k1 Ey))  in 0y N (NG (ka1 En));

n

3. and 7 is a basis for a complement to (Tre, In)w, in o (NG (km-1En-1)).

Lemma 3.10 says that for every = € Ty there exists o, so that (§ ' (N"1(a,)) =z
and o, € keru;_;. Hence K := @,er(0r)F, (.-, Will be a free submodule of ),
which is contained in ker ¢, _;.

For each x € Zy, there exists 3 € k,,_1E, so that ("' (NZ(8)) = x, and therefore
BNGANEAB) = . Hence N i= @yery (N2 (D00 S NIy (s E)
is a free submodule of ),_;, and independent from X because K& -1 N NGn-1 =
(Ik) N (In) =0 by construction.

For each 2 € Z we choose arbitrary oy € km_1FE,_; so that (2" (N2 Yay)) =

and we let V,_; = ® i (M), (G, .- By construction )1 is independent from
(NGn-1, ICG”*1>FP = (In,Zk), and so the Exclusion Lemma 2.8 gives K+ N + Voot =
IC @ N @ )A)n—l~ D

We will show that the submodule I'(m, n) of Lemma 3.9is Yy ® - ® YV, 2 B Y1
We proceed by determining a complement for N | (ky,—1Ey) in ky—1 Ep—1.

Lemma 3.12. Using the notation above,

n

ker ( ko (B Tk B ) =X D DX, DK

Proof. We have X; C {a,_1} - kpm_oF,_1 by Lemma 3.11, and hence &; C ker (] ; for

each i by Exact Sequence (3.4). Lemma 3.11 also gives I C ker:' ;. We complete
the proof by showing that

ker(sl' ;) N (yo BV ®N @ 37n_1) =0.
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To do this we show that the fixed submodule has trivial intersection with ker .,
(after which we can appeal to the Exclusion Lemma 2.8).

First, by construction we have
A Gn—l A
ker.' 1 N (N@ yn_1> =kerc, ;N ((IN,I>FP> = 0.
So suppose

yekert  NVo®--- & yn—z)G”’l )

Since (Vo @ -+ @ Vo2)"" C 1 kpm_1Ey), we may apply Lemma 3.10 to find an
element o € ky, 1B, with v = 1§ " (N} "(km_1E,_1)). This implies v € Y,,_; by

Theorem 3.7(ii), a contradiction. O

Lemma 3.13. Using the notation above,
Ny (b En) =@ X, 20 KON,

Proof. An element v € ker:? ;| takes the form v = {a,_1} - ¢ by Exact Sequence
(3.4), and so NJ'_;({x} - ¢"_1(9)) = {an-1} - g by the Projection Formula (3.3). This
implies

ker szl = X() EB s EB XH,Q EB IC Q NTTLLfl(k'm,lEn).

Of course N is constructed so that N C N, (k,,_1E,), and so we have
N (kpmaEn) DX & X, s BKBN.
For the containment N" ;(k, 1E,) CXo® - & X, o B K BN, we show that
N (ka1 B CX D DX KON

after which we can apply the Exclusion Lemma 2.8 to complete the proof.

Let v be an element in N | (k,,_1E,)%, say v = N"_,(«a) for some « € k, 1 E,,.
If ¢ ;(y)=0theny €kert! | =X @ DX, 2P K, and we are done. Otherwise
(v) = I (N"_(«)) # 0. Since ¢! _; o NJ’_, is represented

n n
v ¢ ker:” |, and so (!
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by the polynomial

n—1 n—1

D TRl (S D (0 — 17" =",

this implies that ¢(a) > p" — p"~' > 2p"~ 1. (Here we've used p > 2.) Now our

n
n—1

coarse decomposition of k,,_1FE, in Theorem 3.5 implies ¢ ,(7) is the fixed part of a

submodule of dimension p"; i.e., ¢ _;(v) = tg(NJ(5)) for some § € k1 E,,.

This last equation is an equation within k,, 1 F,, and so we translate to an equa-
tionin k,,_1 F,_1. To do this, notice that as elements in K,,_; F,, the previous equation
becomes

1 (V) = w(Ng'(B)) + f forsome  f € pKo 1By
After solving the equation for f, we see that f = . | (f) for some f € K,,_1E,.
Furthermore, since f is 0 in k,,_1 E,, this implies f € ker(_,. Hence we have

v €1y YNNG (k1 Ep)) + ker .

Recall, however, that N1 = (Zy)r, was chosen as a complement to ker¢”_; N
(NG (k-1 En)) € (Zi)w, in of (NG (km-1E,)). Hence we have (Zx,Zy)r, 2

1Y NF (kp-1E,)), and so
v e <IK7IN>IFP —erl"LZ_l CAXAD---PAX,_o @IC@N

O

Proof of Lemma 3.9. For each 0 < i < n—1 define Z; := ));, and define Z,,_; := )Aﬂn_l.
We define I'(m,n) := Zy & --- & Z,_1. The previous lemmas show that I'(m,n)
satisfies (1) and (2), and we have already verified that Properties (3) and (4) follow
from (2). O

We record the following corollary, since it will be useful later.

Corollary 3.14. If g € T'(m,n)% -t and Ny ({an_1} - g) = 0, then for some a €
['(m,n) we have g = 13 (NJ ().
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Proof. Since I'(m,n)% 1 C 1§ (kp_1Ep), it follows that g = «"~3(§) for some § in
Em-_1E,_o. (Here we have used n > 2.) Hence N ({an_1}-g) = {an_2} - § by
the Projection Formula (3.3), which — by Exact Sequence (3.4) — is 0 only if ¢ €
N3 (km-1Fn_1), say § = N"75(a/). But then {g, ,(a/) > p*~! — p"2 > p"~2 and
since I'(m, n) is a direct sum of cyclic submodules of dimensions p’ for 0 <7 <n — 1,
we must have § € im(c — 1)*""' 1. Hence g € Z°"*. The result now follows from

Lemma 3.9(1). O

3.5 Fixed Elements are Norms

The key result of this section is Corollary 3.20. This result uses Hilbert 90-like results
and facts about abstract F,[G]-modules, though in our setting we need to be careful
about the possible difference in length between the F,[G;]-submodule generated by
an element v € k,, E; and the F,|G,]-submodule generated by ¢7(7).

Towards this end, we give results for determining when an element lies in the
submodule im(:}) and — when it does — for controlling the IF,[G]-lengths of repre-

sentatives from k,, E; for this element.

Lemma 3.15. If N ;v =0 andy € (kmEn)H’H, then there exists 4 € kyn,E,_1 such
that i (%) =~ and Lg, ,(¥) = La(v). Additionally, if {a(y) < p™~t — p" 2 we may
insist N34 = 0.

Proof. We know that v = ¢)._,% for some 4 € k,,E,_; by Theorem 1 and Remarks 1
and 2 (page 6) of [7]. We now argue that 4 may be taken so that g, _, (%) = la(y).
We cannot have (g, ,(¥) < €a(7), since if (o —1)*5 =0 € k,, E,—; then

(=1 = (0 =1)%; () = 151 ((0 =1)*(%)) = 0.

So suppose that £ := lg, ,(7) > lg(7y). Our goal is to use Corollary 3.14 to adjust
4 by an element {a,_1} -« € k,,E,_1 in order to produce an element of smaller length
whose image under inclusion is v. For this we shall study f := (o — 1)*14.

First, by induction we know k,,E, 1 =X P - - DX, 2BV B+ D V,_1, Where

by Theorem 3.7 we have X; C {a,_1} - ¢} "(km_1E;) C ker:?_,. Hence we may take
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€Y@ BVuoy. Since f = (0—1)"15€ (V@ ® V1) ", Theorem 5.2(iii)
gives f € 1! (knEp). Since n > 2, we have

NyZ (f) =0. (3.16)

On the other hand, Exact Sequence (3.4) and Lemma 3.9(3) give f = {a,—1} -
", (g) for some g € T'(m,n). Lemma 3.9(4) gives g € I'(m,n)%"1, so by Lemma
3.9(1) we have g = (27'(§) for some § € k,,, . Using Equation 3.16, n > 2, and the

Projection Formula (3.3), we have
0=N%f = No%p ({ana} - 157'(9) = {an—2} - 1572(9).

