MATH 331 FinAL ExaMm SPRING 2006

SOLLT!IOpn S

NAME:

Instructions: Check that your test has 11 pages, including this one and the blank one on the bottom.
There are 9 problems on the exam. Write neatly: solutions deemed illegible will not be graded, so no
credit will be given. You must show all work, justify all nonobvious parts of your work, and reference
theorems or other facts you know from class or textbook in order to receive credit. Use full English
sentences. This exam is closed book, closed notes. Calculators are not allowed.

PLEDGE: On my honor as a student, I have neither given nor received aid on this exam.
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Part I: Things you’ve seen before

1. (3 pts each) Write down precise definitions of the following:

(a) Countable set:

See  Betwition [1./0

(b) Cauchy sequence:

See /)aﬁ,@,(,,/ﬁ'av\ 2.5,/

(c) Continuous function:

See  Bfhiton 43

(d) Riemann-integrable function:

See %m Jon  F.0.7
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2. (3 pts each) State the following theorems:

(a) Bolzano-Weierstrass Theorem:

See  Thwree 7.5, (.

(b) Mean Value Theorem:

.Séﬂ ﬂz;ram §31

(c) L’'Hospital’s Rule, 0/0 case:

e Theorem <3 4.

(d) Cauchy Criterion for Uniform Convergence of a Series of Functions:

S«-eé 77\19/'6(»'-'1 b L/ 7.
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3. (5 pts) Prove the Monotone Convergence Theorem.
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4. (5 pts) Is the set of all functions from {0, 1} to N countable or uncountable? Justify your answer.

See  Golition For foklow Y o the w0

Crarte .
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5. (5 pts) Prove the Weierstrass M-Test (you may assume the Cauchy Criterion for Uniform Con-
vergence of a Series).

Th's  was  Censlse 6.9 1

/ " Mm//[ev 24 1;54
gu/z/oﬁe (7{5) s 4 Qf bct % : 74
VA g&% ’Q a""/ %/fom
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6. (5 pts) Suppose f: [a,b] — R is increasing on [a,b]. Show f is Riemann-integrable on [a, b].
7%,,(5 s Crcnessh = 7.4
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Part II: Things you haven’t seen before

7. (5 pts) A function f: A — R is called Lipshitz if there exists a number M such that

[f(2) = F)] < Mz —y|

for all 2,y in A. Now suppose A = [a,b] and f is differentiable with the derivative f’ which is
continuous on A. Show f is Lipshitz.

7[/ CQM%//hMJV?5 v SO b %Md 1/4’&"6 72@7/50”/ /%

sFams Wé“"/wm o (4' L) ac /} ’é'—MS é/»mde//

(o
3 hse s [ Fltyjsn #xel=,4]

/5(7 Nea, Vebue Theoram ) yory e [a0] ¢ 5.7

#) ) L)
4

=> /{/X)‘%/?// — /’f//éj/ ._4/_? %,{/7}5
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8. (5 pts) Given f: R — R, define a sequence of functions (f,,) by f.(z) = f(z + 2). Prove that if
[ is uniformly continuous, then the sequence (f,) converges uniformly to f.

= ('t {>? , 4 d>72 5.7 -
eql <& => |fro-Fyl <t T

/o7 /\/:%,’ﬂm

/X—/X—/';'L)/ < 6
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L
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Ldrd s fkﬂf/%gj whal we LauT .
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9. (5 pts) Let
1, ifz=21forsomeneN
z) = n
/(@) {0, otherwise.

Show that f is Riemann-integrable on [0, 1] and compute fol f-
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