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The rational homology of spaces of long knots in codimension >2
PASCAL LAMBRECHTS
VICTOR TURCHIN
ISMAR VOLIĆ
We determine the rational homology of the space of long knots in Rd for d ≥ 4. Our main result is
that the Vassiliev spectral sequence computing this rational homology collapses at the E1 page. As a
corollary we get that the homology of long knots (modulo immersions) is the Hochschild homology
of the Poisson algebras operad with bracket of degree d − 1, which can be obtained as the homology
of an explicit graph complex and is in theory completely computable.
Our proof is a combination of a relative version of Kontsevich’s formality of the little d -disks
operad and of Sinha’s cosimplicial model for the space of long knots arising from GoodwillieWeiss embedding calculus. As another ingredient in our proof, we introduce a generalization of a
construction that associates a cosimplicial object to a multiplicative operad. Along the way we also
establish some results about the Bousfield-Kan spectral sequences of a truncated cosimplicial space.

1 Introduction
A long knot is a smooth embedding f : R ֒→ Rd , d ≥ 3, that coincides with a fixed linear embedding
ǫ : R ֒→ Rd outside a compact set. We denote by Emb(R, Rd ) the space of all long knots equipped
with the weak C ∞ topology. This space, and in particular its homology, has been under investigation
for more than twenty years. One of the first important tools in this study was a spectral sequence for
computing the homology of spaces of knots constructed by Vassiliev in the late eighties [36]. This
spectral sequence sparked a lot of interest, especially in dimension d = 3, where it is related to the
theory of finite type knot invariants.
Independently, Goodwillie and Weiss suggested another approach for the study of knots and more
general spaces of embeddings which is now known as embedding calculus. In particular, it is suggested
in [15, Example 5.1.4] that this approach should also give a spectral sequence for computing the
homology of spaces of long knots. Indeed, it later turned out that it does, and that this spectral sequence
was equivalent to Vassiliev’s. Goodwillie-Weiss embedding calculus for knots was developed further
by Sinha in [29], who also emphasized the connection with the little d-disks operad in [31].
Vassiliev spectral sequence arises from a study of the discriminant set, i.e. the complement of the set
of knots in the space of all smooth maps R → Rd with fixed behavior at infinity (or more precisely in
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some finite-dimensional approximation of that space). In other words, the discriminant set is the set
of maps with singularities. This set admits a nice stratification, which in turn yields a natural filtration
from which the spectral sequence is constructed. A classification of the singularities gives the E1 page
of this spectral sequence a combinatorial description in terms of certain graphs such as chord diagrams
familiar from finite type knot theory. When d ≥ 4, this spectral sequence converges to the homology
of the space of long knots [36, Section 6.6].
Vassiliev has conjectured a stable splitting of the resolved discriminant which would imply that his
spectral sequence collapses at the E1 page [39]. This collapse was proved rationally by Kontsevich
1
in dimension d = 3 along the diagonal E−p,p
. The proof uses the famous Kontsevich Integral, a map
that realizes all finite type invariants [16]. Kontsevich further claimed in [17, Theorem 2.3] that his
integration approach can be generalized for d ≥ 4 to give a proof of the collapse of the rational Vassiliev
spectral sequence everywhere. In [7], Cattaneo, Cotta-Ramusino, and Longoni filled in some details
of that program and proved the collapse along the main diagonal. As far as we know, however, no
complete proof of the rational collapse has yet appeared.
In this paper, we give a proof of Vassiliev’s conjecture over the rationals.
Theorem 1.1 For d ≥ 4 , the Vassiliev spectral sequence computing the rational homology of the
space of long knots Emb(R, Rd ) collapses at the E1 page.
To prove this theorem, we take a very different approach than that of Kontsevich, namely the GoodwillieWeiss calculus of the embedding functor and Sinha’s cosimplicial model for spaces of knots arising
from this theory. Before explaining this further, it is convenient to introduce a variation of the space of
long knots. Consider first the space of long immersions
Imm(R, Rd ) := {f : R # Rd : f is an immersion that coincides with ǫ outside a compact set}.
There is an inclusion ι : Emb(R, Rd ) ֒→ Imm(R, Rd ) and its homotopy fiber, Emb(R, Rd ), is called
the space of long knots modulo immersions. By Smale-Hirsh theory [32], there is a weak equivalence
Imm(R, Rd ) ≃ ΩSd−1 . Moreover ι is null-homotopic [31, Proposition 5.17], so we have a weak
equivalence
Emb(R, Rd ) ≃ Emb(R, Rd ) × Ω2 Sd−1 .

(1–1)