Corollary 3.14 gives g = i (N () for some a € I'(m,n). Since {a,_1} - @
satisfies £g, , ({an_1}-a) = p"~! by Lemma 3.9(4), and since additionally " _;({a,_1}-
a) = 0, we see that ' := 4 — (o0 — 1)V a1 (7) ({an-1} - ) satisfies o' _,(§') = v
and (g, (%) < lg, (7). Using induction, we continue this process until we have
constructed an element 4 so that ¢ _,(¥) = v and £g, ,(¥) = la(7).

All we have left is to show that if {g(y) < p"~! — p"~2, then we may insist
N}~ 17 = 0. For this, since {5, ,(¥) < p" ' — p"2 we have 1" 3(N" (%)) = 0,
so N" 24 = {an,_ 2} - g for some g € I'(m,n — 1) C kyp_1E, 5. We claim that
¥ =4 - {an 1} - 1"73(g) has the desired properties: " 4 =7, La, ,(¥) = La(y),
and N4 = 0.

To prove the claim, notice first that ¢, ({%—1} . LZ:%(Q)) = 0 by Exact Sequence
(3.4), and hence ¢ _;(§') = ~. It is also obvious that N7 ({an—1}-!"5(g)) =
{a,_5} - g by the Projection Formula (3.3) and n > 2, and hence N5 (5) = 0.

For the length condition, notice first that fg, ,({an—1} - t""3(9)) = Lo, ,(g) by
Lemma 3.9(4) applied to I'(m,n — 1). Hence if x < {g, ,(g), then

Ny (0= 1)7(3) = (0 = 1) ({an-1} - i 22(9)) #0,
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and in particular we have (o — 1)*4 # 0. This gives

(%) = la,2(9) = la,,({an-1} - 1 75(9)).

and 80 4 — {an_1} - 127 5(g) satisfies £, (¥) = Lo(7y) as desired. O

Proof. The base case of this result is the previous lemma.

For the inductive step, let v € (k,E,)"" with N* ;v = 0, and suppose we have
the result for 4 + 1. Since (k,,E,)" C (k,E,)"+, there exists ¥ € k,,F;;, such
that «/',\15 = v and (g, ,(7) = lc(v). Furthermore, since (g(y) < p' < p™tt —p
we may insist NV;41,7 = 0. Hence by induction there exists 4 € k,,E; such that
b, (%) = Lg,, (), ti7'4 = 7, and so that if £g, (%) < p' — p'~! then we may assume
N!_ 4 = 0. But then we also have {¢,(¥) = £g(v) and "4 = 7 as desired. O

We are now ready for the main theorem of the section. We shall state it in some

generality and then restrict ourselves to a special case in the subsequent corollary.
Lemma 3.18. For~y € k,, E,, if

o NI 1(v)=0, and Ly, (y) > p" 71,

o i(E,/E;) = —o0 and (g, (y) > p* 7' or

o ly,(v)>2p" 7,
then (o7 — 1)y € (N (K, Ey)).

Proof. To prove the claim we proceed by induction on j. The base caseis j =n —1
which follows from the decomposition provided by [7], together with the observation
that there are no X summands of dimension 2 when i(E, /Ey) = —o0.

So suppose the result holds for j + 1, and we show it also holds for j. For
simplicity we let e = 1 if either i(E,/Ey) = —oo or N () = 0, and let ¢ = 2
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if both NJ_,(y) # 0 and i(E,/E) # —oc. Since {g,(y) > ep" '/, without loss
we may assume (g (y) = ep” '/ + 1. This means (¢ — 1)*" " “+'y = 0 and
(o7 —1)=" "4 £ 0. This gives

(7" = )Ty (P — 17 0 and

(0" — )Ty = (07 - )T £

Hence we have £y, () = ep" '77~! + 1, and so by induction it follows that

i+1 n—1—j—1 n n
(Up] — 1) ’ v = Lj+1(Nj+1<O‘))

for some « € k,, E,, or equivalently

n—1—j

(0" = 1)y = (0¥ — 1P Pa (3.19)

Unfortunately, a does not generate a submodule long enough to provide our de-

sired equality. Instead of being length p"~7 — 1 we have £y, (a) = p" 7/ —p+ L:

n—1—j

(o7 — 1) o= (P — 1) o= i (Nja) = (o7 — 1) v#0 and

(O-pj _ 1)pn—j_p+1a _ (O'pj N 1)<O_pj i 1)pn—j—pa — (Upj — 1)L.;L(N]n(0[)) =0.

We use induction to show that the H;-fixed submodule of (6”’ — 1)« is generated

by some ¢, (N}, 1(8)), which will ultimately provide the desired result. With this

goal in mind, we compute (g, <(apj — 1)a> = p" =1 — 1. First, we have

(@ =126 —a = (o¥ — 1)P £ 0,

where the inequality follows from the fact that (g, (o) = Pl —p+1>pvI —2p+1.

We also have

(" =)o —Da = (o — 1) P =0
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(again using £y, (o) = p"~7 —p+1). Hence we have (| ((Jf"j — 1)a> =pr it —1.

Now p" 7=t — 1 > 2p"~1=7=! since p > 2, so by induction we have
(o7 =1 0" — Da =i (N (8) = (07 =1
for some (8 € k,,,Ej11. Equivalently, this means
(Upj — 1)pnij_2p(apj —Da = (apj — l)pnfj_pﬁ.

Hence, recalling Equation (3.19) for equality * below, we have the desired result:

]

Corollary 3.20. For v € ky,E,, let i be minimal such that v € Mk, E;). If
N (7)) =0 and Lg(y) > p'~t, then (o0 — 1)1 € (N (km Ei(7))).

Note: When i < n, the condition N ,(v) = 0 is trivial.

Proof. In the case ¢ = n, the result follows by taking 7 = 0 in the previous lemma.
For ¢ < n, choose ¥ € k,,E; with (}'(¥) = 7; by Lemma 3.17 we can (and do) insist
le, (%) = La(y). Then lg,(¥) > p~!, and since i(E;/F) = —oo the previous lemma
(applied to the extension FE;/F) gives

(0 = 1)/ € o (N (ki )
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(again by taking j = 0). Therefore

(0 = 101y = 7 (o = 1fD15) € 12 (i (N (k)
C (N (kn D)

as desired. ]

We are now ready to give a proof that the module structure of [7] can be used to

give a ‘coarse’ understanding of the F,[G]-structure of k,, E.

Proof of Theorem 3.5. Using the notation and results from the proof of Theorem 2.9,
we only need to verify that V;;; = V,n for every i satisfying 2p" ' +1 <4 <p" — 1.

This means that we must show that for any x € im(c — 1)""!, we also have
r € im(o — 1)?"~1. Choose an a, with (¢ — 1) 'a, = 2. Then {g(a,) = i, and since

i > 2p"~! we may apply Lemma 3.18 (with j = 0) to conclude that
v = (o~ 1), = (N () = (o — 17"

for some o € k,,, /. But this means that € Vj,» as desired.

3.6 The Exceptional Summand

In the previous section we saw that elements in ker N ; are particularly well-behaved:
they have representatives from ‘expected’ intermediate fields, and their fixed sub-
modules are generated by elements that lie in a priori unexpected norm subgroups
(because within ker N | we have im(c — 1)P"** = im(c — 1)?""" = im(:2 o N}) for
k > 1). We also saw that elements outside of ker N | which are sufficiently long also
share these characteristics. Hence we have left to understand those elements of small
length which are outside ker N”_;, which in practice will mean that we need to have
control over the elements in ker(:]'_; o N )\ ker N_,.

We make this notion more precise. Exact Sequence (3.4) gives ker ¢! _; = {a,—1}-
km—1E,, which by the results of Section 3.4 is the same as {a,_1} - I'(m,n). If
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a € ker:' ;o N | is given, then N ,(«) = {a,_1} - v for some v € I'(m,n). Our
goal is to find an element g so that ¢(g) < ¢(«) and N ,(g) = {an_1} - 7. If we
can do this, then the element o — g is trivial under the map N}, (so we are then
free to use the results from the previous section) and does not increase in length (so
that induction arguments are not disturbed). In the case that i(E/F) = —oo, this is

particularly easy to do.

