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1. Mathematics: subdivision

The coarsest unofficial subdivision of mathematics is into:

@ Logic and foundations
Q Algebra

© Number theory

Q@ Geometry

© Topology

O Real analysis

My research field is Topology.

@ Complex analysis

© Functional analysis

© Numerical analysis

@ Differential equations

@ Probability and statistics

@ Applied mathematics



1. Mathematics: subdivision cont.
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The coarsest official subdivision of mathematics

General

History and biography
Mathematical logic and foundations
Combinatorics

Order, lattices, ordered algebraic
structures

General algebraic systems
Number theory

Field theory and polynomials
Commutative rings and algebras

00666666606

Algebraic geometry

Linear and multilinear algebra; matrix @
theory

Associative rings and algebras

00

Nonassociative rings and algebras
Category theory; homological algebra
K-theory

Group theory and generalizations
Topological groups, Lie groups

Real functions

Measure and integration

Functions of a complex variable
Potential theory

060606660

Several complex variables and analytic
spaces

Special functions
Ordinary differential equations

Partial differential equations

066

Dynamical systems and ergodic theory
Difference and functional equations
Sequences, series, summability
Approximations and expansions
Fourier analysis

Abstract harmonic analysis

Integral transforms, operational
calculus

Integral equations
Functional analysis
Operator theory

Calculus of variations and optimal
control; optimization

Geometry

Convex and discrete geometry
Differential geometry

General topology

Algebraic topology

©6 6 66066 6666666

Manifolds and cell complexes
Global analysis, analysis on manifolds @

Q

Probability theory and stochastic
processes

is into:

Statistics

Numerical analysis

Computer science

Mechanics of particles and systems
Mechanics of deformable solids

Fluid mechanics

Optics, electromagnetic theory
Classical thermodynamics, heat transfer
Quantum theory

Statistical mechanics, structure of
matter

Relativity and gravitational theory
Astronomy and astrophysics
Geophysics

Operations research, mathematical
programming

Game theory, economics, social and
behavioral sciences

Biology and other natural sciences
Systems theory; control

Information and communication,
circuits

Mathematics education



1. Mathematics: subdivision cont.
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Fields | use/contribute to in my research:

General

History and biography
Mathematical logic and foundations
Combinatorics

Order, lattices, ordered algebraic
structures

General algebraic systems
Number theory

Field theory and polynomials
Commutative rings and algebras
Algebraic geometry

Linear and multilinear algebra; matrix
theory

Associative rings and algebras
Nonassociative rings and algebras
Category theory; homological algebra
K-theory

Group theory and generalizations
Topological groups, Lie groups

Real functions

Measure and integration

Functions of a complex variable
Potential theory

Several complex variables and analytic
spaces

e

Special functions

Ordinary differential equations

Partial differential equations
Dynamical systems and ergodic theory
Difference and functional equations
Sequences, series, summability
Approximations and expansions
Fourier analysis

Abstract harmonic analysis

Integral transforms, operational
calculus

Integral equations
Functional analysis
Operator theory

@ Calculus of variations and optimal
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control; optimization

Geometry

Convex and discrete geometry
Differential geometry

General topology

Algebraic topology

Manifolds and cell complexes

Global analysis, analysis on manifolds

Probability theory and stochastic
processes

©6 6 66066 66666666606
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@

Statistics

Numerical analysis

Computer science

Mechanics of particles and systems
Mechanics of deformable solids

Fluid mechanics

Optics, electromagnetic theory
Classical thermodynamics, heat transfer
Quantum theory

Statistical mechanics, structure of
matter

Relativity and gravitational theory
Astronomy and astrophysics
Geophysics

Operations research, mathematical
programming

Game theory, economics, social and
behavioral sciences

Biology and other natural sciences
Systems theory; control

Information and communication,
circuits

Mathematics education



1. Mathematics: subdivision cont.

@ Mathematics is further subdivided into over 5,000 subjects.

e Every paper is identified by one (or more) of these subjects.
For example,

W are maps of algebras 35
chain map 36
40

ativity of the structure maps

s Subject Classification. Primary: 55P62; Secondary: 18D50.
wases. Operad formality, little cubes/pperad, Fulton-MacPherson operad.
is Chercheur Qualifié au F.N.R.S. The second author was supported in part by the
indation grant DMS 0504390.
1

55: Algebraic Topology (one of the 63 top-level categories
from previous slide)

P: Homotopy Theory
62: Rational Homotopy Theory



Topology: history

Topology is the study of topological spaces, which are sets with
extra structure, and functions between them.

It began with Euler's 1736 solution of the Seven bridges of
Konigsburg problem:

Is there a way to cross the seven bridges
in the picture only once and
come back to the starting point?
Answer: No.

Modern topology starts with the famous 1904 Poincaré Conjecture:
If it “looks” like a sphere in 4-dimensional Euclidean space, is it a
sphere?

(Recently solved in the affirmative by Grigori Perelman.)



Topology: homeomorphism

The main difference between geometry and topology is that shape
is important in geometry, while this is not the case in topology.
This is why topology is often called rubber-sheet geometry.

Definition

Official: A homeomorphism h: X — Y between topological spaces
X and Y is a continuous bijection with continuous inverse. If there
exists a homeomorphism between two spaces, they are said to be
homeomorphic.

Unofficial: Two spaces are homeomorphic if one can be deformed
into the other without cutting, tearing, or poking holes (or other
violent acts).

(As we will see soon, the latter is just an intuitive definition and is
not always right, but it is good enough for many purposes.)

If X and Y are homeomorphic, we consider them to be the same
and simply write X =Y.



Topology: examples of homeomorphisms

=N

square = closed curve # non-closed curve

Example

| A\

Which letters are homeomorphic?
A B,CDEFGHIJKLMNOPQRST,UVWXY,Z

A=R,
C=G=l=J=L=M=N=5=U=V=W=7,
D=0,

E=F=T=Y,

H=K

B,

\



Topology: examples of homeomorphisms cont.

Example
@
cube = sphere
Example
punctured torus (surface of a donut) = two ribbons glued together
Example
double torus = double torus with arms linked




Topology: examples of homeomorphisms cont.

coffee mug = donut




Mug_and_Torus_morph.mov
Media File (video/quicktime)


Topology: examples of homeomorphisms cont.

Example (Stereographic projection)

Let S™\ {north pole} be the n-dimensional sphere missing a point
and let R"” be the n-dimensional Euclidean space. The two are
homeomorphic. Here is the homeomorphism for n = 2:

h: R? — 52\ {north pole}

(x,y) 2x 2y —14x%+ y?
b/ 1+x2+y2" 14+ x2+y2" 14+ x2+y2

The picture is:




Topology: examples of homeomorphisms cont.

Example
6 = 96 = 9
Example
4 L 4
4 7 4
Example




Intro to knot theory: Definition of a knot

Knot theory is central to low-dimensional topology and it has
many applications to physics, chemistry, biology, etc.

Definition

A knot K is a one-to-one, smooth function (embedding) from the
circle St to R3.

Note:
@ We usually refer to the image of K as the knot.

@ We represent knots in the plane by drawing knot projections
with strands and crossings. For example,



Intro to knot theory: Examples of knots and not knots
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Intro to knot theory: Isotopy

We consider knots up to isotopies, which are deformations that do
not cut the knot or pass it through itself (so this is stronger than
homeomorphism and precisely what we want to avoid the situation
from an earlier example). Two knots that are isotopic are thought
of as the same.

Examples

@ The first two knots from the previous slide are isotopic;

@ Here is another isotopy:






monster-movie.mpg
Media File (video/mpeg)


Intro to knot theory: Invariants

Given two knots, how can we tell (preferably quickly) if they are
isotopic or not? For example, are these two knots the same?

Definition

A knot invariant is a function which assigns to each knot a number
or a polynomial (or possibly a more complicated object) and which
gives the same value on isotopic knots.

Note:
@ This is most useful in the contrapositive.
@ If an invariant assigns the same value to two knots, that does
not necessarily mean that they are isotopic!



Examples of knot invariants: Constant, tricolorability

Invariant 1. Constant invariant: The function which assigns 0 to
every knot is an invariant!

Invariant 2. Tricolorability: A knot is tricolorable if its strands
can be colored in one of three colors so that

@ All colors are used

@ At a crossing, either one or three colors meet.

Knots that are tricolorable are not isotopic to those that are not.




Examples of knot invariants: Tricolorability cont.

e Figure-8 is not tricolorable:

Q-Q-©— @ e

(— so that three colors
meet at all crossings

e Unknot is not tricolorable (no way to use three colors).

So we have

‘ unknot # trefoil # figure—8‘

but

unknot = figure-8

We don't know! We need a different invariant.



Examples of knot invariants: Jones polynomial

Invariant 3. Jones polynomial:

Polynomial invariants, which to each knot assign a polynomial,
caused a resurgence of interest in knot theory in the '60s. There
are many polynomial invariants today: Jones, HOMFLY,
Alexander, Conway, etc. which are fairly efficient at telling knots
apart.

The Jones polynomial of a knot K, denoted by (K), is a
polynomial in positive and negative powers of a variable X, defined
by the rules

@ (()=0
@ (X)) =X(=)+X)()
Q@ (knot U () ) = (—X2 — X~2)(knot)



Examples of knot invariants: Jones polynomial cont.

(CO)=X(CO)+x O O)
= X{O)+XH(-X2=x2(O))
=X O)=-x7

X()+x Q)

:X(X( G+ x 1P >) +x )
:X<X( Gy + x1=x2-x2)( Y >) +Xx @)

— ... :X7_X3_X—5

(&)




Examples of knot invariants: Jones polynomial cont.