In [31] Sinha constructs a cosimplicial space
Kd• = Kd (0) oo

//

// Kd (1) oo

oo

//



// Kd (2) · · · ,
//

where Kd = {Kd (n)}n≥0 is a topological operad homotopy equivalent to the little d-disks operad,
called the Kontsevich operad. This operad turns out to be multiplicative, i.e. there exists a map
{∗}n≥0 → Kd from the nonsymmetric associative topological operad which consists of the one-point
space in each degree, to the Kontsevich operad. The cofaces and codegeneracies of Kd• are induced
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from this multiplicative structure via a general construction of Gerstenhaber and Voronov [12] which
we recall in Section 2.2 using the McClure-Smith point of view [26, Section 3]. The main result of [31]
is that for d ≥ 4 the homotopy totalization of that cosimplicial space, hoTot(Kd• ), is weakly equivalent
to Emb(R, Rd ).
The homology Bousfield-Kan spectral sequence [5] associated to Kd• converges to H∗ (hoTot(Kd• )) when
d ≥ 4 [31, Theorem 7.2]. Our main result is
Theorem 1.2 For d ≥ 4 the homology Bousfield-Kan spectral sequence associated to Sinha’s cosimplicial space Kd• collapses at the E2 page rationally.
Before looking at the consequences of this theorem, we give an overview of its proof. The key
idea is a relative version of Kontsevich’s theorem on the formality of the little d-disks operad [18,
Section 3], which states that there is a chain of quasi-isomorphisms of operads between the singular
chains of the little d-disks operad and its homology with real coefficients. This is therefore true for
any operad weakly equivalent to the little d-disks operad. In particular there is a chain of quasiisomorphisms C∗ (Kd ; R) ≃ H∗ (Kd ; R). If one could deduce from this the formality of the cosimplicial
space Kd• , the collapse of the homology Bousfield-Kan spectral sequence would immediately follow
from Proposition 3.2. For this it would be enough to know, by McClure-Smith, that Kd is formal as a
multiplicative operad. But this does not appear to be easy to establish (see Remark 7.4), and we do not
know whether Kd• is formal.
This is why we make a detour through the Fulton-MacPherson operad Fd . This operad is homotopy
equivalent to Kd but is more suitable for proving formality results as those in [18]. It is not multiplicative,
but it is “multiplicative up to homotopy” in the sense that it admits a map from the contractible A∞
Stasheff associahedral operad. The key formality statement that we prove is that when d ≥ 3, Fd is
formal as an operad which is “multiplicative up to homotopy” (Lemma 7.3). However, the problem is
that we cannot directly associate to Fd a cosimplicial space in the spirit of McClure-Smith. We instead
cd{n} of spaces which we call fanic diagrams. These are built out of the
construct certain finite diagrams F
up-to-homotopy multiplicative structure on Fd and are in a sense a rigid version of a “cosimplicial space
up to homotopy” analogous to Kd• , or more precisely analogous to its nth truncation. Our formality
cd {n} is formal (Theorem 7.1) and hence the homology Bousfield-Kan spectral
statement implies that F
sequence of the cosimplicial replacement of that diagram collapses at the E2 page. Thus the same must
be true for the cosimplicial replacement of the nth truncation Kd[n] of Kd• . Using the fact that, for each
n ≥ 0, the homology spectral sequence of Kd[n] collapses, along with a strong convergence result for
Bousfield-Kan spectral sequences as it applies to Kd• , we deduce Theorem 1.2.
We now come back to the Vassiliev spectral sequence and explain its link with the Bousfield-Kan
spectral sequence. In his thesis, the second author found a more conceptual description of the E1 page
of the Vassiliev spectral sequence than the original combinatorial one arising from the classification
of singularities in the discriminant set. To explain this, recall that the Poisson operad with bracket
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of degree d − 1, POISS d−1 , is the operad encoding Poisson algebras, i.e. graded commutative
algebras equipped with a Lie bracket of degree (d − 1) which is a graded derivation with respect to
the multiplication (see, for instance, Example (d) in [33, Section 1]). The work of Fred Cohen [8]
implies that, for d ≥ 2, POISS d−1 is just the homology of the topological little d-disks operad. Since
Poisson algebras admit an associative multiplication m ∈ POISS d−1 (2), we can define a differential
δ : POISS d−1 (n) −→ POISS d−1 (n + 1)
where δ = [m, −] is the Gerstenhaber bracket and δ2 = 0 by associativity [33, Section 3]. The
homology of the cochain complex (POISS d−1 (∗), δ) is called the Hochschild homology of that
multiplicative operad, denoted by HH∗ (POISS d−1 ). This complex is in fact the deformation complex
of the morphism of operads ASS → POISS d−1 , where ASS is the associative algebras operad [19].
Finally, a slight variation of Vassiliev’s spectral sequence for Emb(R, Rd ) produces a spectral sequence
for Emb(R, Rd ) and we have
Theorem 1.3 (Turchin) The E1 page of the Vassiliev spectral sequence computing H∗ (Emb(R, Rd ))
is isomorphic to the Hochschild homology of the Poisson operad with bracket of degree d − 1 .
This statement was first established for the Vassiliev spectral sequence for Emb(R, Rd ) [33], and the
above analogous result is a combination of [35, Theorem 8.4] and [34, Proposition 3.1 and Lemma 4.3].
On the other hand, the E2 page of the Bousfield-Kan spectral sequence for Kd• is by definition the
homology of the conormalisation of the cosimplicial abelian group H∗ (Kd• ). Since the cofaces are
induced by the multiplicative structure on Kd and since the homology of that multiplicative topological
operad is exactly the multiplicative Poisson operad, it is easy to deduce that this E2 page is also
isomorphic to HH∗ (POISS d−1 ) [31, Corollary 1.3]. This implies that the E1 page of the Vassiliev
spectral sequence for Emb(R, Rd ) and the E2 page of the homology spectral sequence for Kd• are
isomorphic. It can be shown that this isomorphism is just a regrading [35, Proposition 0.1]. Since both
of these spectral sequences converge to H∗ (Emb(R, Rd ); Q) for d ≥ 4, Theorem 1.2 implies that the
Vassiliev spectral sequence collapses at the E1 page. As an immediate consequence of this and (1–1)
we have the following
Corollary 1.4 For d ≥ 4 ,
H∗ (Emb(R, Rd ); Q) ⊗ H∗ (Ω2 Sd−1 ; Q) ∼
= H∗ (Emb(R, Rd ); Q) ∼
= HH∗ (POISS d−1 ).
The rational homology of Ω2 Sd−1 is isomorphic to a free graded commutative algebra on one or
two generators depending on the parity of d, so it is very simple. In addition, the E2 page of the
Bousfield-Kan spectral sequence for Kd• , or equivalently the Hochschild homology of the Poisson
operad, can be expressed as the homology of an explicit cochain complex described in terms of the
homology of configuration spaces in Rd which are well understood. In particular, there is an algorithm
for computing this homology which has been used in [35]. Thus, in theory, H∗ (Emb(R, Rd ); Q) is
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completely computable. However, it appears that the algorithmic complexity is exponential and the
only feasible computations are all still in low degrees. What is necessary, and is still lacking, is a deeper
understanding of the structure of HH∗ (POISS d−1 ).
It is easy to see that the homology of the cosimplicial space Kd• depends, up to an obvious regrading,
only on the parity of d. This implies that, up to regrading, all the E2 pages of the homology BousfieldKan spectral sequences of Kd• for d even (respectively d odd) are isomorphic. This completes the proof
of the characterization of the rational homology of spaces of long knots as stated in [17, Theorem 2.3].
Furthermore, the operation of stacking of long knots gives a multiplication which makes Emb(R, Rd )
into an H -space. Therefore the rational homotopy type of Emb(R, Rd ) for d ≥ 4 is completely
determined by its rational homology and is thus virtually known by our main theorem.
Coming back to the original Vassiliev conjecture, notice that by [34, Theorem 5.1] and results of [37,
Section IV], the E1 page of the Vassiliev spectral sequence for Emb(R, Rd ) and the corresponding
E1 page of the Vassiliev spectral sequence for Emb(R, Rd ) are related by an isomorphism E1 ⊗
H∗ (Ω2 Sd−1 ) ∼
= E1 . Therefore Corollary 1.4 and the isomorphism E1 ∼
= HH∗ (POISS d−1 ) from
1
Theorem 1.3 imply the collapse at E of the classical Vassiliev spectral sequence for Emb(R, Rd ),
which is our promised Theorem 1.1.
The homotopy Bousfield-Kan spectral sequence computing the homotopy groups of Emb(R, Rd ) from
the cosimplicial abelian group π∗ (Kd• ) has been studied elsewhere [1]. Using the remarkable fact
that the little d-disks operad is not only formal (i.e. rationally determined by its homology), but also
coformal (i.e. rationally determined by its homotopy), it has been shown in [1] that Theorem 1.2 implies
that the homotopy spectral sequence tensored with the rationals also collapses at the E2 page. A strong
connection between the E2 pages of the rational homology and the homotopy spectral sequences is
exhibited in [20] where it is also shown that the homotopy groups of the space of long knots are also
the homology of a certain graph complex, smaller than the one used for computing the homology of
Emb(R, Rd ). Some computations in this E2 page appeared in [28].
A natural next question is whether our approach gives the collapse of the Vassiliev spectral sequence
for long knots in R3 . There are many difficult issues here, not the least of which is that it is not even
clear what the Vassiliev spectral sequence converges to. However, we are nevertheless able to prove
a certain collapsing result. Indeed, Proposition 8.1 states that the homology Bousfield-Kan spectral
sequence of the cosimplicial replacement of the nth truncation Kd[n] collapses at E2 . This is true for
d ≥ 3, but to deduce the collapse of the Bousfield-Kan spectral sequence for Kd• itself we need some
convergence hypotheses which are only true for d ≥ 4. It at least seems plausible that this spectral
sequence collapses for d = 3. Another interesting question is whether our result can be extended over
the integers.
Finally, it is possible to extend our results to spaces of embeddings of more general manifolds than R
in Rd . This is done by generalizing the following slogan which summarizes our proof of Theorem 1.2:
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Goodwillie-Weiss embedding calculus

+
Kontsevich formality of the little d-disks operad

=⇒

collapse of
spectral sequences
for spaces of embeddings

This slogan was taken much further in [2]. The authors of that paper use Weiss’ orthogonal calculus
to prove a collapse result for a spectral sequence computing the rational homology of Emb(M, Rd ) for
any compact manifold M and d large enough. In particular, it is shown that for large d, the rational
homology of the space of embeddings modulo immersions, H∗ (Emb(M, Rd ); Q), depends only on the
rational homotopy type of M .

1.1 Organization of the paper
In Section 2 we review basic facts on cosimplicial spaces and diagrams. We also recall Sinha’s
cosimplicial model for the space of long knots, the notion of a multiplicative operad and the associated
Gerstenhaber-Voronov/McClure-Smith cosimplicial object, and the definitions of the Kontsevich and
Fulton-MacPherson operads. Formality, which comes from rational homotopy theory, is recalled
in Section 3 where we also prove that the homology Bousfield-Kan spectral sequence of a formal
cosimplicial space, or more generally of the cosimplicial replacement of a formal finite diagram,
collapses at the E2 page. In Section 4 we study a condition on a cosimplicial space that guarantees
that the Bousfield-Kan spectral sequences for its truncations converge. In Section 5 we introduce the
category of fans, which is a variation of the truncated cosimplicial category ∆[n], and in Section 6
show how to associate to any morphism of nonsymmetric operads a diagram shaped on the category of
fans. This generalizes the Gerstenhaber-Voronov/McClure-Smith cosimplicial diagram associated to a
multiplicative operad. In Section 7 we prove a relative version of Kontsevich’s formality of the little ddisks operad and deduce the formality of the fanic diagrams associated to the Kontsevich multiplicative
operad. In the last section we collect these results to give a proof of our main theorem.
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2 The Kontsevich and Fulton-MacPherson operads and Sinha’s cosimplicial model for the space of long knots
In this section we review Sinha’s cosimplicial model for the space of long knots and its relation to the
Kontsevich and Fulton-MacPherson operads. To start, we review some standard facts about cosimplicial
spaces and diagrams as well as the construction of a cosimplicial space associated to a multiplicative
operad.

2.1 Cosimplicial spaces, homotopy totalizations, Bousfield-Kan spectral sequences,
cosimplicial replacement of diagrams, and left cofinal functors.
The standard references for the following basic terminology and facts about cosimplicial objects are [6,
X] and [40, Chapter 8].
The simplicial category ∆ has ordered sets [n] := {0, 1, 2, ..., n}, n ≥ 0, as objects and orderpreserving maps as morphisms. All morphisms in ∆ are compositions of cofaces di : [n] → [n + 1]
and codegeneracies sj : [n] → [n − 1]. A cosimplicial object in a category C is a covariant functor
from ∆ to C . Dually, a simplicial object in C is a contravariant functor from ∆ to C . In particular a
(pointed) cosimplicial space is a covariant functor
X • : ∆ −→ Top (or Top∗ )
from the simplicial category to the category of (pointed) spaces. The standard cosimplicial space is the
cosimplicial space ∆• where ∆n is the standard geometric n-simplex, the cofaces are defined from the
inclusions of faces ∆n ֒→ ∆n+1 , and the codegeneracies are suitable affine projections ∆n → ∆n−1 .
The totalization of a cosimplicial space X • , denoted by Tot X • , is the space of natural maps from the
standard cosimplicial space ∆• to X • ,
Tot X • := Hom∆ (∆• , X • ).
When the cosimplicial space X • is fibrant [6, X.4.6], Tot(X • ) is homotopy equivalent to the homotopy
limit holim∆ X • [6, XI.4.4]. As explained in [5, Section 2.7], the techniques of [6, pp.279-280] imply
that any cosimplicial space X • admits a weakly equivalent fibrant functorial replacement X̃ • . One then
defines the homotopy totalization of X • by
hoTot X • := Tot X̃ • .
Since by definition X̃ • is fibrant and weakly equivalent to X • , hoTot X • is always weakly equivalent
to holim∆ X • . This homotopy totalization hoTot is also weakly equivalent to the homotopy invariant
f used in [31].
totalization Tot
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Consider the full subcategory ∆[n] ⊂ ∆ consisting of objects [0], . . . , [n]. The nth truncation of a
cosimplicial object X • in C is the composite
X•