Lemma 3.21. Suppose i(E/F) = —oco. Then

n

Nn—l
X = {x} -1 (L(m,n)) —={an-1} - I'(m, n)
is an isomorphism of F,[G|-modules. In particular, X is a direct sum of cyclic sub-
modules of dimension p* for 0 <i<mn —1.

Proof. The Projection Formula (3.3) ensures that N ,(X) = {an_1} - I'(m,n), and
the construction of I'(m,n) implies N ;({x} - ¢"_,(v)) = {an—1} -7 = 0 only when
7 = 0. Hence we have left to show that the isomorphism respects the F,[G]-action
(where the F,[G]-action on {a,—1} - I'(m,n) C k,,E,_; is given by reducing to the
natural action of F,[G,,—1]). The multiplicative properties of N ; imply that we only
need to verify that the action of ¢ is respected. For this, we recall that i(E/F) = —o0
implies ¢(x) = 1, so that ox = x in E*/E*P. Hence

o ({x}ma(m) ={ox} - a(e(m) = {x} - 10 (7).

The Projection Formula (3.3) gives

Ny (o (I3 o)) = Ny (I - (o) = {an—1} - (07).
0

Theorem 3.22. Suppose i(E/F) = —oco. If N (a) = {an_1} -y for v € I'(m,n),
then £(a) > la, ,(7v) = L({x} - th_1(7))-

Proof. The equality is given by the previous theorem, so we only verify the inequality.
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For this, suppose that < {g, (7). Then by Lemma 3.9(4) we have

Ny ((0 =1)*a) = (0 = 1)" ({an-a} -7) # 0,

and hence (0 — 1)"a # 0. This gives the desired result. O

3.7 Proof of Theorem 3.7

Proof of Theorem 3.7. Let X = {x} - ¢"_;(I'(m,n)). Then X = Xq® --- & X,,_ for
X ={x} - 1(Z) C {x} - (knE;). We now construct the submodules Y; of the
theorem.

To form Y,,, choose an F,-basis Z,, of the space ¢ (N§(kE,)). For each z € Z,,
there exists o, € ky,, E, with z = ff (N}'(w)), and the F,[G]-submodule generated
by a, is free since (g(a,) = p". Welet Y, = > . (a;)r,[q), and by the Exclusion
Lemma 2.8 we see Y, = @, .7 ()F,[q)-

Now we define Y; for 0 < i < n. Select a complement of ¢f (Né“(kmE,;H)) in
ty (NE(kmE;)), and let Z; be an F,-basis for this complement. For each z € Z; there
exists a, € ky,E; with x = 1ff (Ni(aw)). The F,[G]-submodule generated by «, is
isomorphic to F,[G,] since {g(a,) = p' and v, € k,,, E;, and the Exclusion Lemma 2.8
shows Z%L_(amﬁpp[g] = ®ger, (2)w, G- We define Y] to be this submodule.

The submodules Y; are independent from each other using an analogous argument:
any dependence among these modules gives rise to a non-trivial dependence in Y%,

but there are no such dependencies by construction of the Y;. Furthermore we have
Y@ @Y, = (NS (kmEY)). (3.23)

This verifies the second condition of Theorem 3.7.

To show that X is independent from @Y}, again the Exclusion Lemma 2.8 implies
that any non-trivial dependence between X and @Y; must appear as a non-trivial
dependence between X and @;Y;“. Now any (non-trivial) element in X has non-
trivial image under N, whereas &;Y," C 1} (k,,Eo) C ker N7'_;. Hence X + &,Y; =
X © @Y.
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For J := X &,Y;, we now show k,, E,, = J by induction on submodule length. We
prove first that for any v € k,, E, with ¢g(y) < p™ —p"~! there exists v € k,, E,, with
NI v =0,la(v) < {lg(v), and such that 4" € J implies v € J. To see this, suppose
N ;v # 0 (since otherwise the result is trivial). Now /" (N} (7)) = 0 since
lo(y) < p* —p"L, so that N (v) = {an_1} - g for some g € k,,_1E, 1 by Exact
Sequence (3.4); as usual, we take g € I'(m,n) by Lemma 3.9(3). By construction
{x} ' 1(9) € X, and this element satisfies N ;({x} - ¢"_,(9)) = {an—1} - g by
the Projection Formula (3.3) and has ¢g({x} - ¢"_1(9)) < ls(v) by Lemma 3.22.
Hence v/ = v — {x} - t¥_,(g) has N ;v = 0 and lg(y') < ls(v). Finally, since
{x} - 1(g) € J by construction, we have v € J implies v € J as desired. Hence for
lo(y) < p* —p" !, we shall assume that N ;(v) = 0.

Now suppose f;(v) = 1. Since we assume N ;(v) = 0, Lemma 3.17 gives v =
2 (f) for some f € k,,F. Equation (3.23) with i = 0 gives v € (Yo @ --- @ Y,)% C J.

"~1 and assume J contains all elements

Suppose v € k,, FE with lg(y) < p" —p
of length at most ¢g(v) — 1. Choose i such that p'~! < fg(vy) < p’. Lemma 3.17
gives v = ((¥) for some 4 € k,, E;, and by Corollary 3.20 we know (o — 1)/¢™~1y ¢
18 (N (kwmE;)). Equation (3.23) provides a € J such that (o — 1)~y = (o —

1)” o Hence we have (¢ (7 — (0 — 1)pi_ec(7)04> < le(y) — 1 since
(O _ 1)&;(7)—1 (7 . (O’ o 1)pi—ﬂc(’7)a> — 07

and by induction v — (o — 1)pi*EG(7)a € J. Since o € J we have 7 € J as desired.
Finally, suppose we have shown J contains all elements of length at most ¢¢(7y) —

n—1

1, where now () > p™ —p Using Lemma 3.18 (since p™ — p"~! > 2p"~1;
again p > 2 comes to the rescue) we know (o — 1)/ =1y € 2 (N2 (k,,E,)). Since
Y& = (2(NF(knE,)), there exists a € J with (2(Ng(a)) = (o — 1)/ ~1y. Hence

n

(g (7 — (o — 1)p"féc(v)a) < Llg() — 1 since
(O_ _ 1)EG(’)/)—1 (,y _ (O. _ 1)pn_€G('Y)a) = O’

and by induction v — (o — 1)P'~cMq € J. Since a € J we have y € J as desired. [
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There is a great deal of control in the decomposition we have just constructed.
The following corollary records the choices available in constructing the submodule

Y,—1, choices that are important in constructing the module I'(m, n).

Corollary 3.24. Given any F,-basis I,, of 1 (NJ'(knEy)) and — for each x € I,, —

any choices a, € kyEy, so that y(NJ (o)) = x, there is a decomposition
kBB X @ @ X @D DI

per Theorem 5.2 so that YV, = @aez, (Oa)F,[q)-



Chapter 4

Galois Cohomology for p-adic

Extensions

In this chapter we give the module structure of H*(Gg, u,) for a field extension E/F
with Gal(E/F) = Z, and §, € E, where p is an odd prime. Again we develop our
results in the language of reduced Milnor K-groups, then translate them to Galois
Cohomology via the Bloch-Kato conjecture.

As in the last chapter, we write F; for the intermediate field extension of E/F
with [E; : F] = p' and denote Gal(E;/F) by G;. We also write E,, for E and G, for
Gal(E/F). The groups G; arise as quotients of G, by its subgroups H;; i.e., H; is
the subgroup of G, so that G /H; = G;. Galois theory tells us Eg = F;. Of course
one has subgroups H;/H, C G,, with g/t E;, and so G,,/(H;/H,) = G;.

Also as before, there are elements a; € F; satisfying the norm compatibility prop-
erty of Equation (3.1), and with E; ;1 = E;(¥/a;). For a fixed intermediate extension
E,/Ey, the element y used in the previous chapter is now chosen to be the element
.

The main result of this section is

Theorem 4.1. Suppose that Gal(E/F) = Z,, that &, € E, and that p > 2. Then as
F,[Z,]-modules,
kmE = EBZ?iO}/iv

38
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where
o cach Y; C 13°(ky,E;) is a direct sum of free F,[G;]-modules; and
o (B2,Y)> = 1 (Ng (kmEy)).

