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Outline of the talk

1 Some generalities about mathematics

2 Brief introduction to topology

3 Brief introduction to knot theory

4 Some examples of knot invariants and why they are not good
enough

5 Finite type knot invariants and why they might be good
enough

6 Back to generalities about mathematics



1. Mathematics: subdivision

The coarsest unofficial subdivision of mathematics is into:

1 Logic and foundations

2 Algebra

3 Number theory

4 Geometry

5 Topology

6 Real analysis

7 Complex analysis

8 Functional analysis

9 Numerical analysis

10 Differential equations

11 Probability and statistics

12 Applied mathematics

My research field is Topology.



1. Mathematics: subdivision cont.

The coarsest official subdivision of mathematics is into:

1 General

2 History and biography

3 Mathematical logic and foundations

4 Combinatorics

5 Order, lattices, ordered algebraic
structures

6 General algebraic systems

7 Number theory

8 Field theory and polynomials

9 Commutative rings and algebras

10 Algebraic geometry

11 Linear and multilinear algebra; matrix
theory

12 Associative rings and algebras

13 Nonassociative rings and algebras

14 Category theory; homological algebra

15 K -theory

16 Group theory and generalizations

17 Topological groups, Lie groups

18 Real functions

19 Measure and integration

20 Functions of a complex variable

21 Potential theory

22 Several complex variables and analytic
spaces

23 Special functions

24 Ordinary differential equations

25 Partial differential equations

26 Dynamical systems and ergodic theory

27 Difference and functional equations

28 Sequences, series, summability

29 Approximations and expansions

30 Fourier analysis

31 Abstract harmonic analysis

32 Integral transforms, operational
calculus

33 Integral equations

34 Functional analysis

35 Operator theory

36 Calculus of variations and optimal
control; optimization

37 Geometry

38 Convex and discrete geometry

39 Differential geometry

40 General topology

41 Algebraic topology

42 Manifolds and cell complexes

43 Global analysis, analysis on manifolds

44 Probability theory and stochastic
processes

45 Statistics

46 Numerical analysis

47 Computer science

48 Mechanics of particles and systems

49 Mechanics of deformable solids

50 Fluid mechanics

51 Optics, electromagnetic theory

52 Classical thermodynamics, heat transfer

53 Quantum theory

54 Statistical mechanics, structure of
matter

55 Relativity and gravitational theory

56 Astronomy and astrophysics

57 Geophysics

58 Operations research, mathematical
programming

59 Game theory, economics, social and
behavioral sciences

60 Biology and other natural sciences

61 Systems theory; control

62 Information and communication,
circuits

63 Mathematics education



1. Mathematics: subdivision cont.

Fields I use/contribute to in my research:

1 General

2 History and biography

3 Mathematical logic and foundations

4 Combinatorics

5 Order, lattices, ordered algebraic
structures

6 General algebraic systems

7 Number theory

8 Field theory and polynomials

9 Commutative rings and algebras

10 Algebraic geometry

11 Linear and multilinear algebra; matrix
theory

12 Associative rings and algebras

13 Nonassociative rings and algebras

14 Category theory; homological algebra

15 K -theory

16 Group theory and generalizations

17 Topological groups, Lie groups

18 Real functions

19 Measure and integration

20 Functions of a complex variable

21 Potential theory

22 Several complex variables and analytic
spaces

23 Special functions

24 Ordinary differential equations

25 Partial differential equations

26 Dynamical systems and ergodic theory

27 Difference and functional equations

28 Sequences, series, summability

29 Approximations and expansions

30 Fourier analysis

31 Abstract harmonic analysis

32 Integral transforms, operational
calculus

33 Integral equations

34 Functional analysis

35 Operator theory

36 Calculus of variations and optimal
control; optimization

37 Geometry

38 Convex and discrete geometry

39 Differential geometry

40 General topology

41 Algebraic topology

42 Manifolds and cell complexes

43 Global analysis, analysis on manifolds

44 Probability theory and stochastic
processes

45 Statistics

46 Numerical analysis

47 Computer science

48 Mechanics of particles and systems

49 Mechanics of deformable solids

50 Fluid mechanics

51 Optics, electromagnetic theory

52 Classical thermodynamics, heat transfer

53 Quantum theory

54 Statistical mechanics, structure of
matter

55 Relativity and gravitational theory

56 Astronomy and astrophysics

57 Geophysics

58 Operations research, mathematical
programming

59 Game theory, economics, social and
behavioral sciences

60 Biology and other natural sciences

61 Systems theory; control

62 Information and communication,
circuits

63 Mathematics education



1. Mathematics: subdivision cont.

Mathematics is further subdivided into over 5,000 subjects.