X[n] : ∆[n] ֒→ ∆ −→ C.
The nth partial homotopy totalization of X • is defined as
hoTotn (X • ) := holim X[n] .
∆[n]

To any cosimplicial space X • one can associate a second quadrant homology Bousfield-Kan spectral
sequence with cofficients in an abelian group A [5], and a homotopy Bousfield-Kan spectral sequence if
X • is pointed [6]. These converge under favorable circumstances to H∗ (hoTot X • ; A) or π∗ (hoTot X • ).
We state certain strong convergence conditions in Section 4.
A diagram of spaces is a covariant functor F : I → Top where I is a small category called the shape of
the diagram. We will also use the notion of a cosimplicial replacement of the diagram F as defined in
[6, XI.5], denoted by Π• F . The nth term of this cosimplicial space is given by
Y
F(i0 )
Πn F :=
f

fn

1
←in )∈Nn (I)
u=(i0 ←···

where the simplicial set N• (I) is the nerve of the category I . The cofaces and codegeneracies are
obtained as suitable diagonal maps and projections. By [6, XI.5.2], the (homotopy) totalization of this
cosimplicial space is weakly equivalent to the homotopy limit of F , i.e.
hoTot(Π• F) ≃ holim F.
I

If θ : J → I is a functor then the I -diagram F induces a J -diagram θ ∗ F := F ◦θ . This change of shapes
functor θ is said to be left cofinal if for every object i in I , the overcategory θ ↓ i is contractible (see
[6, XI.9] with θ ↓ i defined and denoted by θ/i in [6, XI.2.2]). In this case there is a weak equivalence
holim F ≃ holim θ ∗ F.
I

J

2.2 The construction of a cosimplicial object associated to a multiplicative operad following McClure and Smith
Here we recall the notion of the cosimplicial object associated to a multiplicative operad from [26,
Section 3].
Let (C, ⊗, 1) be a symmetric monoidal category where the object 1 is the unit for ⊗. A nonsymmetric
operad O = {O(n)}n≥0 is a collection of objects of C with all the properties of an operad except those
having to do with the actions of the symmetric groups [25, Definition 3.12]. Notice that as part of the
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definition there is a unit morphism id : 1 → O(1) and we also suppose that a (nonsymmetric) operad
has an object in degree 0, contrary to the definition in [24]. We denote by
◦i : O(p) ⊗ O(q) −→ O(p + q − 1), 1 ≤ i ≤ p,
the usual insertion operations induced by the operad structure as defined for example in [24, p. 7].
The associative nonsymmetric operad ASS is defined by ASS(n) = 1 for each n ≥ 0, with operadic
structure maps the standard isomorphisms 1⊗(1+n) ∼
= 1.
A multiplicative operad is a nonsymmetric operad O equipped with a morphism of nonsymmetric
operads µ : ASS → O, ([12],[26, Definition 3.1 and Remark 3.2 (i)]). Such a multiplicative structure
on O is equivalent to having morphisms e : 1 → O(0) and m : 1 → O(2) satisfying
(2–1)

m ◦1 m = m ◦2 m

and

m ◦1 e = m ◦2 e = id.

One can associate a cosimplicial object O• to any multiplicative operad O [26, Section 3] by defining
On = O(n) with the cofaces and codegeneracies given by the following formulas. For x ∈ O(n),
d0 (x) = m ◦2 x,
di (x) = x ◦i m,

for 1 ≤ i ≤ n,

dn+1 (x) = m ◦1 x,
sj (x) = x ◦j e,

for 1 ≤ j + 1 ≤ n.

It is easy to check that the cosimplicial identities are consequences of Equation (2–1).
There are also obvious dual notions of a cooperad, of a coassociative cooperad (also denoted by ASS ),
of a comultiplicative cooperad which has a map too the coassociative operad, and of a simplicial object
associated to a comultiplicative cooperad.

2.3 The Kontsevich multiplicative operad and Sinha’s cosimplicial model
Fix d ≥ 1 and recall that a linear embedding ǫ : R ֒→ Rd has also been fixed.
The Kontsevich operad Kd = {Kd (n)}n≥0 is defined and studied in [31, Definition 4.1 and Theorem
4.5]. Each space Kd (n) is obtained as a suitable compactification of the ordered configuration space of
n points in Rd modulo the action of R ⋉ Rd by scaling and translation. Another feature is that colinear
configurations are identified. More precisely, Kd (n) is the closure of the image of the map
Y
(2–2)
α∗ = (αij )1≤i<j≤n : C(n, Rd ) −→
Sd−1
1≤i<j≤n

where C(n, Rd ) is the space of configurations of n points in Rd and αij : C(n, Rd ) → Sd−1 is defined
by αij (x1 , . . . , xn ) = (xi − xj )/kxi − xj k. It can be shown that this operad is homotopy equivalent to the
classical little d-disks operad.
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The spaces K1 (n) turn out to be homeomorphic to the discrete symmetric group Σn on n letters, since all
configuration on R are colinear. Let K1(0) (n) be the path-connected component of K1 (n) corresponding
to the linearly ordered configuration (1, . . . , n) on the line. Since K1(0) (n) is a one-point space, it is clear
that K1(0) = ASS , the associative nonsymmetric operad in the monoidal cartesian category of spaces.
The linear embedding ǫ induces a morphism of operads
ǫ# : K1 −→ Kd
which sends a configuration on the line to its image under ǫ in Rd . This restricts to a morphism
ǫ# : K1(0) = ASS −→ Kd
which endows Kd with the structure of a multiplicative operad.
One can thus associate a cosimplicial space Kd• , which we will call Sinha’s cosimplicial space, to Kd ,
as outlined in Section 2.2. In more detail, this is a cosimplicial space

//
//
oo
// Kd (2) · · · ,
Kd• = Kd (0) oo
// Kd (1) oo
//

where Kd (n) has the homotopy type of the space of configurations of n points in Rd . Cofaces di
corresponds to “doubling” the ith point of the configuration “infinitesimally” in the direction given by
ǫ and codegeneracies si forget the ith point in the configuration. This is explained in detail in [29, 31].
We have the following important result due to Sinha.
Theorem 2.1 ([31], Corollary 1.2) For d ≥ 4 , the space of long knots modulo immersion is weakly
equivalent to the homotopy totalization of the cosimplicial space associated to the Kontsevich operad,
i.e.
Emb(R, Rd ) ≃ hoTot(Kd• ).

2.4 The Fulton-MacPherson operad
We recall here the Fulton-MacPherson operad and its relation to the Kontsevich operad. We will need
this operad to establish certain formality results. Our main reference is [30], although this operad is
also studied in [3, 11, 13, 18, 23].
The Fulton-MacPherson operad, Fd = {Fd (n)}n≥0 , is a topological operad whose nth term is also
a compactification of C(n, Rd ) modulo scaling and translation. The difference between this and the
compactification defining the Kontevich operad is that no identification of the collinear configurations
takes place. More precisely, Fd (n) is defined as the closure of the image of the map
Y
Y
(2–3)
(α∗ , β∗ ) : C(n, Rd ) →
Sd−1 ×
[0, ∞]
1≤i<j≤n
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where α∗ = (αij )1≤i<j≤n is as in (2–2) and β∗ = (βijk )1≤i<j<k≤n is defined by βijk (x1 , · · · , xn ) =
kxi − xj k/kxi − xk k [30, Definition 4.11]. There is a morphism of operads
(2–4)

q : Fd −→ Kd

induced by the obvious projection between the target spaces of maps (2–3) and (2–2). Each q : Fd (n) →
Kd (n) is a homotopy equivalence [30, Corollary 5.9] (see also [31, Theorem 4.2]), as is the map of
operads (2–4) [27] (see also [22, Section 2]).
Denote by F1(0) (n) the path component in F1 (n) containing the linearly ordered configuration (1, . . . , n)
on the line. This defines a nonsymmetric operad F1(0) which is homeomorphic to the Stasheff operad.
In particular F1(0) (n) is the nth associahedron which is a convex polytope of dimension n − 2 (or 0 for
n < 2) [30, Section 4.4]. The linear embedding ǫ induces a morphism ǫ# : F1(0) → Fd and we have a
commutative diagram of nonsymmetric operads
(2–5)

F1(0)

ǫ#

// Fd
q ≃

q ≃



ASS = K1(0)

ǫ#


// Kd

where the vertical maps are homotopy equivalences.
The operad Fd is not multiplicative but since each F1(0) (n) is contractible, ǫ# in a sense endows Fd with a
multiplicative structure “up to homotopy”. Thus we cannot apply the Gerstenhaber-Voronov/McClureSmith construction directly to obtain a cosimplicial space out of Fd , but we will see in Section 6 that
one can associate a more general diagram to Fd which generalizes this construction.