Remark 4.2. Translated into the language of Galois cohomology, this theorem says
that
H™(Gp, pp) ~ 20V,

where now Y; C resi® (H™(Gg,, itp)), and that
(@72,Y:) 7 = resi® (cory (H™ (G, 1))

As we saw in the last chapter, resj- is the map induced on cohomology by the inclusion

E; — E; and cor} is the map induced by the norm Ng, g, : E; — Ej.

Just as when E/F was a finite cyclic p-group, lengths of elements in k,, E,, will
be important. The length of an element 7., € k,,F. is defined as lg_(Vs0) =
dimp, (Yoo )w,[)- For an element v, € k;, E, we know that (g, (v,) := dimg, (Yn)F,[G.]

is given as the minimal integer ¢ > 1 so that
(0 —1)"(v,) =0 € knE,

(where here ¢ denotes a generator of G,,).
The following lemma shows that for v € k,,E, we can choose a representative
A € ky, E; which has the correct length. By working with an element in k,, F; instead

of k,,E, we can appeal to the results proved in the last chapter.

Lemma 4.3. Every nonzero element v € k,, ELi has a representative 4 € k,, E;. If

A is chosen with minimal length among all elements of k,, E; satisfying this property,
then g, (%) = la.. (7).

Proof. An element vy € k,,, /., must have a representative v € k,,, EJ; for some j. We

would like to argue that +' € kmEJH /i Now the action of Gal(Ew/E;) is trivial on
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7, which means that for o a generator of Gal(E,;/F') we have
o (y)=+~+k forsome k€ ker 15°.

Since there is some n with k& € ker (', we can include all elements and equations into
kmEn to show that (7)) € ke EX/ M Abusing notation slightly, we write 7' for a
representative of v from feyn BT i/ Hn

We now show the first part of the lemma, which claims that we can find a rep-
resentative for v from k,,F;. We start by assuming n > 4, since if n < 4 there is
nothing to prove. Since v € kn B’ we have (g, (v) < p' < pnL.
p"t < p" — p" !, this implies (N (7)) = 0. If N* ;(7/) = 0, then because
v € kBT Lemma 3.17 implies that v = (%) for some ¥ € k,,F;. Hence in

But since

this case, we have proven our claim.

Otherwise, we have N ,(v) = {a,_1} - g for some g € T'(m,n). In this case
{an} - 15-1(g) has

Ny ({an} -ty 1(9) = {ana} 9= Ng—1(7,)

by the Projection Formula (3.3). Additionally, (¢, ({a,}-t!_1(9)) < {c, (') by Lemma
3.22, so that v —{a,}- ¢ _1(9) € ke EX Then since v/ — {an} ', (g) has trivial

n—1 n—1

norm to k,, E,_1, Lemma 3.17 again shows there is an element 7 € k,, F; so that

i () =" = A{an} - tn_1(9)-

Since ¢2° (v = {an} - 7_1(g9)) = ¢2°(7/), we have shown that v has a representative
from k,, F; in any case.

Now that we know there is some representative for v from k,, F;, we let 4 € k,, E;
be an element of minimal length so that ($°(¥) = 7. We show that (¢, (Y) = o (V)
by showing that ¢q, (%) = {g, (11'(7)) for all n > i. We prove this result by induction,

beginning with the case n =1+ 1. We write o for a generator of G;,1.
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First, if © > (g, (7) then we have

(0 = 1" (F) = (0 = 1)™) =0,
and so (g, (7) = le, (¢7(7))-
We now verify the opposite inequality by contradiction. Suppose that we have

UG, (571(%)) < LG, (%) This implies
(o0 —1)fe:(M715 € ker /L,

Now if we let k be chosen so that p*~! < £q. (%) < p¥, then since Theorem 3.7 shows
that k,, F; is a direct sum of ‘free’ submodules, we must have (o —1)%: =14 ¢ im(o —
1)”"~1. But Lemma 3.12 shows ker /*! is a direct sum of free F,[G;]-submodules (for
0 < j < i), so there must be some o € ker /™" with (g,(a) > p* > (g,(¥) and
(0 —1)fei=15 = (¢ — 1)%:(D~1q. Hence we have 4 — (o — 1)%:(¥~f6: (M) has length

at most {¢,(y) — 1, and

This is a contradiction to the minimality of 4, and hence we conclude (¢, , (¥) =

For the inductive step, suppose lg, (¢7(7)) < le, (%), while

b, (1771 (%)) = b, (7). (4.4)

This gives
(o0 — 1)£Gn—1(L?_lﬁ))_1L?_1(ﬁ) € kere; .
Again, letting k be chosen so that p*~! < o (1771(%)) < p¥, Theorem 3.7 shows

that (o — 1)%n( 1(&))—1#71(&) € im(o — 1)?"~1. Since Lemma 3.12 shows that

ker:!' ; is a direct sum of ‘free’ submodules, there must be some o € ker:_; with



CHAPTER 4. GALOIS COHOMOLOGY FOR P-ADIC EXTENSIONS 42

lg, . (a) > pF > lg, (%) and

(O' . 1>£Gn,1(t? (’7))—1&1—1(,}) — (0_ . 1)60"*1(06)_105.

)

n—1/x

Hence we have 4 — (o — 1)n-1(®) =61 (i7" has length at most £¢, , (5) — 1, and

52 () = (0 = Dfenn @ D0 ) = 2(3) = .

This contradicts Equation 4.4, and we conclude {g, (¢1'(%)) = €, (¥) for alln > . O

Proof of Theorem 4.1. Let T; be a basis for a complement of ((N;™ (K Eiy1)) in
1 (NE(kmEy)). For each z € Z; choose oy, € 15°(ky, B;) with (&°(Ni(a,)). The Exclu-
sion Lemma 2.8 shows that Y (a,)r,c..] = ®()r,[G.], and we denote this set by
Y;. Again, > Y; = &Y} since the Exclusion Lemma 2.8 implies any dependence would
produce a nontrivial dependence in Y,0* = (Z;)r,, contrary to the construction of the
7z

That each Y; is a direct sum of free F,[G;]-modules is immediate. The fact that
(@22,Y;)6> = 15°(Ng (kmE,)) comes from the construction of Y0 = (T).

Since U, (kyEx )" = k,, B, we show by induction that for arbitrary n one has
(kmEs)™r C @5°,Y;. First, notice that (k,,Fa )™ = 15 (kynEo) by Lemma 4.3. Since
®i(Li)w, = 1 (kmEo) by construction, we have (k,,E.)™ C &2,Y;

Now suppose we have shown that all elements of (k,, Es)fn—! are in &5°,Y;, and
we will show that (k,,Es)"" C @®%,Y;. We prove this result by induction on the
length of elements of (k,,Ex ). So let v € (k,,Ex)f" be given, and let 4 € k,, E,
be a representative of v as per Lemma 4.3. If /¢, (¥) < p"!, then ¥ € kmEf"’l/H".
Nowif Xo®--- P X192 Yy D - DY, is a decomposition of k,, F, as per Theorem
3.7, then 4 — projx (%) is an element which is also a preimage of 7, and (¢, (7) =

lg, (¥ — projx (%)) by the minimality of 4. But then
ﬁ/ - prOjX(;}/) € (YE) - Yn)Hn_l/Hn - sz1(kmEnfl)-

Hence 7y € k,, Ef»=1 and by induction v € &%,Y;.
So we are left with the case {g, () > p"~!. By Corollary 3.20 this implies that
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(0—1)fn =15 € 12(NJ (K E,)), where here o is a generator of G,,. So choose ¢, € F,,

with
i ((U fcn(v) 1 chx

i>n r€L;

Let &, € k,, E; be a representative so that ¢°(&,) = a,, and we have

(0 —1)fenD15 = (5 — 1)P" 1 Z Z N'(cpé,) mod ker 2.

i>n x€Z;

Hence
V=4 = (0= 1D N TN N (e,6) € ki B,

i>n €L,

is an element so that (o — 1)%én~14" € ker2°. It follows that (2°(7) is an element of
kB with length at most ¢g_(7) —1, and hence (2°(7) € ®;>0Y;. Since o, € BiY;
by assumption, this implies v € @;>¢Y; as well. O



Chapter 5

The Case i(E/F) > —

5.1 The Main Theorem

In this chapter we study the F,[G]-module structure of the Milnor k-groups k,, E for

a general field extension (i.e., without restriction on i(£/F)), but under the following

Assumption 5.1. Suppose v generates a summand of I'(m,n) and that g has the
smallest length among all elements whose image under NI | is {an,—1} -7. Then
(o0 — 1)5(;”71@)719 has the smallest length among all elements whose image under

Ny_yis {an-1} - (0 — 1)£Gn71(7)*17'

In the course of proving the main theorem of this chapter, we show that this
assumption is equivalent to a seemingly stronger statement where we drop the as-
sumption that v generates a summand of I'(m, n) (see Remark 5.28). We have stated
the weaker version here since it is all we need to complete our result. We show that
Assumption 5.1 holds when i(£/F) = 0 in Corollary 5.11. We do not have evidence
supporting this assumption for i(E/F) > 0.