Jones polynomial is (almost) a knot invariant, i.e. isotopic knots
have same Jones polynomial. The Jones polynomial of the figure-8
knot is 1 — X2. But since (unknot) = 0 by definition, it follows that

‘ figure-8 # unknot ‘

However, there exist two (fairly complicated) knots which we know
are not isotopic by other methods and whose Jones polynomials
are the same. So Jones polynomial cannot tell all knots apart!

This is the case with all known invariants (and in fact all sets of
invariants) we know. This leads to one of the two most important
open questions in knot theory:



Main open questions in knot theory

Two of the biggest open questions in knot theory are:

@ Can we enumerate all knot types, i.e. all equivalence classes of
knots under the relation of isotopy?

@ Is there a complete invariant or a set of invariants? That is, is
there a set of invariants (possibly infinite) such that, given
any two knots that are not isotopic, there is an invariant in
this set that can tell them apart?

The second question (which is what we have been discussing so
far) is what some of my research is concerned with.



Possible answer to 2nd question: Finite type invariants

A set of invariants that is conjectured to be complete is the set of
finite type invariants defined as:

Given a knot invariant V, extend it to singular knots, i.e. knots
with finite number of self-intersections via the Vassiliev skein

relation
v(X)=Vv(X) - v(X)

Resolving n singularities one by one (order does not matter), we
get 27 knots on which we can evaluate V.

Definition

An invariant V is finite type (or Vassiliev of type) n if it vanishes
on all singular knots with n+ 1 singularities.

”
Examples

o (Coefficients of) various polynomial invariants

@ Milnor invariants

A\




Finite type invariants cont./my work

Some facts about finite type theory:

@ Finite type invariants have been studied extensively in the
past 10 years because of their many connections to physics
(Chern-Simons theory, Feynman diagrams), 3-manifold theory,
Lie algebras, etc.

@ They are very combinatorial in nature and can in fact be
constructed from certain kinds of diagrams using various
integration techniques (Kontsevich Integral, Bott-Taubes
configuration space integrals).

@ Finite type invariants do form a complete set of invariants for
certain kinds of links (two or more knotted-up knots) which is
good evidence that they might form a complete set of
invariants for knots as well.

In my work, | study generalizations of the space of knots and use a
theory called calculus of functors to study their topological
structure. In particular, one of the questions | am interested in is
whether finite type invariants form a complete set of invariants.
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THE RATIONAL HOMOLOGY OF SPACES OF LONG KNOTS IN
CODIMENSION >2

PASCAL LAMBRECHTS, VICTOR TURCHIN, AND ISMAR VOLIC

ABsTRACT. We determine the ratianal homology of the space of long knots in B for d > 4. Our
main result s that the Vassiliev

the B! page. As o coolary we
Hochechid hom P
Gbtained as the home

omputing s rnal lomlogy collapees

of ln

Our proof is a

operad and of Si i the space of long knots arising from Goodwilio-
Weie cmbedding calculue. Ae another ingredicnt in our proof, we ntroduce s gencralsation of
& construction that associstes a cosimplicial object to  multiplicative operad. Along the way we
N cotablih some resuls abou

space,

the Bousfield-Kan spectral sequenc

of a truncated cosimplicial

1. INTRODUCTION

A long knot is a smooth embedding f: B < RY, d > 3, that coinci
embedding c: R atside a compact set. We den
knots equipped with the w
under investigation

e with a fixed linear

te by Emb(

) the space of all long
topology. This space, and in particular its homology, has been
r more than twenty years. One of the first important tools in this study
was a spectzl equenn fo compting tha homsclogy of paccs of kncs
in the late eighties [36]. This spectral sequence sparked a lot of interes
0~ 3, where it istelate t the theory of fite type knot imvariants

Independen
more general

nstructed by Vassiliev

especially in dimension

Goodwillie and Weiss suggested another approach for the study of knc
paces of embeddings which is now known as embed:
is suggested in (15, Example 5.1.4] that this approach should also give a spectral sequence for
computing th knots. Indeed, it later turned out that it does, and
that tis spectral sequenco was exuivlent o Vaslievs, Goodoille Weks enbodding calculus
for kn i Sl by S . (8], e s mplitaad the, ol il
litle aisks oparad
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ing caleulus. In particular, it

homology of spaces of

liev spectral

sequence arises from a study of the discriminant se, i.e. the complement
of the set of knote in the epace of all smooth maps B — B9 with fixed behavior at infinity
(or mc me finite-dimensional approximation of that space). In other words, the
discriminant set, is the set of mape with singularities. This et admits a nice stratification, which
in tun yields a natural filtration from which the spectral sequence is constructed. A classification
of the singularities gives the

e precisely in =

page of this spectral sequence a combinatorial description in terms
of certain graphs such as chord diagrams familiar from finite type knot theory. When d > 4, this
spectral sequence converges to the homology of the space of long knots [36, Section 6.6]
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2 PASCAL LAMERECHTS, VICTOR TURCHIN, AND ISMAR VOLIC

Vsl has conecured a stable splising of the veslved diciminat which would iy
that his spectral sequence collapses at the ' page [30]. This collapse was proved rationally by
Konieevih in dimension d - 3 s the dingonal £ .

3 The proof uses the famous Kontscvich
Integml, & map that realizes all finite type invariants [16]. Kontsevich further claimed in [17,
Theorem 2.3 that his integration approach can be generalized for d > 4 o give a proof of the
collapse of the rational Vassiliev spectral sequence everywhere. In 7], Cattaneo, Cotta-Ramusino,
and Longon illed in some details of that program and proved the collapse along the main diagonal
As far as we know, however, no complete pr 1

Tn this paper, we givi

f the rational collapse has yet appearec
a proof of Vassiliev’s conjecture over the rationals.

Theorem 1.1. Ford > 4, the Vassiliev spectml sequence computing the mational homology of the
space of long knots Emb(E, B) collapses at the E* page

prove this theorem, we take a very different approach than that of Kontsevich, namely the
Goodwillie-Weiss calculus of the embedding functor and Sinha’s cosimplicial model for spaces
of knots arising from this theory. Before explaining this further, it is convenient to introduce a
variation of the space of long knots. Consider first the space of long imm

Imm(R, B := {f: R B¢ / is an immereion that coincides with ¢ outside a compact set).
There is an inclusion ¢ Emb(®,R%) < Imm(R,R%) and its homotopy fiber, Emb(R, RY),
calld the space of 1w s mmwu mmersions. By SulsHissl Uheory 32, there s ek
equivalence Imm(R foreover ¢ is null-homotopic [31, Proposition 5 w
Have a weak cquivalence

(L1) Emb(R, F Emb(R, R 259-1

In [31] Sinha constructs a cosimplicial space

K = (Ka(0) =

where Kg = {Kq(n)}o is a topological operad homotopy equivalent to the little d-disks operad,
called the Kontsevich opem perad turns out to be multiplicative, ie. there exists a
map {#}n=0 — Kg from the nonsymmetric associative topological operad which consists of the
one-point, space in each degree, to the Kontsevich operad.

This

The cofaces and codegeneracies of Ky
are induced from this multiplicative structure via a general construction of Gerstenhaber and
nov [12] which we recall in Section 2.2 using the McClure-Smith point of view [26, Section
3). The main result of [31] is that for d > 4 the homotopy
hoTot(Ky), is weakly equivalent to Fmb(R, F
The homology Bousfield-Kan spectral sequence (5
when d > 4 [31, Theorem 7.2]. Our main result is

alization of that cosimplicial space,

associated to K converges to H, (hoTot(K3))

Theorem 1.2. Fo
cosimplicial space K

d > 4 the homology Bousfield-Kan spectrul sequence associated to Sinha's
collapses at the E2 page mationally

Before looking at the consequences of this theotem, we give an overview of its proof. The key
idea is a relative version of Kontsevich's theorem on the formality of the little d-disks operad
5, Section 3], which states that there is a chain of quasi-isomorphisms of operads between the
singular chains of the little d-disks operad and its homology with real coeflicients. This is therefore
true for any operad weakly equivalent to the ltle d-disks
H,(K4;R). If

perad. In particular there is a chain
ne could deduce from this the formality of

of quasi-isomorphisms
the cosimplicial space K%, the collapse of the homology Bousfield-Kan spectral sequence would
immediately follow from Proposition 3.2. For this it would be enough to know, by MeClure-Smith,
that K is formal as a multiplicative operad. But this does not appear to be easy to establish
(see Remark 7.4), and we do not know whether K3 is formal.
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THE RATIONAL HOMOLOGY OF SPACES OF LONG KNOTS IN CODIMENSION >2

This is why we make a detour through the Fulton-MacPherson opemd Fs. This operad is
homotopy equivalent to Kg but is more suitable for proving formality results as those in [18). It
is not multiplicative, but it is “multiplicative up to homotopy” in the sense that it admits a map
from the contractible Ao Stasheff associahedral operad. The key formality statement that we
prove is that when d > 3, F is formal as an operad which is “multiplicative up to homotopy”
(Lemma7.3). However, the problem is that we cannot directly associate to 3 a cosimplicial space

in the spirit of McClure-Smith. We instead construct certain finite diagrams 7
we call fanic diagrams. These are built out of the up-
Fa and are in a sense a rigid vers

) Of spaces which

homotopy multiplicative structure on
n of a “cosimplicial space up to homotopy” analogous to
nth truncati