3 Formality and collapse of the homology Bousfield-Kan spectral sequence
In this section we recall the notion of a formal diagram in rational homotopy theory and we show that
the homology Bousfield-Kan spectral sequence of a formal cosimplicial space collapses at the E2 page.
We also show that formality of a finite diagram is preserved by passing to its cosimplicial replacement.
We first review some classical notions in rational homotopy theory for which [10] is the standard
reference. Let K be a field of characteristic 0 and denote by CDGA the category of commutative
differential graded algebras. Let
APL ( − ; K) : Top → CDGA
be Sullivan’s functor of piecewise polynomial forms as defined in [10, §10 (c)] and recall that, for a
space X , H(APL (X; K)) ∼
= H ∗ (X; K). In fact APL ( − ; K) is naturally connected by a zig-zag of quasiisomorphisms of cochain complexes to the singular cochains C∗ (−; K) [10, §10(e)]. The definition of
a formal space was introduced in [9], and it can be generalized to diagrams as follows.
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Definition 3.1 Let I be a small category and let K be a field of characteristic 0. A functor A : I →
CDGA is called formal if it is connected by a zig-zag of natural quasi-isomorphism to its homology H(A).
A diagram of spaces F : I → Top is called K-formal if the contravariant functor APL (F; K) : I → CDGA
is formal.
As a special case, a cosimplicial space X • is formal if the diagram X • : ∆ → Top is formal. Our main
interest in this is the following collapsing result.
Proposition 3.2 Let X • be a cosimplicial space and let K be a field of characteristic 0 . If the
cosimplicial space X • is K -formal then the homology Bousfield-Kan spectral sequence for X • with
coefficients in any field of characteristic 0 collapses at the E2 page.
Proof We consider the homology Bousfield-Kan spectral sequence as constructed in [5, Section
2.1]. For a cosimplicial chain complex V∗• , denote by {Er (V∗• )}r≥0 the spectral sequence
Q induced by
the filtration by cosimplicial degree in the associated total complex of the bicomplex m≥0 N m (V∗• ).
Here N ∗ is the conormalization as defined in [5, Section 2] or in [40, Chapter 8]. It is clear that
{Er (C∗ (X • ; K))}r≥0 coincides from the E2 page with the homology Bousfield-Kan spectral sequence
of X • . The K-formality of the cosimplicial space and the natural equivalence between APL and singular
cochains imply that there is a zig-zag of quasi-isomorphisms
C∗ (X • ; K) oo

≃

···

≃

// H∗ (X • ; K).

Therefore the spectral sequence {Er (C∗ (X • ; K))}r≥0 coincides from the E1 page with
{Er (H∗ (X • ; K))}r≥0 . But the latter spectral sequence collapses at E2 because each H∗ (X n ; K) is a
chain complex with 0 differential so that the vertical differential in the associated bicomplex is trivial.
This proves the statement for K. We also have an isomorphism of spectral sequences
{Er (C∗ (X • ; K))}r≥0 ∼
= {Er (C∗ (X • ; Q)) ⊗Q K}r≥0 ,
and therefore the spectral sequence with rational coefficients collapses at the same page. Applying this
argument in the opposite direction proves the result for any field of characteristic 0.
If we could prove that Sinha’s cosimplicial space Kd • was formal we would deduce immediately from
the last proposition the collapse of the associated homology Bousfield-Kan spectral sequence as claimed
in Theorem 1.2. Unfortunately, it seems difficult to prove formality of Kd • directly, so we will prove
formality of some other diagrams approximating Kd • instead. But in order to deduce collapsing results
from formality of these auxiliary diagrams, we now need to show that the cosimplicial replacement of
a formal finite diagram is a formal cosimplicial space.
A category I is said to be finite if it has a finite number of morphisms (hence of objects).
Proposition 3.3 Let I be a finite category, let K be a field of characteristic 0 , and let F : I → Top be
a diagram. If F is K -formal then so is its cosimplicial replacement Π• F .
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Proof Recall from [6, XI.5] and from the end of Section 2.1 the definition of the cosimplicial replacement Π• F . Inspired by this construction we associate to a contravariant functor A : I → CDGA a
simplicial CDGA, which we denote by ⊗• A and define as follows. Let N• (I) be the nerve of I and
denote by


f1

fn

u = i0 ← · · · ← in

a typical element of Nn (I). The nth term of ⊗• A is given by
O
(⊗• A)n :=
A(i0 ).
u∈Nn (I)

Before defining the cofaces, notice that for u ∈ Nn (I), taking all possible factorizations fi = f ′′ ◦ f ′ for
a fixed 1 ≤ i ≤ n, postcomposing by all possible maps g : i−1 ← i0 with source i0 , or precomposing
with all possible maps h : in ← in+1 with target in gives isomorphisms

 ⊗u∈Nn (I) ⊗fi =f ′ ◦f ′′ A(i0 )
(⊗• A)n+1 ∼
⊗
⊗
A(i−1 )
=
 u∈Nn (I) g : i−1 ←i0
⊗u∈Nn (I) ⊗h : in ←in+1 A(i0 ).
The faces ∂i are defined using these isomorphisms and the multiplicative structure:


O
O
Ψu

A(i−1 ) −→
A(i0 )
∂0 =
u∈Nn (I)

∂i =

O

u∈Nn (I)

∂n+1 =

O

u∈Nn (I)

g : i−1 ←i0







O

fi =f ′ ◦f ′′

O

mult



A(i0 ) −→ A(i0 ) , 1 ≤ i ≤ n,


h : in ←in+1

mult
A(i0 ) −→ A(i0 ) ,

where Ψu (⊗g xg ) is the product of the A(g)(xg ) over the finite set of maps g : i−1 ← i0 with source i0 ,
for xg ∈ A(i−1 ). To define the codegeneracies σj we use the unit map η : K → A(i) associated to any
CDGA and we set
O
O
id⊗η O
σj :
A(i0 ) −→
A(i0 ).
A(i′ ) ∼
=
0

u′ ∈Nn−1 (I)

u∈Nn (I),fj =id

u∈Nn (I)

We call ⊗• A the simplicial replacement of the contravariant functor A. Notice that we need the nerve
of I to be finite in each degree for the above maps to be well defined.
When F : I → Top is a formal diagram of spaces, applying this simplicial replacement to each term
in the zigzag of CDGA quasi-isomorphisms connecting APL (F) and H∗ (F) gives a zig-zag of quasiisomorphisms of simplicial CDGAs
(3–1)
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Kunneth (quasi-)isomorphisms induce a quasi-isomorphism of simplicial CDGAs
≃

⊗• APL (F) −→ APL (Π• F),
and similarly the standard Kunneth isomorphism gives an isomorphism
∼
=

⊗• H∗ (F) −→ H∗ (Π• F).
Combining this with the quasi-isomorphisms (3–1) proves the formality of Π• F .

4 Convergence of Bousfield-Kan spectral sequences for cosimplicial
spaces and their truncations
Throughout this section, X • is a simply-connected pointed cosimplicial space. We will establish a
condition on such a cosimplicial space which guarantees that the Bousfield-Kan spectral sequences of
its truncations converge. We also prove a folklore theorem which says that a left cofinal change of
shape preserves the E2 pages of the homotopy and homology Bousfield-Kan spectral sequences.
Our main convergence hypotheses will be the following
Definition 4.1 We say that X • is well above the diagonal at page Er if that page of the second-quadrant
homotopy Bousfield-Kan spectral sequence associated to X • satisfies the conditions
r
(i) E−p,q
= 0 for q ≤ p, and
r
(ii) for each i there are finitely many p such that E−p,p+i
6= 0.
r
In other words, these conditions say that there are no terms on the main diagonal E−p,p
or below, and
that there are finitely many terms on each diagonal line of slope −1. Such conditions already appear in
[5].