Our main result is the following generalization of Theorem 3.7.

Theorem 5.2. Let E/F be an estension of fields with Gal(E/F) = Z/p"Z and

44
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¢ € E, where p > 2 is a prime. Suppose Assumption 5.1 holds. Then as F,[G]-

modules,
kmE~ @B Xy 00 @Y,
0<i<n
j€{—00,0,- ,n—1}
where

(i) each X;; is a direct sum of cyclic submodules of dimension p'+p’ and X; ; =0

when i > i(E/F) and j > —o0;
(i1) each Y; C M kmE;) is a direct sum of free F,|G;]-submodules; and
(i1i) for every j <n,
Y, @Y, @@X// =1 (N (km E)) .
J’>J

Remark 5.3. Using the Bloch-Kato conjecture, this result says that

H™(Gp, pp) = b x,evie---ov.
0<i<n
j€{—00,0,-,n—1}

Condition (ii) translates to Y; C res (H™(Gg,, 1)), and condition (iii) says
Y;o---0Y, @ @Xﬂ’j/)G = res{y (cor} (H™(Gp,;, 1)) -
j’ZZj

As before, resj» is the map induced on cohomology by the inclusion F; — E; and coré-
is the map induced by the norm Ng, /g, : E; — Ej.
5.2 Minimal Preimages

As before, it is important to understand those elements which map to {a,—1} -~

for v € T'(m,n). In this more general setting, however, one does not have a good
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understanding of how the length of a preimage of an element {a,,—1} -y under N,
compares to the length of a preimage of {a, 1} - ((c —1)7) under N ;. As such, it
is difficult to construct a sufficiently ‘small’ exceptional submodule. This is the key
complication in generalizing the results we have already determined for extensions
with i(E/F) = —oo to extensions without condition on i(E/F).

With this in mind, we make the following

Definition 5.4. For v € I'(m,n), a preimage of v is an element b satisfying

Ny1(h) = {an-1} -7

A minimal preimage of v is a preimage g of minimal length; i.e., if b is a preimage

for v and g is a minimal preimage, then (5 (g) < 5 (h).

In this section we shall explore some of the properties of minimal preimages. Our
first result gives a naive lower bound on the length of a (minimal) preimage of an

element v € I'(m, n).

Lemma 5.5. If g € k,,E,, is a preimage for v € T'(m,n), then lg(g) > lg,_, (7).
In particular, if g is a preimage of v with {g(g) < lg,_, (), then g is a minimal

preimage.

Proof. The second statement is a clear corollary of the first, so we just prove the first
statement.
Let © < {g,_,(7), so that (¢ — 1)*y # 0. Since

['(m,n) N ker ( k1 En_1 _fanpm | knFo 1 ) = {0},

we have {a,_1} - ((c —1)"y) # 0. Since a?_,; = a,_1k? for some k € E | (Equation
(3.2)), we have

(0 =1 {an}-7) ={az1}-o(y) = {ana} -7

(5.6)
={ap-1}-0(v) —{an-1} v ={an} (0= 1)y
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Hence
Ny (0 =1)%) = (0 = 1)"N;"1(g) = (0 = D){an-1} -7
= {aua} - (0 — 1)) £ 0.
Therefore (o — 1)*g # 0, and so U, ,(7) < la(g). O

Combined with Assumption 5.1, the next lemma gives us a useful tool for deter-

mining when an element is a minimal preimage.

Lemma 5.7. If g is a preimage of v € I'(m,n) which is not minimal, then (0 —1)g is
a preimage of (o — 1)y which is not minimal. Hence (o — 1)€Gn—1(7)_lg is a preimage

of (o — 1)%n-1"2 which is not minimal.

Proof. Let b be a minimal preimage of 4. Then

Ny((o=1)g) = (0 =N, 1 (g) = (0 = 1) ({an-1} - (7))
= (0 =N, (h) = Ny (0 = 1)h).

In light of Equation (5.6) this shows (0 —1)g and (o — 1)h are preimages of (¢ — 1)7.

However, we have

(0 —1)g) = £(g) =1 > £(h) — 1 = {((c — 1)),

and hence (o — 1)g is not a minimal preimage.

The second statement is a clear corollary of the first. O]

Now we show a way of constructing a minimal preimage for the sum of two ele-

ments, at least in some limited cases.

Lemma 5.8. Suppose that g, is a minimal preimage of 71, that go is a preimage of

Y2, and that £(g1) > (g2). Then g, + go is a minimal preimage of 1 + Ya.

Proof. We have

Ny (g1 +g2) = Ny y(g1) + Ny y(g2) = {an—1} - (71 +72),
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and hence g; + go is a preimage of 7, + 72. We also have {(g; + go) = ¢(g1) since
0(g1) > €(g2). Suppose for the sake of contradiction that there is a preimage g of
71 + 72 so that £(g) < ¢(g1). Then (g — g1) < max{/(g),¢(g2)} < ¢(g1). Since

additionally we have

Ny_1(g—82) = Ny_y(9) — Nyi(92) = {an—} - (v +72) — {an}t e = {an-1} -7,

we see that g—go is a preimage of v, with length strictly less than ¢(g;), contradicting
the minimality of g;. O

The next result shows that elements in I'(m, n)“»~1 have minimal preimages whose

lengths are highly restricted.

Lemma 5.9. A minimal preimage g of v € I'(m,n)% -1 has dimension p/ + 1 for
some j € {—00,0,--- ,i(E/F)}. When j = —o0, g € knEy \ th_y(kmEn—1). When
J =0,

(0 — 1)@ g € 1§ (N (knBy)) \ 1§ (NG (km Eji)).

Proof. We know Np_;({x} - t5_1(7)) = {an-1} - 7, and further le({x} - 17_1(7)) <
PB4 1 since £g(x) = p"®/F) + 1 and £g(y) = 1. Hence a minimal preimage of ~
has dimension at most p*&/F) 4 1.

Now suppose g is a minimal preimage of v and {g(g) = p’ + k < p’*! for some
k > 2. Since i(E/F) < n —1 we may assume j < n — 1. Now N ,((c — 1)g) =
{an-1} - (0 — 1)y = 0, and so Lemma 3.17 gives (o0 — 1)g € ¢, (k,Fj;1). Because
le((c—1)g) = la(g) — 1 > p’, Corollary 3.20 shows there exists « € k,, E;11 so that

(0 — 1)pj+1’104 = Lg(Ng“a) = (0 — 1)£G(g)’1g.

Then g — ¢}, ((a — 1)1’”14@(9)(1) has length less than /5 (g), and since j < n — 1

further satisfies

Ny (5= (o =177 P 0)) = NiLig = e},

contradicting the minimality of g. Hence for some j € {—00,0,--- ,i(E/F)} we have
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le(g) =p + 1.

Now we show the second part of the lemma. First, if j = —oo the statement
that g = (0 — 1) ~g & " _,(knE,_1) is obvious, because N¥_,(g) = {an_1} -7 #0
whereas ' | (kyEn—1) C ker NI'_;. Hence we assume j > 0.