K3, or more precisely analog

Our formality statement, implies that
Fagny s formal (Theorem 7.1) and hence the hom.
cosimplicial replacement of that diagram collapses at the £ page. Thus the same must be true
fothe cnaimplial eplasmment o i 0th (oot gy oA, Uil e fac s, o e
b spectral sequence of Ky,

for Bosheld K an spectral secuences o i g

ogy Bousfield-Kan spectral sequence of the

collapses, along with a strong convergence result
e to K, we deduce Theorem 1.2,

We now come back to the Vassiliev spectral sequence and explain ite link with the Bousfield-Kan
spectral sequence. In his thesis, the second author found a more conceptual description of the
EY page of the Vassiliev spectral sequence than the original combinatotial one arising from the
classification of singularities in the discriminant set. To explain this, recall that the Poisson operad.
with bracket of degree d — 1, POTSSq_1, is the operad encoding Poisson algebras, i.e. graded
commutative algebras equipped with a Lie bracket of degree (d — 1) which is a graded derivation
with respect to the multiplicatic 't instance, Example (d) in (33, Section 1)). The work of
Fred Cohen [8] implies that, for d > 2, POTSS,_ is just the homology of the topological little
dedisks operad. Since Poisson algebras admit an associative multiplication m € POTSSy-1(2),
we can define a differential

5: POTSS41(n) — POTSSa1(n+1)

where & = [m, ] is the Gerstenhaber bracket and 5% = 0 by associativity (33, Section 3). The
homology of the cochain complex (POTSS,—1(+),5) is called the Hochschild homology of that
multiplicative operad, denoted by HH,(POTSSq-1). This complex is in fact the deformation
complex of the morphism of operads ASS — POTSS.y, where ASS is the aseociative algebras
operad [19]. Finally, a slight variation of Vassiliev's spectral sequence for Emb(®, RY) produces a
spectral sequence for Emb

) and we have

Theorem 1.8 (Turchin). The E' page of the Vassiliev spectral sequence computing
H, (FmB(R, ’9)) is isomorphic to the Hochschild homology of the Poisson operad with bracket
of degree d — 1

This statement was first established for the V

spectral sequence for Emb(,R%) (33]
and the above analogous reult is & combination of (3, Theorem §.4] and (31, Propestion 3.1
and Lemma 4.3
On the other hand, the 2 page of the Bousfield-Kan spectral sequence for K3 is by definition
the homology of the conormalisation of the cosimplicial abelian group H, (K3). Since the cofaces
are induced by the multiplicative structure on Ky and since the homology of that multiplicative
topological operad is exactly the multiplicative Poisson operad, it is easy to deduce that this £2
page is also isomorphic to HH, (POTSS, ) [31, Corollary 13]. This implies that the E' page of
the Vassiliev spectral sequence for Tb(R, B) and the E2 page of the homology spectral sequence
are isomorphic. 1t can be shown that this isomorphism is just a regrading [35, Proposition
};Q) for d > 4, Theorem 1.2

ince both of these spectral sequences converge to H, (Frnb(R
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4 PASCAL LAMERECHTS, VICTOR TURCHIN, AND ISMAR VOLIC
implies that the Vassiliev spectral sequence collapses at E'. As an immediate consequence of this
and (1.1) we have the following

Corollary 1.4. Ford >4

H, (Emb(R, B%); Q) @ H, (025}, Q) = H, (Emb(R, E ) 2 HH, (POTSS4-1).

‘The rational homology of ¢

-1 is isomorphic to a free graded commutative algebra on one

or two generators i the parity of d, so it is very simple. In addition, the 2 page
or oiralanily the Fochucid homology of the
on operad, can be expressed as the homology of an explicit cochain complex described in
ms of the homology of configuration spaces in n particulr,
there is an algorithm for computing this homology which has been used in (35]. Thus, in theory,
H, (Emb(F 2) is completely computable. However, it appears that the algorithmic com-
plexity is exponential and the only feasible computations are all still in low degrees. What
1 deeper understanding of the structure of HH, (POLSSq_1).
licial space K depends, p a4 wn simious
fing, only on the parity of d. This implies that, up to regrading, all the of the
homology Bousfield-Kan spectral sequences of K for d even (respectively d odd) aro momorphi
This completes the proof of the characterization of the rational homology of spaces of long kuots

pending
o the Bousield-Kan spectral sequence for K

which are well understooc

Decessary, and is still lacking, is
It i easy to see that the homology of the cosimp

os ctated in (17, Theorem 23], Furthermore, the operation of stacking of long knots gives a
multiplication which makes Emb(R, R) into an H-space. Therefore the rational hamotopy type
) for d > 4 is completely determined by its rational homology and is thus virtually
known by our main theorem.
Coming back to the original Vas
Secion V], B page of the Vassiliev spectral cequence for Eimb(R
E page of the Vassiliev spectral sequence for Emb(E, B?) are relatec

of Emb(]

v conjecture, notice that by [34, Theorem 5.1 and results of
) and the corresponding
by an isomorphism E'

H,(025%1) = BT, Therefore Corollary 1.4 and the isomorphism ' 2 HH,(POTSSy 1) from
Ré),

Theorem 1.3 imply the collapse at E of the classical Vassiliev spectral sequence for Emb(E,
which is our promised Theorem 1.1

The kemokop Bonsld-Fan spaeal taqancn et tha otuolopy grouge of B
from the cosimplicial abelian group m( a been tudied clewhero (1. Using the remazhable
fact that the little d-disks operad is e ey oG rationally determined by its homology),
but also coformal (i.e. rationally determined by its homotopy), it has been shown in [1] that
Theorem 1.2 implies that, the homotapy spectral sequence tensored with the rationals also col-
lapses at the E? page. A strong connection between the E? pages of the rational homology and
the h xhibited in [20] where it is also shown that the homotopy
a certain graph complex, smaller than
Some computations in this E? page

notopy spectral sequences is
groups of the space of long knots are also the homology
the one used for computing the homology of Emb(F,

appeared in [28]

A natural next question is whether our approach gives the collapse of the Vasiliev spectral
sequence for long knots in B*. There are many difficult issues here, not the least of which is
that it is not even clear what the Vassiliev spectral sequence converges to. However, we are
nevertheless able to prove a certain collapeing result. Indeed, Proposition 8.1 etates that the
homology Bousfield-Kan spectral sequence of the cosimplicial replacement of the nth truncation
or d > 3, but to deduce the collapse of the Bousfield-Kan
ne convergence hypotheses which are only true for d > 4

.y collapses at E2

spectral sequence for K3
It at least, seems plausible that this spectral sequence collapses for d = 3. Another interesting
question is whether our result can be extended over the integers.
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THE RATIONAL HOMOLOGY OF SPACES OF LONG KNOTS IN CODIMENSION >2

Finally, it is possible to extend our results to spaces of embeddings of more general manifolds

than his is done by generalizing the following slogan which summarizes our proof c
Theorem 1.2
Goodwillie-Weiss embedding caleulus collapse of
> cctral sequences
Kontsevich formality of the little d-disks operad for spaces of embeddings

n was taken much further in [2. The authors of that paper use Weiss' orth

nal caleulus to prove a collapse result for a spectral sequence computing the rational homol-

ogy of Emb(M,R?) for any compact manifold M and d large enough. In particular, it is
shown tht fo,large . the ratonal homelogy f the spac of embeddings moduo immerson,
H, (Emb(M. ). depends only on the rational homotopy type of M

1.1. Organization of the paper. In Section 2 we review basic facts on cosimplicial spaces and
diagrams. We also recall Sinha's cosimplicial model for the space of long knots, the notion of
a multiplicative operad and the associated Gerstenhaber-Voronov/MeClure-Smith cosimplicial
object, and the definitions of the Kontsevich and Fulton-MacPherson operads. Formality, which
py theory, is recalled in Section 3 where we also prove that the

comes from rational homot,
bomology Bousfield-Kan spectral sequence of a formal cosimplicial space, or more generally of

the cosimplicial replacement of a formal finite diagram, collapses at, the E? page. In Section 4
we study a condition on a cosimplicial space that guarantees that the Bousfield-Kan spectral
sequences for s truncations converge. In Section 5 we introduce the category of fans, which is a
variation of the truncated cosimplicial category A[n], and in Section § show how to associate to any
morphism of nonsymmetic operads a diagram shaped on the category of fans. This generalizes
the Gerstenhaber-Voronov /McClure-Smith cosimplicial diagram associated to a multiplicative
operad. In Section 7 we prove a relative version of Kontsevich's formality of the little d-disks
ad and deduce the formality of the fanic diagrams associated to the Kontsevich multiplicative
our main theorem.

operad. In the last section we collect these results to give a proof

1.2. Acknowledgments. We are very grateful to Greg Arone for many conversations and en.
couragement, as well as for arranging several visits of the first author to University of Virginia
We aleo thank Peter Bousfield, Emmanuel Dror-Farjoun, and Bill Dwyer for answering our many
questions on the Bousfie spectral sequences; Tom Goodwillie and Dev Sinha for fruitful
conversations; and Ryan Budney for help with figures.

H AND FULTON-MACPHERSON OFERADS AND SINHA'S COSIMPLICIAL
Me

5 KONTSEV

DEL FOR THE SPACE OF LONG KNOTS

In this section we review Sinha’s cosimplicial model for the space of long kn s relation
1 Fulton-MacPherson operads. To start, we review some sl it gt
he construction of a cosimplicial space associated to

to the Kontsevich a
mplicial sp

and diagrams as well

a multiplicative operad.