Consider now the nth truncation X[n] of X • . To prove a convergence result for the Bousfield-Kan
spectral sequences of its cosimplicial replacement Π• (X[n] ), we need the following lemma relating the
homotopy spectral sequences associated to X • and Π• (X[n] ).
Recall the conormalisation functor N∗ : Ab∆ → Ch≥0 from cosimplicial abelian groups to nonnegatively graded cochain complexes as defined in [40, Section 8.4] or in [5, Section 2]. For a cochain
complex C∗ define its nth truncation τ n C∗ to be the cochain complex given by
 n ∗q
(τ C ) = Cq if q ≤ n
(τ n C∗ )q = 0 if q > n
with the differential induced in the obvious way from the differential on C∗ .
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Lemma 4.2 The E2 page of the homotopy Bousfield-Kan spectral sequence associated to Π• (X[n] ) is
given by
2
E−p,q
= Hp (τ n N∗ (πq (X • ))).
Proof The following proof was given to us by P. Bousfield. By [6, XI.7.1] we have an isomorphism
p
2
∼
E−p,q
= lim∆[n] πq (X[n] ), where limp is the pth left derived functor of lim0 = lim. Recall for example
from [40, 8.4] the Dold-Kan Theorem which states that the conormalisation functor N∗ : Ab∆ → Ch≥0
is an equivalence of abelian categories. It is not difficult to adapt the proof of that result to get an
equivalence of abelian categories
N∗n : Ab∆[n] −→ Ch[n]
between n-truncated cosimplicial abelian groups and cochain complexes concentrated in degrees
0, . . . , n. Here N∗n is defined in the obvious way by mimicking the definition of the usual conormalisation N∗ . In particular for a cosimplicial abelian group A• we have that N∗n (A[n] ) ∼
= τ n (N∗ (A• )).
Notice that, as with the usual Dold-Kan correspondence, for a truncated cosimplicial abelian group A
in Ab∆[n] we have an isomorphism lim0∆[n] A ∼
= H0 (N∗n (A)). By a universal δ -functor argument, Hp is
the pth left derived functor of H0 in Ch[n] . The equivalence of abelian categories implies therefore that
limp∆[n] A ∼
= Hp (N∗n (A)). Collecting these results proves our lemma.
Proposition 4.3 If X • is well above the diagonal at the E1 page then

(i) The homotopy and homology Bousfield-Kan spectral sequences associated to X • converge
strongly to π∗ (hoTot X • ) and H∗ (hoTot X • ) ;
(ii) The homotopy and homology Bousfield-Kan spectral sequences associated to Π• (X[n] ) converge
strongly to π∗ (hoTotn X • ) and H∗ (hoTotn X • ) ;
(iii) H∗ (hoTot X • ) ∼
= lim H∗ (hoTotn X • ) .
←

Proof (i) Since X • is well above the diagonal at E1 it is also well above the diagonal at E2 . Then the
statement we want is exactly the content of the results in [6, Proposition IX.5.7] and [5, Theorem 3.2].
(ii) By Lemma 4.2 we have that Π• (X[n] ) is well above the diagonal at E2 . Moreover hoTot(Π• (X[n] )) ≃
hoTotn X • . Thus (ii) follows from the same argument as in (i).
(iii) By the hypothesis and Lemma 4.2 we have that the connectivity of the map of spectral sequences
between the E2 pages of the homotopy spectral sequence for X • and Π• (X[n] ) tends to infinity with n.
By the convergence of these homotopy spectral sequences this implies that the connectivity of the map
hoTot X • → hoTotn X • tends to infinity with n. Therefore the same is true for the homologies.
The following is part of the content of [29, Corollary 7.4].
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Proposition 4.4 (Sinha) For d ≥ 4 , Kd• is well above the diagonal at the E1 page.
The last result of this section is a comparison theorem for Bousfield-Kan spectral sequences of cosimplicial replacements of diagrams which are connected by a left cofinal functor (see end of Section 2.1).
We could not find a proof for this folklore result in the literature so we include one here. The proof
below is due to W. Dwyer (P. Bousfield has also given us another proof).
Proposition 4.5 Let θ : I → J be a functor between finite categories and let F : J → Top be a J diagram of (pointed) spaces. If θ is left cofinal then both homotopy and rational homology BousfieldKan spectral sequences associated to the cosimplicial replacements Π• F and Π• (θ ∗ F) agree from the
E2 pages.
Proof The proof mimicks that of [6, Proposition XI.9.2] and we follow most of the notation from there.
Recall from the proof of Proposition 3.3 the simplicial CDGA associated to a contravariant functor of
CDGAs. The Kunneth quasi-isomorphism
≃

⊗• APL (F) −→ APL (Π• F)
implies that the rational homology Bousfield-Kan spectral sequence for Π• F coincides from the E2
term with the spectral sequence of the double complex N∗ (⊗• APL (F)), and we have an analogous result
for Π• θ ∗ (F).
Define a bisimplicial commutative graded algebra (CGA)
⊗•,• (H∗ (F), θ)
with the (n, q) term defined by
⊗n,q (H∗ (F), θ) = ⊗(u,v,γ) H∗ (F(j0 ))
where the tensor product is taken over
α

α

u = (i0 ←1 · · · ←n in ) ∈ Nn (I),

β

βq

v = (j0 ←1 · · · ← jq ) ∈ Nq (J),

γ : θ(i0 ) → jq .

The faces and degeneracies in both directions are obvious generalizations of those in the proof of
Proposition 3.3.
We can take the normalization of this bisimplicial CGA with respect to the first (i = 1) or the second
(i = 2) simplicial degree to get a simplicial chain complex

∗
N(i)
∗ ⊗•,• (H (F), θ) .
In the first direction we have


∗
∗
N(1)
∗ (⊗•,• (H (F), θ)) q = ⊗v∈Nq (J) N∗ ⊗(u,γ)∈N• (F↓jq ) H (F(j0 )) .
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Denote by H∗ (F(j0 ))• the constant cosimplicial CGA which consists of the ring H∗ (F(j0 )) in each degree
with the identity maps as faces and degeneracies. The category of simplicial CGAs is a simplicial model
category [14, II.3 and II.5.2.(3)]. So we have the simplicial CGA
N• (F ↓ jq ) ⊗ H∗ (F(j0 ))• ∼
= ⊗(u,γ)∈N• (F↓jq ) H∗ (F(j0 ),
and by cofinality, N• (F ↓ jq ) is weakly equivalent to the simplicial set ∗• consisting of the singleton in
each degree. Using [14, Proposition II.3.4.] we get a weak equivalence of simplicial CGAs
N• (F ↓ jq ) ⊗ H∗ (F(j0 ))• ≃ ∗• ⊗ H∗ (F(j0 ))• = H∗ (F(j0 ))•
and deduce a weak equivalence of simplicial chain complexes
∗
∗
N(1)
∗ (⊗•,• (H (F), θ)) ≃ ⊗• H (F)

(4–1)

where each H∗ (F(j0 )) is a chain complex concentrated in degree 0.
In the other direction,


∗
∗
N(2)
∗ (⊗•,• (H (F), θ)) n = ⊗u∈Nn (I) N∗ ⊗• H (θ(i0 ) ↓ F) ,

where θ(i0 ) ↓ F is the composite

F

θ(i0 ) ↓ J −→ J −→ Top.
Here θ(i0 ) ↓ J is the undercategory (denoted by J\θ(i0 ) in [6]). This undercategory has the identity
map at θ(i0 ) as an initial object. It is easy to deduce, by an extra degeneracy or a spectral sequence
argument, that ⊗• H∗ (θ(i0 ) ↓ F) is weakly equivalent to the constant simplicial CGA H(F(θ(i0 ))• . We
then have a weak equivalence of simplicial chain complexes
(4–2)

∗
∗ ∗
N(2)
∗ (⊗•,• (H (F), θ)) ≃ ⊗• H (θ F)

where each H∗ (θ ∗ F(i0 )) is a chain complex concentrated in degree 0.
The left hand sides of the weak equivalences (4–1) and (4–2) are the E1 page of spectral sequences
computing the homology of the totalization of the double complex obtained as the double normalization
of ⊗•,• (H∗ (F), θ). Moreover these weak equivalences show that the homology of the E1 pages is
concentrated on a single line. Hence both of these spectral sequences collapse at E2 , and since they
converge to the same thing, these E2 pages are isomorphic. We deduce that the homologies of the
normalizations of ⊗• H∗ (F) and ⊗• H∗ (θ ∗ F) are isomorphic. Those are exactly the E2 pages of the
homology Bousfield Kan spectral sequences of Π• F and Π• θ ∗ F .
The proof for the homotopy spectral sequence is similar.
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5 Categories of fans, fanic diagrams, and truncated cosimplicial objects
In this section we introduce a sequence of finite categories Φ[n] that we call categories of n-fans. They
will serve in the next section as shapes of certain fanic diagrams associated to morphisms of operads,
generalizing the Gerstenhaber-Voronov cosimplicial object associated to a multiplicative operad. We
also construct a left cofinal functor φn : Φ[n] → ∆[n].
Recall that a planar tree is an isotopy class of an embedding of the realization of a contractible finite
1-dimensional simplicial complex in the plane. In particular a planar tree consists of a finite set of
vertices and edges. The valence of a vertex is the number of edges ending in that vertex. A leaf is a
vertex of valence 1. The embedding in the plane induces a clockwise cyclic order on the leaves.
Definition 5.1
• For a natural number n, an n-fan is a planar tree with a distinguished vertex
called the bead such that each vertex, except maybe the bead, is of valence different from 2
and with n + 1 leaves other than the bead which are labeled in the clockwise cyclic order by
0, 1, . . . , n. The leaf labeled 0 is called the root. The bead and vertices which are not leaves are
called the non-labeled vertices.
• Define a partial order on the set of n-fans by declaring that T ≤ T ′ if the n-fan T ′ is obtained

from the n-fan T by contracting some edges connecting non-labeled vertices and where the bead
in T ′ is the vertex obtained by contracting the subtree of T containing its bead.
• The category corresponding to such a poset of n-fans is called the n-fanic category and is denoted

by Φ[n]. Thus there is a unique morphism T → T ′ if and only if T ≤ T ′ .
• A diagram shaped on the fanic category Φ[n] is called an n-fanic diagram.