Since N ;((c —1)g) = 0 and {g((oc — 1)g) = p’ Lemma 3.17 tells us that (o —
l)g € (knE;), and so (o — 1)P'g € 15(Nj(knE;)). If additionally (o — 1)”'g €
B (N{T (kmEj41)) then there exists a € ky,Ejy1 with (2(N3T'a) = (0 — 1)Pg. We
P _pi_1

will now show that o/ := (o — 1) « satisfies

L. Nﬁ_l(b?ﬂ(o/)) =0,
2. fg(o/) = g@(g), and
3. (0 — 1))y = (¢ — 1)lclo-1g,

With these facts we can conclude that g — 7, (/) is a preimage of 7 with length less

than g, contrary to the minimality of g. Hence we can conclude
(0= 1)@ g = (0 = 1)"'g € ([ (N (ki B))) \ 15 (NG (ki B 11)).
Property 2 follows from the fact that
le(a’) = Llo((o — )P P la) = lg(a) —p T 4 pP + 1 =9 +1,
and Property 3 follows because
(0 —1a' = (o= 1) a=g(N§"(a) = (0 = 1)"g.

For Property 1, we have N (/) =01if j+1 <n—1, since N}, (¢} (knE;)) = 0 for
i <n—1. When j+1 = n, we note that o/ is in the image of (¢—1)?""?""'~1 and that
Pt —p"t —1> p* . (Here we've used p > 2.) Hence o/ € im(o — 1)*" ' C ker N,

as desired. 0

We now show how to construct minimal preimages for generators of I'(m, n) which

are sufficiently long (compared to the element x).
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Lemma 5.10. Suppose v € I'(m,n) has lg, () = p* for some i > i(E/F). Then

{x} " () is a preimage of v with length p', and hence is a minimal preimage.

Proof. The Projection Formula (3.3) gives N ({x} - ¢"_1(7)) = {an-1} - 7. We will
show that {x} - ¢"_,(v) has length at most p’. Lemma 5.5 then implies the desired
result.

Since x has length p*E/F) 41 < p as an element of HY(Gg, up), we know that
o” (x) = xf? for some f € E*. We also know that (o0 — 1) = (¢ — 1) kills 7, so
that apiv = in k,,E,_1. Hence we have

(0 —DP " ({xd () = {0 ()} - o (o) = {x} - i ()
={x}- "1 (7) - {x} 1<>—o

Therefore lg({x} " _1(7)) < p'. O
With this result, we can show Assumption 5.1 holds for i(E/F) <0

Corollary 5.11. Suppose that i(E/F) < 0. If v generates a summand of I'(m,n)
and g is a minimal preimage of vy, then (o — 1)€Gn—1(7)_1g is a minimal preimage of
(0 _ 1)€Gn_1(7)_1g.

Proof. If v € T'(m,n)% 1 there is nothing to prove. Otherwise f¢ _ (y) = p' for
some i > 1. By Lemma 5.10, v has a minimal preimage {x}-¢"_,(v) of dimension p'.

Hence (o0 — 1)*"'{x} -1"_,(7) is a preimage of (¢ — 1)*"~'5 of dimension 1, and so is

minimal. O

There is one result in this section which is conspicuously missing. Given the
importance of the operator 0 — 1 in all of our computations, one naturally asks: if g
is a minimal preimage of v, is (¢ —1)g a minimal preimage of (¢ —1)y? This question
(and others like it) lead us to Assumption 5.1, and ultimately to the results we have

been able to give.
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5.3 The Exceptional Submodule

Having introduced minimal preimages, we are now ready to give the construction
which will allow us to prove Theorem 5.2.

We know that T'(m,n) is a direct sum of cyclic submodules of dimensions p°,
i€40,---,n—1}. We filter I'(m,n)%"1 into submodules

€ im(o — 1)?"~! and a minimal
L;:=<%~v€ F(m,n)G"*1 : 7 . ( ) . ,
preimage of v has length at most p’ + 1

where i € {0,--- ,n— 1} and j € {—00,0,--- ,i(E/F)}. One can verify that
I;; C Iy whenever >4 and j <j', (5.12)

and that Io;p/r) = T(m,n)% - (this is Lemma 5.9). We order the pairs (i, ) by
defining (7', j") < (i,7) whenever either j° < j or j/ = j and ¢ > i (a modified
lexicographical ordering).

Choose an Fj-basis Z,,_1 _o for I,,_1 _o, and inductively (using the lexicographical

ordering) choose an F,-basis 7, ; for a complement to

(Lo g = (1,77) < (6,0)) N (Lo = (,57) < (1,7))  in (Loge: (7, 57) < (4,)).

For cach = € Z; ; choose an element v, € I'(m,n) so that © = (0 — 1)? ~'~,, and then
pick g, € k£, a minimal preimage of ,. Define X, ; = erL-j (gz). The submodule
X is defined to be >, ; X ;.

Theorem 5.13. Suppose Assumption 5.1 holds. Then the submodule X = Z” Xi;

Just constructed satisfies
1. X =@,;X;;, where 0 <i<n—1andje {—00,0, - i(E/F)};
2. X, is a direct sum of cyclic submodules of dimension p*' + p’;
3. fori>i(E/F) and j # —o0, X;; = 0;

4. for every v € I'(m,n) there exists g € X which is a minimal preimage of ~y;
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5. X NNy (knEy) = B ®yr2y X7

7l
17‘7

The proof of this result is spread across several lemmas which follow. We need
some results concerning the spaces I; ; and the collections Z; ;. The first is an exercise

in definitions, though it gives important information about elements in (Z, ;).
Lemma 5.14. Each nontrivial x € (Z; ;) is an element satisfying

o zcim(o— 1)1\ im(c —1)” and

e a minimal preimage of x has dimension exactly p’ + 1.

Proof. For the first, we need only verify z ¢ im(c — 1)”, since an element of (Z; ;)
is an element of [;;, which by definition contains elements in the image of (o —
1)P 1. Since I'(m,n) is a direct sum of cyclic submodules of dimension p’, where
i€ {=00,0,--- ,n—1}, thenz € T'(m,n)Nim(c — 1)?" implies z € im(c—1)?""" 1.
Hence we have © € I;;1 ; contrary to the selection of (Z, ;).

For the second, we need only verify that a minimal preimage does not have dimen-
sion less than p/ 4 1, since an element of (Z; ;) is an element of I, ;, and hence has a
minimal preimage of dimension at most p/ + 1. If a minimal preimage had dimension

at most p’, Lemma 5.9 implies that a minimal preimage of = has dimension at most

p’~!' 4+ 1. Hence we have x € I ;_1, contrary to the selection of (Z; ;). O

Lemma 5.15. If vy € im ((0 - 1)pi_1) N T (m,n)%1, then

v e Z <Ii’,j/>'

>4
j’E{—OO,~~~ 77'(E/F)}

Proof. Every element of I'(m,n)%"=1 can be written uniquely as a sum of elements
from the various (Z; ;) (where 0 < i < n —1and j € {—o0,--- ,i(E/F)}), and
for a particular (i,j) we write proj; ;(z) to denote the projection of an element x
onto the summand corresponding to (Z; ;) in this decomposition. With this notation,
our lemma says that an element v € im <(a - 1)pi’1> N T'(m,n)%1 should have

proj, (y) = 0 whenever i < 4. Our strategy will be as follows: assuming the
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presence of some nonzero proj, () with i < i, we remove a certain component
g = > ;;proj;;(7) from v so that v — g € I;;, yet v — g contains a summand from
some Z; ;» where (i, 5) > (¢, 7). This contradicts our construction of the Z ;.

So suppose that proj, .(v) # 0 for some i’ < 4, and choose (i',j') as large as

possible with i’ < i and so that

projy i (v) # 0. (5.16)

Hence for any (i,7) > (i,5') with proj;;(r) # 0 we have i > i, and therefore
proj; ;(z) € im(o — 1)P"~1. It follows that

g = Z proj; ;(r) € im(o — 171,

(1,3)>(¥',4")

and so y—g € im(o — l)pifl. Notice that 7 — g is now expressable as a sum of elements
from (Z; 5) with (1,7) < (7,4"), and therefore can be written as a sum of elements
whose minimal preimages have dimension p?' 41 (since (z,7) < (#, j/) implies j < 5').
This shows that v — ¢ also has a preimage of dimension p’ + 1, and so — combined
with our previous assertion that v — ¢ € im(o — 1)102’*1 — we have v — g € I; 5. Now
I; jr is spanned by Z; 5 for pairs (1,7) < (4,7") by construction, and since (i, j') > (i, j')
we therefore have

proj; ;s (v —g) = 0.