Every paper is identified by one (or more) of these subjects.
For example,

55: Algebraic Topology (one of the 63 top-level categories
from previous slide)

P: Homotopy Theory
62: Rational Homotopy Theory

OO



Topology: history

Topology is the study of topological spaces, which are sets with
extra structure, and functions between them.

It began with Euler’s 1736 solution of the Seven bridges of
Königsburg problem:

Is there a way to cross the seven bridges
in the picture only once and

come back to the starting point?
Answer: No.

Modern topology starts with the famous 1904 Poincaré Conjecture:
If it “looks” like a sphere in 4-dimensional Euclidean space, is it a
sphere?
(Recently solved in the affirmative by Grigori Perelman.)



Topology: homeomorphism

The main difference between geometry and topology is that shape
is important in geometry, while this is not the case in topology.
This is why topology is often called rubber-sheet geometry.

Definition

Official: A homeomorphism h : X → Y between topological spaces
X and Y is a continuous bijection with continuous inverse. If there
exists a homeomorphism between two spaces, they are said to be
homeomorphic.

Unofficial: Two spaces are homeomorphic if one can be deformed
into the other without cutting, tearing, or poking holes (or other
violent acts).

(As we will see soon, the latter is just an intuitive definition and is
not always right, but it is good enough for many purposes.)

If X and Y are homeomorphic, we consider them to be the same
and simply write X = Y .



Topology: examples of homeomorphisms

Example

= 6=

square = closed curve 6= non-closed curve

Example

Which letters are homeomorphic?

A, B, C, D, E, F, G, H, I, J, K, L, M, N, O, P, Q, R, S, T, U, V, W, X, Y, Z

A=R,
C=G=I=J=L=M=N=S=U=V=W=Z,
D=O,
E=F=T=Y,
H=K,

B, P, Q, and X are not homeomorphic to any other letters (in this font).



Topology: examples of homeomorphisms cont.

Example

= =

cube = sphere

Example

=

punctured torus (surface of a donut) = two ribbons glued together

Example

=

double torus = double torus with arms linked



Topology: examples of homeomorphisms cont.

Example

coffee mug = donut


Mug_and_Torus_morph.mov
Media File (video/quicktime)



Topology: examples of homeomorphisms cont.

Example (Stereographic projection)

Let Sn \ {north pole} be the n-dimensional sphere missing a point
and let Rn be the n-dimensional Euclidean space. The two are
homeomorphic. Here is the homeomorphism for n = 2:

h : R2 −→ S2 \ {north pole}

(x , y) 7−→
(

2x

1 + x2 + y 2
,

2y

1 + x2 + y 2
,
−1 + x2 + y 2

1 + x2 + y 2

)
The picture is:



Topology: examples of homeomorphisms cont.

Example

6
?
= 9 6 = 9

Example

?
=
6=

Example

?
=

=

But we do not want these two knots to be the same since that is
not what corresponds to real-life situations. So we would like to
define a stronger notion of “sameness” of knots which would not
allow a knot to essentially pass through itself. This brings us to...



Intro to knot theory: Definition of a knot

Knot theory is central to low-dimensional topology and it has
many applications to physics, chemistry, biology, etc.

Definition

A knot K is a one-to-one, smooth function (embedding) from the
circle S1 to R3.

Note:

We usually refer to the image of K as the knot.

We represent knots in the plane by drawing knot projections
with strands and crossings. For example,



Intro to knot theory: Examples of knots and not knots



Intro to knot theory: Isotopy

We consider knots up to isotopies, which are deformations that do
not cut the knot or pass it through itself (so this is stronger than
homeomorphism and precisely what we want to avoid the situation
from an earlier example). Two knots that are isotopic are thought
of as the same.

Examples

The first two knots from the previous slide are isotopic;

Here is another isotopy:




monster-movie.mpg
Media File (video/mpeg)



Intro to knot theory: Invariants

Given two knots, how can we tell (preferably quickly) if they are
isotopic or not? For example, are these two knots the same?

?
=

Definition

A knot invariant is a function which assigns to each knot a number
or a polynomial (or possibly a more complicated object) and which
gives the same value on isotopic knots.

Note:

This is most useful in the contrapositive.

If an invariant assigns the same value to two knots, that does
not necessarily mean that they are isotopic!



Examples of knot invariants: Constant, tricolorability

Invariant 1. Constant invariant: The function which assigns 0 to
every knot is an invariant!

Invariant 2. Tricolorability: A knot is tricolorable if its strands
can be colored in one of three colors so that

1 All colors are used

2 At a crossing, either one or three colors meet.

Theorem

Knots that are tricolorable are not isotopic to those that are not.