Example 5.2 Figure 1 gives examples of an 8-fan in (a) and of two 3-fans in (b) and (c). The bead is
the vertex pictured as a small circle. The left-hand side of Figure 2 represents the category Φ[2].
3
4
2

5

6
1

2

7

3

2
1
8
1
3

0

(a)

0

0

(b)

(c)

Figure 1: Three examples of fans
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Remark 5.3 The name “fan” is motivated by the fact that one can define a functor from fans to rooted
trees which “opens" them along the edge emanating from the bead, much as one opens a fan. For more
details on this, see [21]. The realization of Φ[n] is homeomorphic to the barycentric subdivision of the
n-dimensional cyclohedron Cn introduced by Bott and Taubes in [4].
Definition 5.4 We say that a n-fan T is i-separated for i ∈ [n] if either
• the bead is not a leaf and the shortest path in T joining leaves i and (i + 1) mod (n + 1) goes

through the bead, or
• the bead is a leaf and it is between leaves i and (i + 1) mod (n + 1) in the clockwise cyclic

order.
Example 5.5 In Example 5.2 the fans are i-separated for
(a) i = 1, 3, 4, 7;
(b) i = 0, 2;
(c) i = 2.
Let P0 ([n]) be the category whose objects are non-empty subsets of [n] = {0, . . . , n} and whose
morphisms are inclusions. Define a functor
θn : Φ[n] −→ P0 ([n])
by setting, for an n-fan T ,
θn (T) := {i ∈ [n] : T is i-separated}.
It is immediate that θn is an order-preserving map between the two posets and hence a functor.
Proposition 5.6 The functor θn : Φ[n] −→ P0 ([n]) is left cofinal.
Proof A quick way to prove this result would be to write this functor as a composition θn = Fn Πn ,
where Πn is the projection from the poset of faces of a cyclohedron to the poset of faces of an
associahedron; see [21, Subsection 2.3] and Remark 5.3. By [21, Theorem 5] Πn is left cofinal, and by
[29, Proposition 4.15] Fn has the same property. This would imply the cofinality of θn .
However, to the best of our understanding, the proof of [29, Proposition 4.15] appear to be incorrect.
Contrary to what is stated there, the poset Fn ↓ S does not in general have a terminal object.1 Similarly
θn ↓ S does not in general have a terminal object.
However, here is another proof of the cofinality of θn . The argument that follows in fact can be used in
exactly the same way to show the cofinality of Fn .
We will be using the following general result.
1

For example, the poset F3 ↓ {2, 3} does not have a terminal object (see [29, Figure 4.4]); its realization is
the union of the lower and the left edges of the pentagon on that figure.
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Lemma 5.7 [21, Proposition 3.13] Let Π : B → A be a map of posets satisfying the following
properties:
• for any a ∈ A , the poset Π−1 (a) is contractible;
• for any a ∈ A and b ∈ B such that a ≤ Π(b) , the poset

Π−1 (a | ≤ b) = {b′ ∈ B | Π(b′ ) = a and b′ ≤ b}

is contractible.
Then Π is left cofinal.
It is easy to see that θn−1 (S) has a terminal element given by the only fan T ∈ Φ[n] such that θn (T) = S
and the distance between the bead and any of its leaves is at most 2. Thus θn−1 (S) is contractible. (The
morphisms in θn−1 (S) contract only those edges that are not adjacent to the bead. The poset θn−1 (S) is
actually isomorphic to a product of posets with each factor being the poset of faces of an associahedron.
The realization of θn−1 (S) is a face of the cyclohedron.) Similarly any poset θn−1 (S | ≤ T) (such that
S ⊂ θn (T)) has a terminal element given by a fan T ′ obtained from T by an appropriate expansion of
the bead.2 For example, for a tree T

2
3

1
0

(notice that θ3 (T) = {0, 2, 3}), the terminal object of θ3−1 ({2, 3} | ≤ T} is

2

3

1
0

.

2
By "expansion of the bead" we mean a surgery on the fan that changes only the vicinity of the bead as in this
figure:

.
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Recall the functor Gn : P0 ([n]) → ∆[n] from [29, Definition 6.3], defined as follows. For a non∼
=
empty subset S ⊂ [n] consider the only order preserving bijection fS : S → [(#S) − 1]. Define
Gn (S) = [(#S) − 1] and for a morphism j : S ֒→ T in P0 ([n]) let Gn (j) be the composite fT ◦ j ◦ fS−1 . It
turns out that Gn is left cofinal [29, Theorem 6.7].
Now let φn be the composite
φn := Gn θn : Φ[n] −→ ∆[n].

(5–1)

Theorem 5.8 The functor φn : Φ[n] → ∆[n] is left cofinal.
Proof This is immediate from Proposition 5.6 and the cofinality of Gn from [29, Theorem 6.7].
Example 5.9 Figure 2 gives the shapes of Φ[2], P0 ([2]), and ∆[2] and the functors θ2 and G2 .
{2}

{1,2}

{0,2}

[0]

{0,1,2}
{0}

[1]

[2]

{1}
{0,1}

Φ[2]

P0 ([2])

∆[2]

Figure 2: The functor φ2

6 The fanic diagram associated to a morphism of nonsymmetric operads
Recall from Section 2.2 the construction that associates a cosimplicial object to a multiplicative operad.
Here we generalize this construction by associating a fanic diagram to any morphism of nonsymmetric
operads.
Let µ : R → M be a morphism of nonsymmetric operads in a symmetric monoidal category C . Recall
the category Φ[n] of n-fans defined in Section 5. We now describe a fanic diagram
c{n} : Φ[n] −→ C
M
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which will depend on µ even if only M appears in the notation. We first define the value of the diagram
c{n} on objects. Let T ∈ Φ[n] be an n-fan. Orient each edge of T in the unique way such that its
M
origin is on the shortest path joining the root to the end of that edge. For a vertex v other than the root
let |v| be the number of edges emanating from v. Since v has exactly one incoming edge, we have
|v| = valence(v) − 1.
Recall that the leaves other than the bead of the fan T are labeled and that the other vertices, including
the bead, are called the non-labeled vertices. For any non-labeled vertex v of T set

M(|v|), if v is the bead;
M(T : v) :=
R(|v|), if v is not the bead.
Set

c{n} (T) :=
M

O

M(T : v)

v

where the monoidal product is taken over all the non-labeled vertices v of T .
c{n} on morphisms, let e be an edge of T between two non-labeled vertices x and y such
To define M
that e is oriented from x to y. Since x is not the root there is a single edge that ends in x. Label this
edge 0 and label all the edges emanating from x with 1, . . . , |x| such that they appear in the clockwise
order. Hence the edge e is assigned some label 1 ≤ i ≤ |x|. Let T := T/e be the fan obtained by
contracting the edge e and let e be the vertex in T corresponding to that contracted edge. By definition,
e is the bead of T if and only if x or y is the bead of T . Notice also that the non-labeled vertices v
other than x and y in T are in bijection with the non-labeled vertices of T other than e. The operadic
structures and the morphism µ induce an obvious insertion map
◦i : M(T : x) ⊗ M(T : y) −→ M(T : e).
c{n} (T → T/e) to be the composite
We define the morphism M
O
O
◦i ⊗id
c{n} (T).
c{n} (T) ∼
M
M(T : v) ∼
M(T : v) −→
M(T : e) ⊗
=M
= M(T : x) ⊗ M(T : y) ⊗
v6=ē

v6=x,y

Proposition 6.1 Let n ≥ 0 and let C be a symmetric monoidal category.
(1) For any morphism µ : R → M of nonsymmetric operads in C the above construction gives a
well-defined functor
c{n} : Φ[n] −→ C.
M

(2) This construction is functorial, i.e. any commutative square of nonsymmetric operads
(6–1)

R

µ

// M
g

f



R′

µ′


// M′

d′ {n} .
c{n} −→ M
induces a natural transformation b
g: M
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c{n} on objects and contractions of one edge. Since any
Proof For (1), we have already defined M
morphism in Φ[n] is a composition of such contractions, we only have to check that the image under
c{n} of a composition does not depend on the order in which we contract the edges. For this, it is
M
enough to check that if e1 and e2 are two distinct edges between non-labeled vertices in an n-fan T ,
then
c{n} (T/e1 → T/{e1 , e2 }) ◦ M
c{n} (T → T/e1 ) = M
c{n} (T/e2 → T/{e1 , e2 }) ◦ M
c{n} (T → T/e2 ).
M
This is an elementary check and is left to the reader.
O
b
For (2), given an object T of Φ[n], set b
g(T) :=
g(T : v) where the tensor product is taken over the
v

non-labeled vertices v of T and



g(|v|),
f (|v|),
This defines the desired natural transformation.
b
g(T : v) :=

if v is the bead;
if v is not the bead.

Suppose moreover that the category C is equipped with a certain class of morphisms called weak
equivalences. This induces a class of weak equivalences on diagrams in C by declaring that a natural
transformation between two diagrams is a weak equivalence if the map associated to each object of
the indexing category is a weak equivalence. In particular this induces a class of weak equivalences of
operads in C .
Proposition 6.2 Suppose that the symmetric monoidal category is equipped with a class of morphisms
called weak equivalences that is stable under ⊗ and contains all isomorphisms. If the morphisms of
nonsymmetric operads f and g in the commutative square (6–1) are weak equivalences then the natural
transformation b
g is also a weak equivalence.
Proof Follows from the definition of b
g and the fact that the class of weak equivalences is stable under
tensor product and contains the reordering isomorphisms.