2.1. Cosimplicial spaces, homotopy totalizations, Bousfield-Kan spectral sequences,

cosimplicial replacement of diagrams, and left cofinal functors. The standard reference
for the following basic terminology and facts about cosimplicial abjects are [6, X] and [40, Chap-
ter 8|

The simplicial category A has ordered sets [n] := {0,1,2, .,n}, n > 0, as objects and order-

preserving maps as morphisms. All morphisms in A are compositions of cofaces d': [n] — [n

A cosimplicial object in a category C is a covariant functor

and codegeneracies 7 [n)
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from A to €. Dually, a simplicial object in C is a contravariant functor from A to C. In particular
a (pointed) cosimplicial space i a covariant functor

from the simplicial category to the category of (pointed) spaces. The standand cosimplicial space
is the cosimplicial space A® where A™ is the standard geometric n-simples, the cofaces are define
from the inclusions of fac + A, and the cc rojections

generacies are suitable affine

‘The totalization of a cosimplicial space )
from the standa cial space A® to X

Tot X* = Homa (A%, X*)
When the cosimplicial space X* is fibrant [6, X.4.6], Tot(X*) is homotopy equivalent to the
homotopy limit holima X* (6, XI.4.4
pp.279-280] imply that any cosimplicial
replacement X*. One then defines the

denoted by Tot X*, is the space of natural maps

ained in [3, Section 2.7, the techniques of

admits a weakly equivalent fibrant functorial
omotopy tota
hoTot X* := Tot X*

Since by definition X0* is fibrant and weakly equivalent to X*, hoTot X* is always weakly equiva
lent to holima X*. This home y totalization h h
invariant totalization Tot used in (31

Consider the full subcate
ofac

sation of X* by

is also weakly equivalent to the

motopy

A consisting of
implicial object X* in C is the comp

bjects [0],..., [n]. The nth truncation

site

x

Xz Al A

The nth partial homotopy totalization of X* is defined as

holim X
R

e X* one can

eld-
a homotopy Bousfeld.

To any cosimplicial space ussociate a_ second quadvant. homology Bou
Kan spectral sequence with cofficients in an abelian group and
Kan spectral sequence if X*

is pointed [6). These converge under favorable circumstances to
H, (hoTot X*; 4) or 7, (hoTot X*). We state certain strong convergence conditions in Section 4

A diagmm of spaces is a covariant functor F': I — Top where I is a small category called the
shape of the diagram. We will also use the notion of a cosimplicial rey f the diagram F
as defined in 6, X1.5], denoted by The nth term of this cosimplicial space is given by

i M e

where the simplicial set N, (/) is the nerve of the category 1. The cofaces a

legeneracies are
obtained as suitable diagonal maps and projections. By (6, XL5.2], the (homotopy) totalization
of his codmplll space 1 weskly axialet t the hamaetops it o, L

A(I1*F) = holim F
1

160: J — I is a functor then the I-diag m,/ induces a J-diagram 6°F := F 0. This change
of shapes functor 6 is said to be left cofin wery object i in I, the overcategory 6
hrencible (e 6, K16 with & ¢ e and donoued by 87 i 6, X1.2.2]). In this case there
i a weak equivalence

holim F = holim 0* F
1 7
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of a uwlmyl | object associated to a multiplicative operad

. Here we recall the notion of the cosimplicial objeet, associated

2.2 The constructi
ollowing McClure and
toa mu\nphumu‘wpl" 2 rom (3, Secton 3
et (C,@,1) be a symmetric monaidal cate
O(n)}aza it a collection of objects of C with \H\lv‘)lwpr(\v»

Definition

gory where the object 1 is the unit for ®. A
fan

nonsymmetric opemd O
operad except, those having to do with the actions of the symmetric g
Netco that a part of the deiition there s & unt morphiem 1d: 1 - O(1 and we ls suppose
that & (nonsymmetric) operad has an object in degree 0, contrary to the definition in (24]. We
denote by

O(p) @ Olg) — Op+q—1), 1<i<p,
the usual insertion operations induced by the operad structure as m»n-m for example in [24, p.
7 for each n > 0, with

The associative nonsymmetric operad ASS it defined by ASS(.
operadic structure maps the standard isomorphisme 16(!

A multiplicative operad is a nonsymmetric operad O equipped with a morphism of nonsym-

metric operads i: ASS — ©, (12,26, Definition 3.1 and Remark 3.2 (i)]). Such Amulll[!hw ative
structure on O is equivalent to having morphisms e: 1 — O(0) and m: 1 — O(2) satisfy
(21) moym=mozm and moje=moze=id

rad O [26, Section 3] by

One can associate a cosimplicial object O* to any multiplicative
defining O™ = O(n) with the cofaces and codegeneracies given by the following formulss.
)

=2 for1<j<n

It s easy to check that the cosimplicial identities are consequences of Equation (2.1).
There are also obvious dual notions of a cooperad, of
ASS) )f a simplicial object associated to a comultiplicative

cooperad,

& coassociative coopernd (also denoted by

), of & comultiplicative coopernd, and

33, The Koncsavich muliplicative cpatad and Slahws conlmplical modal. Fix 1
and recall that a linear embedding ¢: B — B¢ has also been fixed

The Kentaevic opeead Ks {Ka(n)}uza is defined and studied in [31, Definition 4.1 and
Theorem 4.5]. Bach space Kg(n) is obtained os a suit bl compactification of the ordered config-
uration space of n points in B modulo the action of R » R? by scaling and translation. Another
urations are identified. More precisely, Kq(n) is the closure of the

feature is that colinear conf
image of the map

o= phsicszn: CnBY — [ &1

i the pace of coniiguraionn o s pola in K and s G ) 41 5
defined by ag(z, ) . Tt can be shown that. this operad ls bomotopy
cqivalent 10 he clscal it d-dis operad

The spaces Ky (n) turn out to be homeomorphic to the di

() be the path-connected comporent

where C(n,

e eymmetric group ¥

letters, since all configuration on R are colinear. Let K
ting to the linearly ordered configuration (1, ..., ) on the line. Since ki (n)

of Ky (n) corresponc

a one-point, space, it is clear that K{") = ASS, the aseociative nonsymmetric operad in the

monoidal cart

n category of spaces.
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The linear embedding ¢ induces a morphism of operads
epi K — Kq

This restricts to a morphism

which sends a configuration on the line to its image under ¢ in

ui K0 - ASS Ky

which endows Ky with the structure of a multiplicative
which we will call Sinha's cosimplicial space

perad.

One can thu

ociate a cosimplicial

to Ky, as outlined in Section 2.2. In more detail, this s a cosimplicial space
K = (Ka(0) == Ka(1
whete Ky(n) has the homotopy type of the space of configurations of  points in RY. Cofaces

ponds to “doubling” the ith point of the configuration “infinitesimally” in the direction
given by ¢ and codegeneracies s' forget the ith point in the configuration. This is explained in

‘We have the following important result due to Sinha

julo immersion is weakly

Theorem 2.1 (31, Corollary 1.2). Ford > 4, the space o
ization of the cosimplicial space associated to the Kontsevich

long knots mod

equivalent to the

motopy tot
opernd, i.c

(R, BY) ~ hoTot(K3).

2.4. The Fulton-MacPherson operad. We recall here the Fulton-MacPherson operad and its

relaion 1o the Koneevich operad. We willned his opered o stablshcrtain formaiy el
Our main re although this operad s also studied in [3, 11, 13, 18, 23]

"The Fulton-MacPherson opera 4{n)}m0, is a topological operad whose nth term is
also a compactification of C(n, R%) modulo scaling and translation. The difference between this
and the compactification defining the Kontevich operad is that no identification of the collinear
configurations takes place. More precisely, Fa(n) is de ure of the image of the map

ined as the cl

23 (@b CnRY — [ 5 0,00
1idizn !

where a, = (aij)1<ic. 2) and B, = (Byu)<icjchen is defined by fia(r, - )

zi — 3 5145, Debmition 1] Ther s & motphiem of operads

(24) ¢ Fa

induced by the obvious projection between the target spaces of maps (2.3) and (2.2). Each
30, Corollary 5.9] (see also [31, Theorem 4.2]), as
ke mep of Section 2])

Denote by () the path component in %, (n) containing the linearly ordered configuration

by equivalence

n) is a home

Faln)

perads (2.4) (27] (see also

(1,..-,m) on the line. This defines a nonsymmetric operad F{” which is homeomorphic to the

ciahedron which is a convex: polytope of

Stasheff operad. In particular 74”(n) is the nth as
dimension n —2 (or 0 for n < 2) [30, Section 4.4. The linear embedding ¢ induces a morphism

+ F4 and we have a commutative diagram of nonsymmetric operads

AsS = K0 —F Ky

where the vertical maps are homotopy equivalences.
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The operarl 7 is not multiplicative but since cach #{”)(n) it contractible, ¢4 in a sense en
Fa with a multiplicative structure “up to homotopy”. Thus we cannot apply the Cerstenhaber-
Voronov/McClure-Smith construction directly to obtain a cosimplicial space out of £, but we

will see in Section 6 that one can associate a more general diagram to Fg which generalizes this

construction.

