MATH 331 MIDTERM EXAM SPRING 2006

SoLUTIONS

NAME:

Instructions: Check that your test has 11 pages, including this one and the blank one on the bottom.
There are 8 problems on the exam. Write neatly: solutions deemed illegible will not be graded, so no
credit will be given. You must show all work, justify all nonobvious parts of your work, and reference
theorems or other facts you know from class or textbook in order to receive credit. Use full English
sentences. This exam is closed book, closed notes. Calculators are not allowed.

PLEDGE: On my honor as a student, I have neither given nor received aid on this exam.

SIGNATURE:

1. (12 points)
2. (5 points)
3. (5 points)
W

5. (12 points)
6. (10 points)
7. (10 points
8. (

11 points

)
)

Total (out of 74):
43
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Part I: Things you’ve seen before

pole: AUl fhe hioivss
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1. (3 pts each) State the following theorems:

(a) Nested Interval Property:

See Thw 14.].

(b) Bolzano-Weierstrass Theorem:

See  Thun 1.5.5.

(c) Heine-Borel Theorem:

Cee Thaw  2.3.Y.

(d) Intermediate Value Theorem:

See /ﬂvw ¥.¢.1.
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2. (5 pts) Prove the Monotone Convergence Theorem.

S(C ﬁm Z.C/.Z.

Ty wes o Adowe  n ebesc
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3. (5 pts) Prove that if a set K C R is closed and bounded, then it is compact.
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@ pts) Is the set of all functions from {0, 1} to N countable or uncountable? Justify your answer.
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5. (3 pts each) Give an example of each of the following or argue that such a request is impossible:

(a) A sequence that has a subsequence that is bounded but contains no subsequence that con-
verges.

Th's  1as Ertacise .53 (¢)

Mif I? 4 Wésqu(/m.ﬁ (/K.() 7 & f(?"(evl(t 1
éovmdf-d / +h e Tt ng,'ﬁ"l’tqg a W%
9144%2:1/1%1( (kMQ ) wha e (3 1 4

ub sepecee o (£.) .

(b) A Cauchy sequence with a divergent subsequence.

Thls 2SS  Ereaus 2.6.1 /C/

IMEosﬁ»&: Caud"] (= > 47“W"JW7L 74.
trl L sulstpuaces 7 4 wwj‘“

;gfu.aucc Ccmu(nj,e .
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(¢) A series Y a, which converges absolutely but Y a2 does not.

Thie  was bencle  2,2.5 (a)

M&: 5 C.ww\ys 41(/&4’/21(7

=> 4HI>° Avew st /4uw:/—v‘/4wrz,/7“-+/4"/<i
* W/V\ >N.

B\;\L ‘ﬁwvn/ 5’)‘0(14 ‘e , J e M .7 .

T 2
(Guri |+ g | # ~ 4 [a5) = [ Gu) + Ftirs 4~ 4"

£ (/4«.*//”‘/5'“41‘1/ + \-k/a"//z <{_L + M7W>A/ .

(d) A function f: R — R which is discontinuous for all 0 < z < 1 and continuous otherwise.

‘7i\4’5 a3 Frercise “43.4 /é/

Lt o x 0

_ )// € /9////)@
7{/¥)‘ X x¢ (2,) N I

), X2

Ll Dir/ehtod 7’4.146%?)4.
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Part II: Things you haven’t seen before

6. (a) (5 pts) Show that if > x, converges absolutely and (y,) is a bounded sequence, then the
sum Y ZnYy, converges.

o) bwmnwed =>  AhEM T o) pmedd

IA

= [ a N (4 | v he N

Thee {/(M 4§5,[,_7§& muqu/mf
=> { nx, 4;9@726 C_M.,Unae,uf (ﬂ\w 2.3. 3. [’)/

=> {thh aéso&.ﬁép Cﬂ*""’"j‘"“f LD

(b) (5 pts) Find a counterexample that demonstrates that part (a) does not always hold if the
convergence of Y r, is conditional.

et ()= (e d ) , (9)= (CJ)

Thee G crannges (bt wet  sbstatel)

wrt () B s, T

[/K">l« - Z/‘(; &(A‘VC/)/(S .
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7. (a) (5 pts) Using the definition of continuity, show that if f: R — R is continuous at ¢ and
f(c) > 0, then there exists a § > 0 such that f(z) > 0 for all £ between ¢ — § and ¢ + 6.

Uge dcﬁ'/«u'f)’n 4 cauﬁ)uw"ﬁ w il (s 7{((/ .
Thoe, vt have Hret J Fro ST
[x-C]c 5 = /_f(,;y ,7'4(,]/ < ’f/(/

04%/x) < Z«{{/C)
So 17Z qi(c >2 thee. ?(X/xp s wld,

(b) (5 pts) Use the result from part (a) to show that if f: R — R is continuous, the set
{z: f(z) > 0} is open.

et A= [*.’7{/4’/%”5 R c €A, Thst,
2, Seay 5 Aot ] o222 1.

el -7, c+7) s A (e et
V-t (é «+ 7) "7/ cﬂd‘/'nw?}/

bt S umans A L opem é; D%Z.Z./.
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(a) (4 pts) Give an example of a continuous function f: (0,00) — R and a bounded subset
B C (0,0) such that f(B) is not a bounded set.

let %A’)c% ) @”' [7///.
71:'5 CrTibuons  on  (gm) L bounded , but

8.

%//5) =((, &) /1 «ﬁ__ bovinated

(b) (4 pts) Give an example of a continuous function f: (0,00) — R and a closed subset
C C (0,00) such that f(€) is not a closed set.

Lt =L e [ye).

£ 0 coativms C s b T

71/(/-: (9,/_] K Mi’f_ M

(c) (3 pts) If you did parts (a) and (b) correctly, your B is not closed and C' is not bounded.
Why was this to be expected?

__f; A » C ntns Aosed o éﬂmmdf/‘//
7/-]\(,) wonld Le Cg’z«.ﬁd(/’?‘ ( Hean - ggd/ At fhrs
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