Lastly, we explain in which sense the above construction is a generalization of the cosimplicial object
associated to a multiplicative nonsymmetric operad. Recall the functor φn : Φ[n] → ∆[n] from
Equation (5–1) which is left cofinal by Theorem 5.8. The proof of the following is straightforward.
Theorem 6.3 Let µ : ASS → M be a multiplicative nonsymmetric operad. Let M[n] : ∆[n] → C
c{n} be the n -fanic diagram
be the n th truncation of the associated cosimplicial object M• and let M
asscoiated to the morphism µ . Then the following diagram commutes:

φn

c{n}
M

//
z== C
z
z
zz
zzM[n]
z
 z

Φ[n]

∆[n].
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Corollary 6.4 Let M be a multiplicative operad of spaces, let M• be the associated cosimplicial
c{n} be the associated n -fanic diagram for n ≥ 0 . Then there is a homotopy equivalence
space and let M
c{n} ≃ hoTotn (M• ).
holim M
Φ[n]

Proof This is a consequence of Theorem 6.3 and Theorem 5.8.
Remark 6.5 Notice that all the results of this section can be easily dualized for cooperads. In
particular, to a morphism of cooperads µ∗ : M∗ → R∗ in C we can associate a cofanic diagram
d∗ {n} : Φ[n]op → C where (−)op means the opposite category. We leave it as an exercise for the
M
reader to state and prove these dual results.
Remark 6.6 Notice that the map µ : R → M endows M with the structure of a bimodule over the
nonsymmetric operad R. It is easy to see that the entire discussion above can actually be applied to
any such bimodule. In particular, one has an associated fanic diagram for a bimodule (this motivates
c{n} where M denotes that bimodule).
the notation M

Remark 6.7 It is possible to describe an infinite category Φ filtered by the categories Φ[n]. One can
c{∞} : Φ → C whose restriction to Φ[n] is M
c{n} , and a left cofinal
also construct an ∞-fanic diagram M
c{∞} . This seems
functor φ : Φ → ∆. In the case of a multiplicative operad M, we have φ∗ M• ∼
=M
to be a more natural generalization of the Gerstenhaber-Voronov construction since it relates directly
to the cosimplicial object M• instead of its truncations. However, we do not use this construction here
since the homology Bousfield-Kan spectral sequence of the cosimplicial replacement of the infinite
category Φ might be troublesome.

7 Formality of the Fulton-McPherson fanic diagram
Recall from Section 2.4 the Fulton-MacPherson operad Fd which consists of suitable compactifications
of configuration spaces in Rd . A linear inclusion ǫ : R → Rd induces a morphism of nonsymmetric
operads
ǫ# : F1(0) → Fd
where F1(0) is the principal path component of the Fulton-MacPherson operad in dimension 1. From
Section 6, we then have an associated n-fanic Fulton-MacPherson diagram
cd {n} : Φ[n] −→ Top.
F

The goal of this section is to establish the following

cd {n} is R -formal.
Theorem 7.1 For d ≥ 3 and n ≥ 0 , the Fulton-McPherson fanic diagram F
Geometry & Topology XX (20XX)
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The proof of this theorem is based on Kontsevich’s theorem on the formality of the little d-disks operad,
proved in [18, Section 3], with some relevant parts appearing in [19, Appendix 8]. A more detailed
proof can be found in [22]. We now recall the main ingredients and ideas of this proof.
To prove the formality of the little d-disks operad, Kontsevich proves the formality of Fd , the homotopy
equivalent Fulton-MacPherson operad in dimension d (even if in [18] he defines what is now called the
Kontsevich operad). To do so he starts by constructing a combinatorial cooperad of CDGAs as follows.
Consider the set of finite oriented graphs with n external vertices (labeled from 1 to n) and some
other, internal, vertices. Each internal vertex is at least trivalent and is connected by a path to some
external vertex. No double edges or loops are allowed and an ordering of the internal vertices and edges
is imposed. Such graphs are called admissible [18, Definition 13]. Denote by Dd (n) the real vector
space generated by admissible graphs with n external vertices, and with certain identifications (with
appropriate signs) having to do with reordering of internal vertices or edges or reversal of orientations
of edges. The degree of an admissible graph Γ is deg(Γ) := e(d − 1) − qd where e is the number of
edges and q is the number of internal vertices. A degree +1 differential d(Γ) on Dd (n) is defined as
the alternating sum of the graphs obtained from Γ by contracting an edge whose at least one vertex is
internal. There is also a multiplication on Dd (n) where the product of two admissible graphs is obtained
by gluing the graphs along their common external vertices. This equips Dd (n) with the structure of a
CDGA over R. Moreover, the sequence Dd = {Dd (n)}n≥0 admits a structure of a cooperad in CDGA.
One other important ingredient, developed in [19, appendix 8], is the functor of semi-algebraic differential forms
Ω∗PA : {semi-algebraic sets} −→ CDGA,
mimicking the de Rham functor of smooth differential forms on smooth manifolds, where a semialgebraic set is a subset of Rn defined by finite sets of polynomial inequalities and boolean operations.
This functor Ω∗PA is naturally quasi-isomorphic to the functor APL (−; R). One fact which will be
important to us is that if X is a semi-algebraic set of dimension dim(X) ≤ m then ΩiPA (X) = 0 for
i > m.
The spaces Fd (n) are semi-algebraic manifolds and Kontsevich’s idea is to assign to each admissible
graph Γ ∈ Dd (n) of degree r a certain semi-algebraic differential form I(Γ) = ωΓ ∈ ΩrPA (Fd (n)). This
defines a CDGA morphism
In : Dd (n) −→ Ω∗PA (Fd (n)).
On the other hand, it is easy to construct an explicit CDGA morphism
Īn : Dd (n) −→ H∗ (Fd (n); R)
that sends to 0 any admissible graphs with at least one internal vertex and that sends the admissible
graph with a unique edge joining the external vertices i and j, for 1 ≤ i < j ≤ n, to the generator gij
in the usual presentation of the cohomology of the configuration space
^
H∗ (Fd (n); R) ∼
= ({gij : 1 ≤ i < j ≤ n})/ ∼ .
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The exact presentation for the three equivalence relations ∼ (one of which is the Arnold, or three-term,
relation) can be found, for example, in [29, Section 7].
It can be proved that Īn is a quasi-isomorphism and, since In is surjective on the indecomposables in
cohomology, it is also a quasi-isomorphism. Finally, it would be nice if these were quasi-isomorphisms
of cooperads, but they are not because the contravariant functor Ω∗PA is not monoidal and so Ω∗PA (Fd )
does not inherit the structure of a cooperad. Nevertheless I = {In }n≥0 is almost a quasi-isomorphism
of cooperads. More precisely, we have the following
Theorem 7.2 ([22]) There is a commutative diagram

(7–1)

φ

Dd (n)

// Dd (k) ⊗ Dd (n1 ) ⊗ · · · ⊗ Dd (nk )
≃ Ik ⊗In1 ⊗···⊗Ink



Ω∗PA (Fd (k)) ⊗ Ω∗PA (Fd (n1 )) ⊗ · · · ⊗ Ω∗PA (Fd (nk ))

In ≃

≃ Kunneth



Ω∗PA (Fd (n))

Ω∗PA (µ)


// Ω∗ (Fd (k) × Fd (n1 ) × · · · × Fd (nk ))
PA

where µ and φ are the (co)operadic structure maps on Fd and Dd and the vertical maps are quasiisomorphisms.
≃

On the other hand, {Īn : Dd (n) → H∗ (Fd (n); R)}n≥0 is a quasi-isomorphism of cooperads. This,
combined with Theorem 7.2, is what we mean when we say that the Fulton-MacPherson operad is
formal over R. Notice that if we work dually at the level of chains, we can use a monoidal functor to
get genuine formality in the category of chain complexes.
In order to prove the formality of the Fulton-MacPherson fanic diagram, we will prove the formality
of the morphism ǫ# : F1(0) → Fd . The key result we need is Lemma 7.3 below. To explain this, let
ASS = {R}n≥0 be the coassociative cooperad in CDGA. In degree 0, the vector space Dd (n) is
generated by the single admissible graph with n external vertices and no edges. These isomorphisms
Dd (n)0 ∼
= R induces a morphism of nonsymmetric cooperads in CDGA
ǫ : Dd −→ ASS.
Let ηn : R →

Ω∗PA (F1(0) (n))

be the inclusion of constants in degree 0.

Lemma 7.3 For d ≥ 3 , diagram
H∗ (Fd (n); R) oo ≃

Ī

Dd (n)

H∗ (ǫ# )
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R

// Ω∗ (Fd (n))
PA
Ω∗PA (ǫ# )

ǫn

H∗ (F1(0) (n); R) oo

commutes.