But proj, (v — g) = proj, ;(y) by the construction of g, and so proj, (y) = 0
contrary to Equation (5.16). O

With these lemmas in hand, we can begin to make progress towards proving
Theorem 5.13. We begin by showing that each 7, generates a summand of I'(m,n)

so that we may use Assumption 5.1.

Lemma 5.17. Y (v,) = ®&(7.) = ['(m,n), where the sum is taken over all indices

(i,7) and elements v € T, ;.

Proof. The sum is direct because (v,)"~' = (z), and > (z) = @&(x) by construction.
We proceed to show the submodule spans T'(m,n). We know > (x) = ['(m,n)% 1,
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and hence > (v,) contains all elements of length 1. So suppose v € I'(m,n) has
Ui, ,(7) := € > 1 and that > (7,) contains all elements of length at most ¢ — 1.
Since T'(m,n) is a direct sum of cyclic submodules of dimensions p’, 0 < i <n — 1,
the element ¢ = (¢ — 1)y is in the image of (¢ — 1) ! for some p’ > ¢. By
the previous lemma, we can write ¢ = 3. ¢,(0 — 1)%n-1071y " \where the sum
is over elements x € Zy; with i > i and j° € {—00,0,--- ,i(E/F)}; in partic-
ular the elements (o — 1)%n-102)"%y "exist since (g, ,(7,) > p' > (. We have
la, . (’y — > (o — 1)£Gn—1(%€)_£%> < ¢, and — since 3 cy(o — 1)%Gn-100)=0y g
obviously in Y (v,) — by induction we have v € > (7). O

Corollary 5.18. For each x € Z; ;, (0 — 1) ~1g, is a minimal preimage of x.

Proof. By Lemma 5.17, 7, is a summand of ['(m, n). Since g, is a minimal preimage of

e, Assumption 5.1 gives (o —1)P'~'g, is a minimal preimage of (0 —1)? "1y, = z. [

The proof of Theorem 5.13(3)
Corollary 5.19. Z,; = 0 if i > i(E/F) and j > —oc.

Proof. Lemma 5.10 says that an element v € I'(m, n) of length p’ for i > i(E/F) has
minimal preimage of dimension p’. Hence if z is the fixed part of such a submodule

it must have a minimal preimage of dimension 1. O]

The proof of Theorem 5.13(2)

Lemma 5.20. If x € T, ;, then (g,) is a submodule of dimension p* + p’.

Proof. By Corollary 5.18 we know (o — l)piflgx is a minimal preimage of z. By

Lemma 5.14 we have (¢ ((0 — 1)pi‘1gx> =p’ +1, and so {(g,) = p' + p’. O

Lemma 5.21. For fited 0 <i<n—1and j € {—00,0,--- ,n— 1},

Xi,j = @xEIm‘ <gm>
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Proof. Suppose there is a non-trivial dependence among the g,, and (without loss,
via the Exclusion Lemma 2.8) we assume this dependence occurs in the fixed part of

each submodule. By the previous lemma, our dependence can be written

ZCJ:(O' - 1)pi+pj_lgx = 0.

x

Since 3 ¢, (0 —1)?""1g, is a preimage of 3_ ¢,, this dependence shows that a minimal
preimage of Y ¢,x has dimension strictly less than p/ + 1. This contradicts Lemma
5.14. O]

The proof of Theorem 5.13(1)

Lemma 5.22. Let j € {—00,0,--- ,n—1}. Then
o when j = —oo, (3, X&) Nty (kmEn_1) = {0}; and
o when j >0, (3, XE) N (NG (kmEjy1)) = {0}

Proof. In either case, by Lemmas 5.20 and 5.21 we have
DoXG =D 01X, (5.23)

From this equation, we check the first statement by assuming there exists some

o€ kmEn,1 with

0y Y clo—1" g =0 ,(a).
i 2€Ti oo
Applying N, to each side we have 0 on the right and {a,—1} - (3 c,x) on the left.
But {a,_1}- (> czx) # 0 since the z € I'(m, n) are chosen to be independent, and so
we have a contradiction.
Again using Equation (5.23), we check the second statement by assuming we can

write

0433 alo — 177 g, = (NG ()

i w€l;;
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for some o € ky, E;;1. Writing o/ = (0 — 1)»" =" ~1a we have N, (o) = 0; this

is immediate when j < n — 1 because ¢!'_,(k;,Fy—1) € ker N |, and is true when

n—1

7 =mn — 1 since then
. n— * n—
o' € im ((0 -1 r 1_1> Cim ((a — 1) 1) Cker N, ,

where containment * follows since p > 2. This implies that (Z oo —1)P'1 gz) —a
is a preimage of > c .
We also have (0 — 1)” o/ = (2(NJ™(a)), so that

C—1Dd == (Y cle-1r g,

% :L‘EZZ‘,]'

Hence /¢ ((Z oo — 1)1”1'*19,;) — a’) < p’, and so a minimal preimage of Y _ ¢,z has
dimension strictly less than p/ + 1. By Lemma 5.9, > ¢,x must therefore have a
minimal preimage of dimension at most p’~' + 1, and therefore lies in Iy ;1. This
contradicts the choice of the elements x, which were to sit in a complement of a

submodule containing I ;. O
Lemma 5.24. X = @i,in,j-

Proof. We proceed by induction on the index set (i,7). Suppose we have already
shown >, 5y G5 Xij = ®Xi ;. Now if we have a dependence

Z Z fox(a)gx = 07

(4,5)<(3,7) ©€Ti,;

then the Exclusion Lemma 2.8 allows us to assume this dependence occurs in the

fixed submodule, so that we have

YN calo =1 g, =0,

1, x€Z;

We must have ¢, # 0 for some x € 7; ; since the submodules X; ; are independent for
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(2,7) < (4,9)-
Suppose first that there is a nontrivial coefficient ¢, in this sum where © € Z;

and j < j. Choosing j to be the smallest index which shows up (nontrivially) in the

dependence, we reorganize and find

D13 ale =1 e = =303 Y el -1

A er’iJ ]>] 7 J?El—lj

We shall examine the left- and right-hand side of this equation to arrive at a contra-
diction; we shall consider the cases 7 = —oo and 7 > 0 separately.

In the case j = —oo, the left-hand side is a (nontrivial) element of 3", X & o (it is
nontrivial since by induction we have already verified ), X, 5 = @, X, 5). The right-
hand side, however, is an element of ", (k,,E,_1). This follows because a generator
g, of X, ; has (o6 — 1)"'g, € ker N |, and hence (since j > —oo and using Lemma
5.20) we have (0 —1)P"+7"~1g, € ker N* N (k,, E,)¢. But this submodule is contained

in off(kmEo) C ity (kmEn—1) by Lemma 3.17, as claimed. Hence we have
Z zoombnlkEn 1)7&{0}

contradicting the first part of Lemma 5.22.

In the case j > 0, the left-hand side is a (nontrivial) element of 3. XZG] The
right-hand side is an element of L’S(Ngﬂ(k E:.,)) by Lemma 5.9 and the fact that

Lg(Nngk(k Es)) C Lg(NgH(k; Es,,)) for every k > 1. Hence we have

ZXG BN (kB 1) # {03,

contradicting Lemma 5.22.
In either case we see that our dependence only involves elements x € Z; ; where

j =7, and so our dependence takes the form

SN alo -1l =0,

7 CCEIi b
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Since (o — 1) ~'g, is a minimal preimage of x, this implies the element _ ¢,z has
a minimal preimage of dimension at most p5 . By Lemma 5.9, > ¢, has a minimal
preimage of dimension at most p;*1 + 1, and hence Y ¢,z must lie in Iy; 1. But
each r € 7, 5 is selected to lie in a complement of this submodule, and so we have a
contradiction. O]

The proof of Theorem 5.13(5)

Lemma 5.25. For0<j<n—1,
X N (N (knE))) = @y @55 X750

Proof. First we note that @y ®j>; X7, => ., > . > X 5 by Lemma 5.24. Lemma
5.9 gives the O containment.