3. FORMALITY AND COLLAPSE OF THE HOMOLOGY BOUSFIELD-KAN SPECTRAL SEQUENCE
In this section we recall the notion of & formal diagram in rational homotopy theory and we
show that the homology Bousfield-Kan spectral sequence of a formal cosimplicial space collapses
the E2 page. We also show that formality of a finite diagram is preserved by passing to its
cosimplicial replacement

We first, review some classical notions in rational homotopy theory for which [10] is the standard
reference. Let K be a field of characteristic 0 and denote by CDGA the category of commutative

differential graded algebras. Let
Api(—;K): Top — CDCA

mial forms as defined in 10, §10 (c)] and recall that, for

be Sullivan’s functor of piecewise polyn:
3 spa X, H(Apr(X;K)) & H*(X;K). In fact Apr( - ;) is naturally connected by a 7ig.za
10, §10(¢)). The

quasi-isomorphisme of cochain complexes to the singular cochains C*(

Setition of o formal space was introduced in [9], and it can be generalized to diagrams as

Definition 3.1. Let T be a small category and let I be a field of characteristic 0. A functor
A: I — CDGA is called formal if it is connected by a zig-zag of natural quasi-isomorphism to its
homology H(4). A diagram of epaces F': I — Top is called E-formal if the contravariant functor
ApL(F;K): I — CDGA is formal.

As a special case, a cosimplicial epace mal if the diagram X*: A — Top is formal
Our main interest, in this is the following collapsing result

Proposition 8.2. Let X* be a cosimplicial space and let K be a field of chameteristic 0. If the
cosimplicial space X* is K-formal then the homology Bousfield-Kon spectral sequence for X* with

coefficients in any field of characteristic O collapses at the E* page

Proof. We consider the homology Bousfield-Kan spectral sequence as constructed in [5, Section
*, denote by {E(V?)},=o the spectral sequence in-
duced by the fltration by cosimplicial degree in the associated total complex of the bicomplex

Here N* is the conormalization as defined in [5, Section 2] or in (40, Chapter 8]

2], For a cosimplicial chain complex

) Bousfield-Kan

Ttis clear that, (I )}r0 colncides from the E2 page with the homole
“,‘,M\N,,,‘.”Wr X*. The K-formality of the cosimplicial space and the natural equivalence

between Apy and eingular cochaing imply that there is  zi

g of quash-isomorphisms

Cu{X*K) - - Hy(X*K).

Therefore the spectral sequence {E"(C.(X*
{E"(H.(X*K))},0. But the latter spec
is  chain complex with 0 differential so that the vertical differential in the a
is trivial. This proves the statement for K. We also have an isomorphism ¢

{7 (C(X* D20 * (E7(C

and therefore the spectral sequence with rational coefficients ¢
this

D)o sincides from the . page nith
X"

quence collapses at E2 because each H,(
itod bicomples

spectral sequences

lapses at the same page. Applying
rgument in the opposite direction proves the result for any field ¢
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If we could prove that Sinhas ¢ Mnmh al s p‘\wAw was formal we would deduce immediately
from the last proposition the collaf he associated homology Bo Kan spectral sequence

L - Theoren 1.2 Unfosamately, 1t e cifeul o prove lu\mdu\ of Kg® directly
» we will prove formality of some other diagrams approximating K ins ut in order to
diagrams, we now need to show that

deduce collapsing results from formality of these auxiliary
the cosimplicial replacement of a. formal finite diagram is a formal cosimplicial space.

A category T is said to be finite if it has a finite number of morphisms (hence of objects)

Proposition 3.3. Let I be a finite category, let K be a field of charucteristic 0, and let F': I — Top
be a diagram. If F is E-formal then so is its cosimplicial replacement 1°F

Proof. Recall fr efinition of the cosimplicial
poplacement 1LF, Toeize by {1 consirntin vo
ar

)GA a simplicial CDGA, which we denote by @4 and define

m [6, XL5) and from the end of Section 2.1 the d
ociate to & contravariant functor A: I —
Let N,(1) be the

nerve of I and denote by
(ol 24
a typical element of Ny (I). The nth term of @A is given by

® 46

weNn(l)

Before defining the cofaces, natice th
for a fixed 1 < i teomp:

tfor u € N, (I), taking all possible factorizations /,
ing by al ‘possible maps g: i1« io with source
rphisms

precompsing with all posaible mps - fn 1y with target iy gives i

I weNa(t) @simprogn Alia)
(@ A)ats ueNn(t) g (i)

| sucniin o es|

phisms and the multiplicative structure

The faces & are defined using these isom

((® wensi)

a

a ® 460" aw), 1<isn
vty \seFor

P AGo) ™ 4|
“lnw\.’”’ 25) is the product of the A(g)(z,) over the finite set of maps g: i ig with source

g To define the cc

for s
to any CDGA and we set
B @ AW™ ® AGw

0 weNa(D).fi=id weNa(l)

legeneracies a we use the unit map y: K — A(i) associated

We call ©,A the simplicial replacement of the contravariant functor A. Notice that we need the
the above maps to be well defined

nerve of [ to be finite in each degree for
When F: I — Top is a formal diagram of spaces, applying this simplicial replacement to each
term in the zigzag of CDGA quasi-isomorphisms connecting Apr(F) and H*(F) gives a zig-zag
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of quasi-isomorphisms of simplicial CDGAs

1) ApL(F) - - ©.H'(F)

Kunneth (quasi-Jisomorphisms induce a quasi-isomorphism of simplicial CDGAs
WApL(F) = Apc(II°F),

and similarly the standard Kunneth isomorphism gives an isomorphism

W (F) S5 H (IR,

Combining this w 3.1) proves the formality of IT*F.

h the quasi-isomorphisms

1. CONVERGENCE OF BOUSPIELD-KAN SPECTRAL SEQUENCES FOR COSIMPLICIAL SPACES AND
THEIR TRUNCATIONS

Throughout this section, X* is a simply-connected pointed cosimplicial space. We will estal>

lish a condition on such a cosimplicial space which guarantees that the Bousfield-Kan spectral

prove a folklore theorem which says that a left

Bousfield-Kan

runcations converge. We al
posions e Mo o prow kot v

spectral sequences,

Our main convergence hypotheses will be the following
Definition 4.1 i
quadrant, homotopy Bousfield-Kan spectral sequenc
(i) E

We say that X* is well above the d

sgonal at page E” if that page of the second
iated to X* satisfies the conditions

0for g < p, and

(ii) for each i there are finitely many p such that B, # 0
In other words, these conditions say that there are no terms on the main diagonal E
R, s g e Rl o o e g o s . St

lready appear in [5

Consider now the nth truncation X, of X*. To prove

convergence result for the Bousfield-

Kan spectral sequences of its cosimplicial replacement T1°(X[y), we need the following lemma
relating the homotopy spectral sequences associated to X* and TT*(X

Recall the

normalisation functor N*: Ab® — Ch*® from cosimplicial abelian groups to n

negatively graded cochain complexes as defined in (40, Section 8.4] or in [5, Section 2
cochain complex C* define its nfh fruncation T"C* to be the cochain complex given by

f (e = Ctifgsn
L "ty = Difg>n

with the differential induced in the obvious way from the differential on C*

Lemma 4.2, The E? page of the homotopy Bousfield-Kan spectml sequence associated to T1*(X
is given by

E2,, = HY(r"N*(mg(X*))).
Proof. The fllowing proof was iven to us by P. B By [6, X17.1] we have an isomorphism
B2, , = iy 7g(Xp), where lin® is the pth et erivd funetor of i — . Recal o

the Dold-Kan Theorem which states that the conormalisation functor

It is not difficult to s

example from
N*: Ab — Ch
that result to get an equivalence of abelian ca

is an equivalence of abelian the proof of
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cochain complexes concentrated in degrees

between truneated eosimplicial sbelian groups and
0,....,n. Here Ny is defined in th i way by mimicking the definition of the usual conormal-
T pasticular o o costmplicil abelon gro A we have that No(Ag) = (N (14))

for a truncated cosimplicial abelian
By a universal &-functor

bvic

isation N*
Notice that, as with the usual Dold-Kan correspondence,

group A in Ab*™ we have an isomorphism lim3, A = H(N;(4)).

argument, Y isthe i ot derivee functor of 1 in Chi". The equivalence of abelian categories
P(N3(4). Collecting these results proves our lemma.

implies therefore that lim,
Proposition 4.3. If X* is well above the diagonal at the E' page then

The homotopy and homology Bousfild-Kan spectml sequences associated to X* converye
strongly to 7., (hoTot X*) and H, (hoTot X*),
(ii) The homotopy and homalogy Bousfield-Kan <,wm sequences associated to T1*(X(y) con.
hoTot™ X*) and H, (hoTot™
lim H, (hoTot™ X*).

verge strongly to
(iii) H,(ho'Tot X

11 above the diagonal at B
5.7) and

Proof. (i) Since X* is well above the diagonal at E' it is
Then the statement we want s exactly the content of the results in (8, Proposition

Theoren 3

) By Lemma 42 we have that TI*(X},) is well above the diagonal at E2. Moreover
BT (TS (Xp1 ) hoTot" Y. Thus (i) ot rom the same argument o i ()

(iil) By the hy and Lemma 4.2 we have that the connectivity of the map of spectral
sequences betveen the £ pages of the homotopy spectral sequence for X* and 1°(X ) tends to
infinity with n. By the convergence of these homotopy spectral sequences this implies that, the
connectivity of the map hoTot X* — hoTot™ X* tends to infinity with n. Therefore the same is

true for the home

The following is part of the content of [20, Corollary 7.4
Proposition 4.4 (Sinha). Ford > 4, K¥ is well above the diagonal at the EV page

The last result of this section is a comparison theorem for Bousfield-Kan spectral sequences of

cosimplicial replacements of dingrams which aro connect by a 1ot cofinal functor (w0 end of
Section 2.1). We could not find a proof for this folklore result in the literature o we include one
here. The Duyer (P. Bonsfield has also given us another proof)
Proposition 4.5. Let 0: 1 — J be a functor between finite categories and let F: J — Top be
spaces. 1 8 is left cofinal then both homotopy and mitional homology
osimplicial replacements TI*F and T1*(0" F)