Examples of knot invariants: Tricolorability cont.

• Trefoil is tricolorable:

−→ −→ −→

• Figure-8 is not tricolorable:

−→ −→ −→
←−

Cannot color this strand

so that three colors

meet at all crossings

• Unknot is not tricolorable (no way to use three colors).

So we have
unknot 6= trefoil 6= figure-8

but

unknot
?
= figure-8

We don’t know! We need a different invariant.



Examples of knot invariants: Jones polynomial

Invariant 3. Jones polynomial:

Polynomial invariants, which to each knot assign a polynomial,
caused a resurgence of interest in knot theory in the ’60s. There
are many polynomial invariants today: Jones, HOMFLY,
Alexander, Conway, etc. which are fairly efficient at telling knots
apart.

The Jones polynomial of a knot K , denoted by 〈K 〉, is a
polynomial in positive and negative powers of a variable X , defined
by the rules

1 〈 〉 = 0

2 〈 〉 = X 〈 〉+ X−1〈 〉
3 〈knot ∪ 〉 = (−X 2 − X−2)〈knot〉



Examples of knot invariants: Jones polynomial cont.

Example

〈 〉 = X 〈 〉+ X−1〈 〉

= X 〈 〉+ X−1
(

(−X 2 − X−2)〈 〉
)

= −X−3〈 〉 = −X−3

Example

〈 〉 =X 〈 〉+ X−1〈 〉

=X
(

X 〈 〉+ X−1〈 〉
)

+ X−1〈 〉

=X
(

X 〈 〉+ X−1(−X 2 − X−2)〈 〉
)

+ X−1〈 〉

= · · · = X 7 − X 3 − X−5



Examples of knot invariants: Jones polynomial cont.

Jones polynomial is (almost) a knot invariant, i.e. isotopic knots
have same Jones polynomial. The Jones polynomial of the figure-8
knot is 1−X 2. But since 〈unknot〉 = 0 by definition, it follows that

figure-8 6= unknot

However, there exist two (fairly complicated) knots which we know
are not isotopic by other methods and whose Jones polynomials
are the same. So Jones polynomial cannot tell all knots apart!

This is the case with all known invariants (and in fact all sets of
invariants) we know. This leads to one of the two most important
open questions in knot theory:



Main open questions in knot theory

Two of the biggest open questions in knot theory are:

1 Can we enumerate all knot types, i.e. all equivalence classes of
knots under the relation of isotopy?

2 Is there a complete invariant or a set of invariants? That is, is
there a set of invariants (possibly infinite) such that, given
any two knots that are not isotopic, there is an invariant in
this set that can tell them apart?

The second question (which is what we have been discussing so
far) is what some of my research is concerned with.



Possible answer to 2nd question: Finite type invariants

A set of invariants that is conjectured to be complete is the set of
finite type invariants defined as:
Given a knot invariant V , extend it to singular knots, i.e. knots
with finite number of self-intersections via the Vassiliev skein
relation

V
( )

= V
( )

− V
( )

Resolving n singularities one by one (order does not matter), we
get 2n knots on which we can evaluate V .

Definition

An invariant V is finite type (or Vassiliev of type) n if it vanishes
on all singular knots with n + 1 singularities.

Examples

(Coefficients of) various polynomial invariants

Milnor invariants



Finite type invariants cont./my work

Some facts about finite type theory:

Finite type invariants have been studied extensively in the
past 10 years because of their many connections to physics
(Chern-Simons theory, Feynman diagrams), 3-manifold theory,
Lie algebras, etc.

They are very combinatorial in nature and can in fact be
constructed from certain kinds of diagrams using various
integration techniques (Kontsevich Integral, Bott-Taubes
configuration space integrals).

Finite type invariants do form a complete set of invariants for
certain kinds of links (two or more knotted-up knots) which is
good evidence that they might form a complete set of
invariants for knots as well.

In my work, I study generalizations of the space of knots and use a
theory called calculus of functors to study their topological
structure. In particular, one of the questions I am interested in is
whether finite type invariants form a complete set of invariants.
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Back to generalizations about mathematics

The combination of rigor, abstractness, and vastness is what
makes mathematics as beautiful as it is difficult;

Because mathematics is so complex, it takes a long time for it
to be created, written up, refereed, published, absorbed,
reinterpreted, and used;

Making bridges between the 5,000 subjects can be difficult
because of our highly compartmentalized knowledge, and this
is why mathematics is very collaborative;

Because proofs are irrefutable, mathematics is permanent.