For the opposite containment, we show that for any 7 < j we have
D XE NG (N (k) = {0},

which by the Exclusion Lemma 2.8 gives X5 N ¢g( N (knE;)) = {0}. Then the
independence of the X;; gives @; ©;_; X, 5N LO(Ng(kmEj)) = (), which implies the
desired result.

First, if j > 0 then Lemma 5.22 gives
[0} = S0 XE AN (k1)) 2 30 XE A G NG (k).

For j = —o0, Lemma 5.22 gives

{0} = Z G o (kB DZX o NN (K E))).
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The proof of Theorem 5.13(4)

Lemma 5.26. Let 1, € Zyg) jq) for 1 <1<, andlet ¢, € F)\ and 1 < e(l) < p—1.
Suppose that there exists { so that { =/ (cl(a — l)e(l)gxl) forall1 <1 <r. Then
g:=>,alc —1)Wg,, is a minimal preimage of v := >, /(0 — 1), .

Proof. Suppose this is not the case, and let h be a minimal preimage of ~. Let
J = min{j(l)}, and (without loss) assume that j(l) = j for 1 < < s, and that
j(1) > jfor I > s. Hence for [ > s we have £ —p/ —1+e(l) = p'D +p/) —pi —1 > p'D),
and so lg, ,(7z,) = p'V gives (o — 1)€*pj*1+€(l)7xl =0.

We compute:

Nici (0 =077 7) = (0= 1) Hana) ( > alo - 1>e“>%l>

1<i<r
= {an_1}- ( > (- 1)€_pj_1+e(l)%:z)
1<i<r
1<I<s

This implies that (o — 1)“#'~'f is a preimage of D i<i<s CT1 € SN

But now /() < ¢, and so we have ¢ ((0 - 1)5*’”*1[]) =I(h)—(l—p'—1) <P +1.
Since Y 7, ¢y has a preimage of length less than p’ 4+ 1, Lemma 5.9 says that it has
a preimage of length at most p? ' + 1, and so >.; , qa; € Ip,—1. This, however,
contradicts the construction of the Z;;); (1 <1< s). O

We are prepared to prove Theorem 5.13(4), though we state a more precise result.
Lemma 5.17 implies that every element v € I'(m,n) can be written uniquely as an
[F,-linear combination of the elements (o —1)°y,, where = ranges through all elements
of Z; ;, i and j range through {0,--- ,n — 1} and {—o0,--- ,i(E/F)} (respectively),
and 0 < e < p' — 1. The following lemma says that the ‘obvious’ preimage of v in X

is a minimal preimage.
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Lemma 5.27. Suppose that v € T'(m,n) takes the form

v = Z Z Z Cen(0 — 1),

%,] CEEIZ‘J' e=0

Then

p'—1

Z Z Zce,x(a_ 1)691

@, IEGIZ'J' e=0

1s a minimal preimage for .

Proof. For a pair e, z, let {., := {(cc.(0c — 1)°g,). Lemma 5.26 says that for fixed ¢

Z Cen(0—1)%g,

Ee,z:‘e

we have

is a minimal preimage of >, _,c..(0 —1)%y,. Hence Lemma 5.8 says that

2 D cealo = 1)'es
€ le =t
is a minimal preimage of
2 2 cealo =V =1
0 len=t

]

Remark 5.28. The previous lemma doesn’t just tell us that X contains a minimal
preimage for every v € I'(m, n). In fact, the lemma tells us that our Assumption 5.1

is equivalent to the a prior: stronger

Assumption 5.29. For every v € I'(m,n), if g is a minimal preimage of vy then

(0 — 1)g is a minimal preimage of (o — 1)7.
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5.4 Proof of Theorem 5.2

Let X = @;;X; ; be defined as in the previous section, and we construct the submod-
ules Y;.

For ¢ = n, let Z,, be an F,-basis for (j(N{ (knFE,)). For each x € 7, choose an
element a, € kB, with ¥ = (f(Ni(a,)), and define Y,, = >/ (au)r,ic)- The
Exclusion Lemma 2.8 gives Y. 7 (Q)F,c] = Prez, (Q2)F,(c); and so Y, is a direct
sum of free F,[G]-modules.

For 7 < n, let Z; be an [F,-basis for a complement of
(5 (No™ (ki Eis1)), X N eg (Ng (ki ) ),

within ¢§(N¢(knE;). For each z € Z; choose o, € k,E; with t§(N¢(aw)) = @, and
define Y; = Z$€Ii<04z>]1:p[g]. This gives Y; C ((k,E;). As always, the Exclusion
Lemma 2.8 ensures Y; = @cz,(0)F,[q], and hence Yj is a direct sum of free F,[G;]-
modules.

Our construction also implies

(NS (kmEj)) = > Y7+ (X N 0g (N (kmE})))

/>J

which by Theorem 5.13(5) gives

WV (knEy)) =D YT+ XE (5.30)

Jj'>j i §'>g

The submodule Y,, is independent from the submodule @;;X;; because YnG -
Lg(Ng(kmEn)), whereas @;,X;; N LB‘(N"(/{: E,)) = {0} by Theorem 5.13(5). So
assume Y 1 +---+ Y, + Z Xij =Y ®---8Y,dd;,;X,,, and we show that Y},
is independent from this collectlon. For this we remark that Y,¢ C (2(NF(k,Ey)) is
chosen in a complement to the space spanned by 13 (NF* (k,, Ery1)) 2 @i Y, and
X N (NE(k,,Ey)). The Exclusion Lemma 2.8 implies that Yj, is independent from
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all of Y; (for i > k+1) and &, ;X; ;. Hence

Yot - 4+Yo+> Xyy=Yo- oY, 0@ X, =1
i.j i\j
We only have to show that k,, F,, = J, which we do by induction on the length of
elements. First, we claim that for any element with length at most p® — p"~! there
exists 7' € kp,E, with N (7)) = 0, lg(7') < lg(7), and so that 4/ € J implies
v € J. For this, suppose that N ,(v) # 0, since otherwise there is nothing to do.
Since (o —1)P" 7P

have N | (v) = {an_1} - g for some g € I'(m,n). Theorem 5.13(4) says there exists

n—1

=1 o N’_, annihilates v, we have N'_,(y) € ker:! _,. Hence we

g € X so that g is a minimal preimage of g. Hence we have v/ = y—g € ker N'_,, and
that £(7") < £(+) by minimality of g. Finally, if 4/ € J, then because g € X C J we
also have v € J. Hence if {g(7) < p” — p"~ !, we can (and do) assume that v € N ;.

Let v be an element of length 1. Then clearly fg(y) < p" — p"!, so we can
assume N ,(y) = 0. Lemma 3.17 gives v € {}(knEo), and hence Equation (5.30)
gives v € J.

Suppose that £(y) = p* + 1 for some [ > 2. If 5(y) < p™* — p"! then we can
assume v € ker N*_,. Hence Corollary 3.20 gives (o — 1)/ =1y € 2 (NF™ (K Eryr))-
By Equation (5.30) and the construction of the Y; and X;;, we can find some a €

EBj/zkH Yy @ P, @j’2k+1 X, j with
(0 = 1Oy = (N (@) = (o = )"

"t is an element of length at most £(y) — 1, and so is in J.

Hence v — (o0 — 1)?
But since o € J, so too is 7.

Finally, suppose that v has £(y) > p™ — p"~!. Since p > 2 this gives {(v) > 2p" !,
and so Lemma 3.18 gives (o — 1)* =1y € (2(NZ(k,E,)). But Y,¢ is an F,-basis for

L (N (kmEy)), so there exists some « € Y,, with
(0 =Dy = H(NG (o) = (0 = )" Ha).

Therefore v — (o — 1)?"~@q is an element of length at most £(y) — 1, and so by
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induction is in J. Since o € J, we have v € J also.
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