F below is due to W

a um of (pointe
Gousficld-Kan spectml sequences associated to the ¢

pages

agree from the
from

Proof. The proof mimicks that of [6, Proposition X1.9.2] and we follow most of the notatic
there. Recall from the proof of Proposition 3.3 the simplicial CDGA associated to a contravariant
functor of CDGAs. The Kunneth quasi-isomorphism

ApL(F) S Ap(TF)

implies that the rational home
term with the spectral sequence of the ¢
result for 116" (F)
Define a bisimplicial commutative graded algebra (CGA)
o o(H'(F),6)

v Bousfield-Kan spectral sequence for I1* F coincides from the
double complex N, (@, A pL(F)), and we have an analogous

with the (n,q) term defined by
HE (F(jo))

wa(HY(F),6) = 9400
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where the tensor product is taken over
u=(io® B eNall), v= (o & B ENG(), 7 Olio) —

Thefocs sud degenercie n both lretions azecbvious geeraizaionsof thos I the pooot o
i

We can t mmr normalization of this bisir
second (i = 2) simplicial

plicial CGA with respect to the first (i = 1) or the
ce to get a simplicial chain complex

N (@ua(H' (F),0))
In the first direction we have

[

(' (F),0) Not2) No (O N (L HY (Flio)

Danos by (P (). thecuomar coaplicial OGA whiksconseta o
degree with the identity maps as faces and degeneracies. The
simplicial model category [14, 11.3 and 115.2.(3)]. So w

> ring H*(F(jo)) in each
simplicial CGAs is
v the »unp!nnl CCA

No(F | 4o} ® H' (F(jo))e = G(umyena (P

and by cofinality,

No(F | jo) ie weakly equivalent to the simplicial set +, consisting of the singleton
in each degree. Using (14, Proposition I13.4] we get a weak equivalence of simplicial CGAs

No(F | jg) ® H*(F(jo))e = +a @ H'(F(jo))s = H'(F(jo))s

and deduce a weak equivalence of simplicial chain complexes
(1) N (@0 o' (F),0)) = @1 (F)

where each H'(F(ju)) is a chain complex concentrated in degree 0.
In the other direction,

(H(F),0))) = @uen,(nNs (@uH'(0(i0) | F)),

where 0(io) | F is the composite

6(io) | T — J - Top.

Here 0(io) | J is
identity map at 6(

he undereategory (denoted by J\G(iq) in [6]). This undercate
as an initial object. It i easy tc

feduce, by an extra degeneracy or
spectral sequence argument, that ®,H*(0(io) | F) is weakly equivalent to the constant simplicial
CGA H(F(0(io))s. We then have a weak equivalence of simplicial chain complexes

(42) N2 (@0 o(H (F),0)) ~ ©H*(6"F)
where each H' (6" F{(io)) is a chain complex concentrated in degree 0.
The left hand sides of the weak equivalences (4.1) and (4.2) are the E; page of sp
quences computing the homology of the totalization of the double complex obtained as the
normalization of *(F),0). Moreover these weak equivalences sh

tral se-
ible
that the homology «
d on & single line. Hence both of these spectral sequences collapse
at Fz, and since they converge to the same thing, these F; pages are isomorphic. We deduce
that the homologies of the normalizations of ©,H" (F) and ®.H" (6" F) are isomorphic. Those are
exactly the F, pages of the homology Bousfield Kan spectral sequences of II*F and I1%"F.
The proof for the homotopy spectral sequence is similar.

the By pages is concentrs
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5. CATEGORIES OF FANS, PANIC DIAGRAMS, AND TRUNCATED

that we call catey

In this section we introduce a sequenc
They will serve in the next secti

finite categories ®|n

talin the Gerstanhabes-Vorcnow coelplcial bjot sscleid s
We also construct a left cofinal functor g,

el that & planar fre i an fsofopy clace of an enbecding
finite 1-dimensional simplicial complex in the plane
The

of valence 1

set. of vertices and edges. valence of a vertex is the number of edges ending in th

The embedding in the plane o cl

A leaf is & vertex o
the leaves.

Definition 5.1.  For a natural number n
ertex called the bead such that each vertex, except maybe the bead, is of valence
from 2 and with n + 1 leaves other than the
order by 0, The leaf labeled 0 is called the mot.
not leaves are called the non-labeled vertices.
 Define a partial order o
obtained from the n-fan T by contracting some edges o
where the bead in T

n the set of by declaring that T

nnecting non-labeled vert,

bead
o The category corresponding 1o such a poset of n-fans is called the n-fanic category and
encted by i), T there s a i morphism T T i and only i 7 < 1+
o A diagram chaped on the fanic category ®[n] is called an n-fanic diagram.
Example 5.2. Figure 1 gives examples of an $-fan in (a) and of two 3-fans in (b) and (c). The

bead i the vertex pictured as a small circle. The left-hand side of Figure 2 represents the category

a[2

e [ R
FIGURE 1. Three examples of fans

Remark 5.3. The name “fan” is motivated by the fact that one can define a functor fre
rooted trees which “opens” them
fan. For more details on this, see

21
subdivision of the n-dimensional cyclohedron Gy introduced by Bott and Taubes in [4

The realization of ®[n] is homeomorphic

Definition 5.4. We

o the bead is not a leaf and the shortest path in T joining
oes through the bead, or

y that a n-fan T is i-separated for i € [n] if cither

eaves i and (i

o the bead is & leaf and it is between leaves i and (i 1) in the ele

1) mod (n

OSIMPLICIAL OBJECTS

ries of n-fans.
n 2 shapes of certain fanic diagrms associated to morphisms
a multiplicative

5 the realization of a conteactibe
In particular a planar tree consists of a finite

kwise cyclic order on

an n-fan is & planar tree with a distinguished

different
bead which are labeled in the clackwise cyclic
The bead and vertices w

if the n-fan 7" i

fa
" is the vertex obtained by contracting the subtree of T' containing its

g the edge emanating from the bead, much as one o
the barycentric

1) mod (n+1)

kwise cyclic

vertex.

ices and

fans to
spens a
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Example 5.5. In Example 5.2 the fans are i-separated for

8) i = 1,3,4,7
(b) i =02

Let Py([n]) be the category whose objects are non-empty subsets of [n] = {0,....,n} and wk

morphisms are inclusions. Define a fun
b2 ®|r Pal[n])
by setting, for an n-fan T
0u(T) = (i € [n] : T is i-separated .

It is immediate that 6, i

an or

r-preserving map between the two posets and hence a functor

Lemma 5.6. The functor 0: $ln] — Po([n]) is left cofin

ce that for any object S  Py([n]) the overcategory 6 | S has a terminal

Proof. easy to

object and is therefore contractible

Recall the functor G : Po(fn]) — Aln] from [20, Definition 6.3], defined as follows. For a non-
empty subset S  [n] consider the only order preserving bijection fg: S = [(#5) — 1]. Define
§ = T in Py(fn]) let G (j) be the composite frojofg!

Ga(5)

)-1] and for a morphism j

It turns out that Gy is left cofinal
Now let. ¢, be the composite

(5.1) o = Gabo: Bln] — Al

Theorem 5.7. The functor

Bln] — Aln] is left cofinal

Proof. This is immediate from Lemma 5.6 and the cofinality of G from [29, Theorem 6.7

Example 5.8. Figure 2 gives the shapes of $[2], Py([2)), and A[2] and the functors 6, and G,

@
© [i
— To1m -
[CX m
~ )7
®[2) Pol(2 Al

FIGURE 2. The functor ¢
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6. THE FANIC DIAGRAM ASSOCIATED TO A MORPHISM OF NONSYMMETRIC OPERADS
Recall from Section 2.2 the construction that associates a cosimplicial object to a multiplicative
operad. Here we generalize this construction by associating a fanic diagram to any morphism ¢
nonsymmetriec operads.
Let iz R — M be a morphism of nonsymmetric operads in a symmetric monoidal category C
Recall the category ®[n] of n-fans defined in Sect w describe a fanie diagram

n 5. We

which will depend on 4 even if only M appears in the notation. We first define the value of the

diagram My on objects. Let T & ®[n] be an n-fan. Orient each edge of T in the unique way

i path joining the root to the end of that edge. For a vertex

v other than the root let [u] be the number of edges emanating from v. Since v has exactly one
incoming edge, we have | nee(v) - 1

ecall that the leaves other than the bead of the fan 7 are labeled and that the other vertices,

p-labeled vertex v of T s

igin is on the chortes

including the bead, are called the non-labeled vertices. For any

{ M(Ju]), if vis the bead;
| R(lel), if v is not the bead

My (T) = @ M(T :v)

where the monoidal product is taken over all the non-labeled vertices v of T
of T between two non-labeled vertices z and y

M(T:v)

Set

To define My, on morphisms, let ¢ be an edg
such that e i oriented from = to y. Since z is not the root there is a single edge that ends in
Label this edge 0 and label all the edges emanating from @ with 1, ..., [z| such that they appear in
< Jol. Let T/e be the fan

the clockwise order. Hence the edge e is assigned some label 1 < i
obtained by contracting the edge e and let 2 be the vertex in T corresponding to that contracted
edge. By definition, 2 is the bead of T if and only if 2 or y is the bead of 7. Notice also that the
non-labeled vertices v other than z and y in T are in bijection with the non-labeled vertices of T
other than 2. The operadic structures and the morphism ¢« induce an obvious insertion map

M(T:2) © M(T :y) — M(T : &)
W define the morphism M ,y(T — T/e) to be the composite

T) = M(T :2)© M(T:y)© @) M(T:v) "S5 M(T: ) © @ M(T : v) = My (T)

et C be a symmetric monoidal category

Proposition 6.1. Letn >0
1) For any morphism s: R — M of nonsymmetric operads in C the above construction gives

a well-defined functor

My @) —C.

This construction is functorial, i.c. any commutative square of nonsymmetric operads

(6.1) R—— M
7 ,

R~ M

es a natural transformation §: M gny — M (a)
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Proof. For (1), we have already defined M on objects and contractions of one edge. Since any
morphism in ®fn] is & compe

tion of such contractions, we only have to check that the image
under My of a composition does not depend on the order in which we contract the edges. For
this, it is enough to check that if ey and e are two distinct edges between ¢
in an n-fan 7, then
Mny(T/er — T/{er,e } (T — Tfer) = My (T/ez — T/{er,ea}) o May (T — T/ea)
“This is an elementary check and is left to the reader

For (2), given an object T of @n], set §(T) := (RG(T : v) where the tensor product is taken

Jabelec

ertices

over the non-labeled vertices v of T and
{ g(lel), ifvie the bead;
1 #(iw]). ifv s not the bead.
‘This defines the desired natural transformation

Suppose moreaver that the category C is equipped with a certain class of morphisms called
weak equivalences. This induces a class of weak equivalences on diagrams in € by declaring that
a natural transformation between two

agrams is & weak equivalence if the map associated to
each object of the indexing category is a weak equivalence. In particular this induces a class ¢

weal equiv 41«»“““‘{““4;«1\ inC

Proposition 6.2. Suppose that the symmetric monoidal category is equipped with a class of
morphisms called weak cquivalences that is stable under ® and contains all isomorphisms. If the

(6.1) o

phisms of nonsymmetric operads f and g in the commutative squa

weak equiva-

e fhen the nabarah oformiions i Gl & et sl

Proof. Follows from the definition
under tensor product and contains the reordering isomorphisme

of  and the fact that the class of weak equivalences is stable

Lastly, we explain in which sense the ab

e construction is a generalization of the cosimplicial ob-
call the functor g : ®[n] — Aln] from
Equation (5.1) which is left cofinal by Theorem 5.7. The proof of the following is straightforward
Let p: ASS — M be a multiplicative nonsymmetric operad. Let Mysj: Aln] — €
be the nth truncation of the associated cosimplicial object M® and let Myuy be the
asscoiated to the morphism 1. Then. the following diagram commutes:

ject associated to a multiplicative nonsymmetric

perad. T

Theorem 6.3

diagran
nic diagram

Vi
@] = ¢
M
Alw
Corollary 6.4. Let M be a multiplicative opernd of spaces, let M® be the associated cosimplicial

anic diagmm f

> 0. Then there is a homotopy

space and let Miay be the associated n

equivalence

glim My (M)

Proof. This is a consequence of Theorem 6.3 and Theorem 5.

Remark 6.5. Notice that all the results of this section can be easily dualized for cooperads. In
histn of cooperads u': M* — R* in C we can &

paticular, o a mo
@ .c
ler to state and

clate a cofanic diagram
means the opposite category. We leave it as an exercise for the
prove these dual results.

where (
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Remark 6.6. Notice that the map u: R — M endows M with the structure of a bimodule over
the nonsymmetric operad R. It is easy to see that the entire diseussion above can actually be
applied to any such bimodule. In particular, one has an aseociated fanic

(this motivates the notation M,y where M den

liagram for a bimodule

es that bimodule)

Remark 6.7. It is possible to describe an infinite category ® fltered by the categories ®[n]. One

can also construct an oo-fanic diagram M

oy ® — € whose restriction to ®[n] is My, and a
Kt ol ko ¢ &~ A Intiecas s uliplicaivs pecad A1, o have ¢ oy
This seems to be & more natural generalization of the Gerstenhaber-Voronov construction since
it reatee dineely to the cosimplical abjoct M* instend of 1 truncations. Howeser, w do not

use this construction here since the homol

/2y Bousfield-Kan spectral sequence of the cosimplicial
replacement of the infinite category % might be troublesome.

7. FORMALITY OF THE FULTON-MCPHERSON FANIC DIAGRAM

Recall from Section 2.4 the Fulton-MacPherson operad 74 which consi
ifications of configuration spaces in R A linear inclusion ¢
nonsymmetric operads

s of suitable comps
 induces a morphism ¢

e FO—Fa
where 7 is the principal path component of the Fulton-MacPherson oper
From Section 6, we then have an associated n-fanic Fulton-MacPherson

in dimension 1

agmm

Fay: Ol

The goal of this secti

n is to establish the following

Theorem 7.1. Ford

and > 0, the Pulton-McPherson. fanic diagmm Figsy is B-formal,

The proof of this theorem is based on Kontsevich's theorem on the formality of the little d-disks
operad, proved in (18, Section 3], with some relevan parts appearing in [1, Appendix 8]. A more
dotalled proo van be found In {2

2], We now recall the main ingredients and ideas of this proof

o prov th fomaly of g il d isks opsted, Konsericsprove ths knaly o 7, th
homotopy equivalent Fulton-MacPherson operad in dimension d (even if in (18] he defines what is
now called the Kontsevich operad). Tt he starts by constructing a combinatorial cooperad
of CDGAs as follows

Consider the set of finite oriented graphs with n czfernal vertices (labeled from 1 to n) and
come other, internal, vertices. Each internal vertex is at least trivalent and is connected by a
path to some external vertex. No double edges or loops are allowed and

intern

vertices and edges is imposed. Such graphs are called admissible
Denote by Dy(n) the real vector space generated by admissible graphs with
and with certain identifications (with appropriate signs) having to do with reordering of internal
ersal of orientations of edges. The degree of an admissible graph T
1) — gd where e is the number of edges and g is the number of internal vertices
differential d(I") on Dy(n) is defined as the alternating sum of the graphs obtained
from T by contracting an edge whose at least one vertex is internal. There is also a multiplication
8 D) i e pociiof b el grai [ italnd by i the gspl o el
ternal vertices. This equips Dy(n) with the structure of a CDGA ov
the sequence Dy = {Da(n) }n>q admits a structure of a cooperad in CDGA
One other important ingredient, developed in [19, appendix 8], is the functor ¢
differential forms

semi-algebruic

Q¢ {semi-algebraic sets} —s CDGA,
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mimicking the de Rham functor of smooth differential forms on smooth manifolds, where a semi
algebraic set is .w\m of " defined by finite sets of polynomial inequalities and boolean
naturally quasi-isomorphic to the functor Apg(—E). One fact

operations. This functor 0, is
which will be mmun,un 1o s is that if X is a semi-algebraic set of dimension cim(X) < m then
0, (X) =0 fori >m

pacis 7,(n) ave semi-algebraic manifolds and Konsevich's idea is o aseign o each admissible

I(T) = wr € Qp 5(Faln)

graph T € Dy(n) of degree 7 a certain semi-algebraic differential
This defines a CDGA morphism

In: Dan) — Dpa(Fuln)
On the other hand, it is easy to construct an explicit CDGA morphism

Tt Dafn) — H* (Fafn)i )
that sends to 0 any admissible graphs with at least one internal vertex and that sends the
il geaph with  unque oqge foning the externl verions  and 7, o 1 €1 < 5 % , to

the generator g;j in the usual presentation of the cohomology of the coniguration

HY (Fa(nhB) = \({gij 1 1< < 5 <n}),

The exact, presentation for the three equivalence relations ~ (one of which i the Arnold, or

threeterm, relation) can be found, for example, in (20, Section 7
It can b proved W o e & qoatscorplien and, o L s sueciive on the oo

, it is also a quasi-isomorphism. Finally, it would be nice if these were

cperad, it hey are no b the contravariant fntor 2 2 ot

posables in cohom

quasi-isomorphisms of

{aknzo

tructure of  cooperad. Neverthel
More precisely, we have the following

monoidal and & loes not inherit the

is almost & quasi-isomorphism of coopera

Theorem 7.2 ([22]). There is a commutative diagram

) D) ——— - D4(k) ® Dg(m) & - & Dalrs)
Lotneeal
B A (Falk)) © Up o (Falnn)) Qpa(Fal)
Kt
Oy (Faln) — 29 g, (Fulk) x Fafm) Falnw)

where i and ¢ are the (co)operndic structure maps on Fy and Dy and the vertical maps are
qua

On the other hand, {I,: Dy(n) = H* (Fa(n);
combined with Theorem 7.2, is what we mean when we say that
stice that if we work dually at the level of chains, we can use a monoidal
functor to get genuine formality in the category of chain complexes

In order to prove the formality of the Fulton-MacPherson fanic diagram, we will prove the
formality of the morphism ez : /{” — J4. The key result we need is Lemma 7.3 bel
explain this, let . R}noo be the coassociative cooperad in CDGA. In degree 0, the vector
space Dy(n) is generated by the single admissible graph with n external vertices and no edges.
These isomorphisms Dyg(n)’ = R induces a morphism of nonsymmetric cooperads in CDGA

Dy — ASS.

omorphisms.

}asa i quasi-isomorphism of cooperads. This,
he Fulton-MacPherson operad

nts in degree 0.

Let 7 R FO(n)) be the inclusion of cons
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Lemma 7.8, Ford > 3, diagram

H (Fy(n); B) =L Daln) 2 0, (Fafn)
Hles . L)
H(F ™ (n);R) = e QA" ()

commutes.

Proof. The left square s clearly commutative. For the right square in case n Da(n) is
concentrated in degree 0 and diagram clearly commutes. So assuming > 2, let I' & Dy(n) be an
admissible graph xternal vertices. Assume first that T has no isolated
verticss, ie. each ¢ ndpoint of at,least one edge. Let ¢ be the number of
internal vertices of I and recall that every internal vertex has valence at least 3. Then the number

e of edges of I" satisfies
e> 2(n+3)

Therefore

leg(I(T)) = deg(I) = e(d — 1) — qd 3)(d 1) —qd =g

Since d > 3 this implies that deg(/(I)) > n. On the other hand, we have dim(Z"(n)) = n — 2
and s0

deg(I(I")) > dim(F

Since for any semi-algebrac set X, 0 4(X) = 0 if i > dim(X), we deduce that

Y A(I(D)) =0 £ 2 o(H7 ()

w suppose I" has only j < n external vertices which are not isolated. Let o: Dy(j) — Da(n)
be the composite of codegeneracies a inserting the n — j isolated vertices. Hence there exists
an admissible graph I € Dg(j) with no isolated vertex and such that I' = a(I"). Consider the
map s: Fa(n) — Fa(j) obtained as the composition of n — j codegeneracies s¢ that forget the
configuration points corresponding to these isolated vertices. Since (co)degeneracies are induced
fic structure and / is a map of (almost) cooperads, it is easy to check that the

following diagram commutes

Dalj) —= U A(Fali)

Dafr) —e U o (F

Since I has no isolated vertices it follows from the previous case that, ¢, (Z(I")) = 0 and so

D) = 4 I(eT) = " (4 (IT) = 0.

We are now ready for the proof of the formality of the Fulton-MacPherson fanic diagram

Proof of Theorem 7.1. The fanic diagram Fg(,y induces a cofanic diagram of CDGAs

p4(Fiagy): )" — CDGA
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We also have a diagram of CDGA cooperads
Dy - ASS

H(FsR)—= 1 (FO;R)

which induces quasi-isomorphic cofanic diagrams

Dy = H*(FiR) sy : ®[n]? — CDGA

uululu“\»r"hwm.\l ic diagram H*(
e still need to construct a natural qu

(n} i# B-formal

si-isomorphism

T: Dagay = W aFapm)

For a fan T € ®[n] with bead b, and for a non-root vertex v recall that [v] = valence(v) — 1
Consider the morphism

Iy ©® B Dagay (1) & Dal[bl) © Gugk — pa(Fallb])) © Dopspa

and define T(T) as the composite of this map with the Kunneth quasi-isomorphism

D 4(Fallb)) © Sopepa

) == Qpa | Fael) < TAV (v ,wi

Wo need to show that 1 is a natural transformation. Remember from Section 6 the definition «
the image of a morphism by the fanic diagram associated to a morphism of (co)operads. Let ¢ be
an edge of T emanating from @ and ending at y, let i be the label of the output ¢ with respect to
its origin z, and let 2 be the vertex in T = T/ corresponding to this contracted edge. Denote
by v any vertex of T different from z and y or any vertex of T different from & (these two sets
vertices are the same). We have three cases: (i) z = b £y, (i) = # b = y, and (i) z b

Wo will res oy cabe (1), the socond case bl compiety ansloguous s the third simplo
In case (i), & is the bead of T, Consider the diagram

J
(72) Dy((l)

DpalFallel))

Dyl|]) @ Da(|ul) Kunmeth ¢

A(Fal|2])) © X 5 (Fally]) o a(Fall2]) % Fallyl))

o Jweor

! fen 0,y Kum
Dy(ja)) O R = Q5 (Fallz))) © Wp (A (u)))

5 a(Fallzl) < 7 (1))

The top rectangle is commutative as a consequence of the commutativity of diagram (7.1) and
the definition of the insertion maps o; from the (cojoperad structures. The left bottom square
i commutative by Lemma 7.3, and the right bottom square is commutative by naturality of the
Kunneth quasi-isomorphism.

m now the outermost square of (7.2) and tensor the left side by @, and the right

by @1 @pA(F(|v])). Applying once more the Kunneth quasi-isomorphism to the right sid
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gives the commutative diagram

im
Dy (T)

V(i)

Digga(T) = p 4 (Fagm (1))

which is what we were after

Remark 7.4. Let us explain more
that the Kontsevich operad 5 £

ccitely what we mean when we say that we cannot pr
a multplicative operad and why we peed to

mal a through

fanic diagrams. Lemma 7.3 pr
equivalence (

s that the morphism ¢
5) implies that we have a chain of quasi-isor
cooperads between Apr(ASS) — ApL(Kq) and H(ASS;
Apg(Ky) and H*(K;IR) are comultiplicative since Apr(ASS
problem is that, in the chain of qua

F is formal, so the weak
t)
R). The two cooperads
{R}nz0. The
smorphisms joining Apr(ASS) and H' (ASS; B), nothing
guarantees that all the intermediate CDGAs will be coassociative even if their homologies are.
Therefore we cannot apply the dual of the Gerstenhaber-Voronov/McClure-Smith construction
to the intermediate CDGAs. One way around this would be to use “cimplicial up to homotopy”
CDGAs but we wanted to avoid that. Instead, fanic diagrams allow us to work with strictly
commutative diagrams

nmphmm

8. PROOF OF THE MAIN THEOREM

In this section we finally prove Theorem 1.2 We begin with
Proposition 8.1. Ford > 3 and n > 0 the mtional homology Bousfield-Kan spectral scquence
of the cosimplicial replacement 1K gy of the nth truncation of Sinha’s cosimplicial space K
collapses at the E? page

Proof. By Theorem T.

the Fulton-MacPherson fanic diagram 7

5) and Proposition 6.2, we have an equivalence of diagrams Fg(uy = Kg(n and by Theorem 6.3

we have Kyuy = $4(Kafu)) Where én : ®[n] — Aln] is the left cofinal func
Thue the haite diagram ¢5(Cap)

sition 3.3, By Pro

) is B

o mal. By diagram

from Theorem 5
rmal, and so isits cosimplicial replacement by Prope

sition 3., its huu,‘,ug\ spectral sequence collapses at the

2 page. Since
osition 4.5 that the homology spectral

Gn it eft cofinal by Theorem 5.7,
Cpence of K g collapes at. £ page

we deduce from Pre

We are now ready for the proof of our

uain theorem. The trick will be to replace K (which
know if it is formal) by an associated formal cosimplicial space

Proof of Theorem 1 . Weitiu ol e et ol el wm opy theory. Let CDGA, be
the full subate CDGA over @ of simply-connected C finite type, and let DGL be
the category eomnected dilnenti graded Lie algebras as in m. §21 (F)]. As explained in [10,
§22], there are two functors

cpea, £ paL & or
where £(A) is essentially the primitive part of the cobar on the dual coalgebra hom(4;@) and
C*(L) s the dus of the bar construction on the enveloplug algebra of L € DGL. The oty
property of these functors of intere s is that, for A © GDGA;, C*(£(4) is a Sullivan
Slgshes quse lomorpl: o 4 (1, §28 (3] [ et wonds, ¢
replacement functor

)) can serve as a cofibrant




Paper sample

THE RATIONAL HOMOLOGY OF SPACES OF LONG KNOTS IN CODIMENSION >2 =
We also have a spatial realization functor

CDGA

»
defined in [10, §17) \nvmpu\mm propery of this functor is that a Sullvanalgebra A s aturaly
weakly equivalent to Apr §17 (d)

low consider the simplicia  CDGA H-(kt 0) and define the cosimplicial space

*LH (K3 0)))

It s clear from the diccussion above that this cosimplicial space is formal and has the same
cohomology as K3

A more surprising pi
spaces in " are Koszul,

perty, arising from the fact, that the cohomology algebras of configuration

it the cosimplicial space also coformal. This is not difficult, to
prove and details are in [1, Section 4], in particular Corollary 4.3, noticing tha .
in that paper. Also explained in that paper is the consequence that there exists
of cosimplicial groups

is exactly |

(8.1) =

> r, (K3)
We know by Proposition 4.4 that K is well above the di
the same it true for Z*. There

jagonal at the E' page and by (8.1)
sre the convergence results from Proposition 4.3 hold for both K

and =
Since Z* is formal, the same is true for TI°E,
cosimplicial replacement collapses at the I? page. But this I

the hom

logy epectral sequence of that
page is clearly isomorphic to the £2
page of the homology spectral sequence of [1°K ), since the two cosimplicial spaces have the same
homology. Moreover, the tecond spectral sequence also col e | by Proposition 8.1, and both
spectral sequences converge by Proposition 4.3. Therefore H, (hoTot ) 2 H, (hoTot” K3 €

by Proposition 4.3(iii) this implies

(82) H, (hoTot 2% Q) & H, (hoTot K; Q).

By formality of =
the E? page, which is isomorphic to the
converge to the isomorphic terms
also collapses at the £ page

its rational home

ty Bousfield-Kan spectral sequence also collapses at

Since both theee spectral sequence
f (8.2), we deduce that the homology spectral sequence of Ky
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Back to generalizations about mathematics

@ The combination of rigor, abstractness, and vastness is what
makes mathematics as beautiful as it is difficult;

@ Because mathematics is so complex, it takes a long time for it
to be created, written up, refereed, published, absorbed,
reinterpreted, and used;

@ Making bridges between the 5,000 subjects can be difficult
because of our highly compartmentalized knowledge, and this
is why mathematics is very collaborative;

@ Because proofs are irrefutable, mathematics is permanent.