In
≃

≃
ηn


// Ω∗ (F (0) (n))
PA 1
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Proof The left square is clearly commutative. For the right square in case n ≤ 1, Dd (n) is concentrated
in degree 0 and the diagram clearly commutes. So assuming n ≥ 2, let Γ ∈ Dd (n) be an admissible
graph of positive degree with n external vertices. Assume first that Γ has no isolated vertices, i.e. each
external vertex is an endpoint of at least one edge. Let q be the number of internal vertices of Γ and
recall that every internal vertex has valence at least 3. Then the number e of edges of Γ satisfies
1
(n + 3q).
2

e≥
Therefore

1
deg(I(Γ)) = deg(Γ) = e(d − 1) − qd ≥ (n + 3q)(d − 1) − qd = q
2



d−3
2



+n



d−1
2



.

Since d ≥ 3 this implies that deg(I(Γ)) ≥ n. On the other hand, we have dim(F1(0) (n)) = n − 2 and so
deg(I(Γ)) > dim(F1(0) (n)).
Since for any semi-algebraic set X , ΩiPA (X) = 0 if i > dim(X), we deduce that
Ω∗PA (ǫ)(I(Γ)) = 0 ∈ Ω∗PA (F1(0) (n)).
Now suppose Γ has only j < n external vertices which are not isolated. Let σ : Dd (j) → Dd (n) be the
composite of codegeneracies σi inserting the n − j isolated vertices. Hence there exists an admissible
graph Γ′ ∈ Dd (j) with no isolated vertex and such that Γ = σ(Γ′ ). Consider the map s : Fd (n) → Fd (j)
obtained as the composition of n−j codegeneracies si that forget the configuration points corresponding
to these isolated vertices. Since (co)degeneracies are induced by the operadic structure and I is a map
of (almost) cooperads, it is easy to check that the following diagram commutes:
Dd (j)

I
≃

// Ω∗ (Fd (j))
PA

// Ω∗ (F (0) (j))
PA 1
s∗

s∗

σ



ǫ∗#

Dd (n)

I
≃



// Ω∗ (Fd (n))
PA

ǫ∗#



// Ω∗ (F (0) (n))
PA 1

Since Γ′ has no isolated vertices it follows from the previous case that ǫ∗# (I(Γ′ )) = 0 and so
ǫ∗# (I(Γ)) = ǫ∗# (I(σ(Γ′ ))) = s∗ (ǫ∗# (I(Γ′ ))) = 0.

We are now ready for the proof of the formality of the Fulton-MacPherson fanic diagram.
cd {n} induces a cofanic diagram of CDGAs
Proof of Theorem 7.1 The fanic diagram F
cd {n} ) : Φ[n]op −→ CDGA.
Ω∗PA (F
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We also have a diagram of CDGA cooperads
ǫ

Dd

// ASS
=

≃ Ī



H ∗ (Fd ; R)

ǫ∗


// H ∗ (F (0) ; R) = ASS
1

which induces quasi-isomorphic cofanic diagrams
cd{n} ≃ H ∗\
(Fd ; R){n} : Φ[n]op −→ CDGA,
D

and of course the cofanic diagram H ∗\
(Fd ; R){n} is R-formal.
We still need to construct a natural quasi-isomorphism

≃
cd {n} −→
cd {n} ).
bI : D
Ω∗PA (F

For a fan T ∈ Φ[n] with bead b, and for a non-root vertex v recall that |v| = valence(v) − 1. Consider
the morphism
(0)
cd {n} (T) ∼
I|b| ⊗ ⊗v6=b η|v| : D
= Dd (|b|) ⊗ ⊗v6=b R −→ Ω∗PA (Fd (|b|)) ⊗ ⊗v6=b Ω∗PA (F1 (|v|))

and define bI(T) as the composite of this map with the Kunneth quasi-isomorphism


Y
≃
Ω∗PA (Fd (|b|)) ⊗ ⊗v6=b Ω∗PA (F1(0) (|v|)) −→ Ω∗PA Fd (|b|) ×
F1(0) (|v|) .
v6=b

We need to show that bI is a natural transformation. Remember from Section 6 the definition of the
image of a morphism by the fanic diagram associated to a morphism of (co)operads. Let e be an edge
of T emanating from x and ending at y, let i be the label of the output e with respect to its origin x,
and let e be the vertex in T = T/E corresponding to this contracted edge. Denote by v any vertex of
T different from x and y or any vertex of T different from e (these two sets of vertices are the same).
We have three cases: (i) x = b 6= y, (ii) x 6= b = y, and (iii) x 6= b 6= y. We will treat only case
(i), the second case being completely analoguous and the third simpler. In case (i), e is the bead of T .
Consider the diagram
(7–2)

I|e|

Dd (|e|)

// Ω∗ (Fd (|e|))
PA

≃

Ω∗PA (◦i )

◦i



Dd (|x|) ⊗ Dd (|y|)

I|x| ⊗I|y|
≃

// Ω∗ (Fd (|x|)) ⊗ Ω∗ (Fd (|y|))
PA
PA

Kunneth //
≃



Ω∗PA (Fd (|x|) × Fd (|y|))
(id×ǫ)∗

id⊗ǫ∗

id⊗ǫ



Dd (|x|) ⊗ R

I|x| ⊗η|y|
≃
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// Ω∗ (F (|x|)) ⊗ Ω∗ (F (0) (|y|)) Kunneth// Ω∗ (F (|x|) × F (0) (|y|))
PA 1
PA d
PA d
≃
1
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The top rectangle is commutative as a consequence of the commutativity of diagram (7–1) and the
definition of the insertion maps ◦i from the (co)operad structures. The left bottom square is commutative
by Lemma 7.3, and the right bottom square is commutative by naturality of the Kunneth quasiisomorphism.
Consider now the outermost square of (7–2) and tensor the left side by ⊗v R and the right side by
⊗|v| Ω∗PA (F1(0) (|v|)). Applying once more the Kunneth quasi-isomorphism to the right side gives the
commutative diagram
cd{n} (T)
D


which is what we were after.

cd {n} (T)
D

bI(T)
≃

bI(T)
≃

// Ω∗ (F
c
PA d {n} (T))

// Ω∗ (F
cd {n} (T))
PA

Remark 7.4 Let us explain more precisely what we mean when we say that we cannot prove that
the Kontsevich operad is formal as a multiplicative operad and why we need to go through fanic
diagrams. Lemma 7.3 proves that the morphism ǫ# : F1(0) → Fd is formal, so the weak equivalence
(2–5) implies that we have a chain of quasi-isomorphisms of morphisms of (almost) cooperads between
APL (ASS) → APL (Kd ) and H∗ (ASS; R) → H∗ (Kd ; R). The two cooperads APL (Kd ) and H ∗ (Kd ; R)
are comultiplicative since APL (ASS) = H∗ (ASS; R) = {R}n≥0 . The problem is that, in the chain of
quasi-isomorphisms joining APL (ASS) and H∗ (ASS; R), nothing guarantees that all the intermediate
CDGAs will be coassociative even if their homologies are. Therefore we cannot apply the dual of
the Gerstenhaber-Voronov/McClure-Smith construction to the intermediate CDGAs. One way around
this would be to use “simplicial up to homotopy” CDGAs but we wanted to avoid that. Instead, fanic
diagrams allow us to work with strictly commutative diagrams.

8 Proof of the main theorem
In this section we finally prove Theorem 1.2. We begin with
Proposition 8.1 For d ≥ 3 and n ≥ 0 the rational homology Bousfield-Kan spectral sequence of the
cosimplicial replacement Π• Kd[n] of the n th truncation of Sinha’s cosimplicial space Kd• collapses at
the E2 page.
cd {n} is R-formal. By diagram (2–5)
Proof By Theorem 7.1, the Fulton-MacPherson fanic diagram F
cd {n} ≃ K
cd {n} and by Theorem 6.3 we have
and Proposition 6.2, we have an equivalence of diagrams F
cd {n} = φ∗n (Kd[n] ) where φn : Φ[n] → ∆[n] is the left cofinal functor from Theorem 5.8.
K
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Thus the finite diagram φ∗n (Kd[n] ) is R-formal, and so is its cosimplicial replacement by Proposition 3.3.
By Proposition 3.2, its homology spectral sequence collapses at the E2 page. Since φn is left cofinal by
Theorem 5.8, we deduce from Proposition 4.5 that the homology spectral sequence of Π• Kd[n] collapses
at E2 page.
We are now ready for the proof of our main theorem. The trick will be to replace Kd• (which we do not
know to be formal) by an associated formal cosimplicial space Ξ• .
Proof of Theorem 1.2 We first recall some ideas from rational homotopy theory. Let CDGA1 be the
full subcategory of CDGA over Q of simply-connected CDGAs of finite type, and let DGL be the
category of connected differential graded Lie algebras as in [10, §21 (f)]. As explained in [10, §22],
there are two functors
L
C∗
CDGA1 −→ DGL −→ CDGA
where L(A) is essentially the primitive part of the cobar on the dual coalgebra hom(A; Q) and C∗ (L)
is the dual of the bar construction on the enveloping algebra of L ∈ DGL. The only property of these
functors of interest to us is that, for A ∈ CDGA1 , C∗ (L(A)) is a Sullivan algebra quasi-isomorphic to
A [10, §22 (e)]. In other words, C∗ (L(−)) can serve as a cofibrant replacement functor.
We also have a spatial realization functor
| − | : CDGA → Top
defined in [10, §17]. An important property of this functor is that a Sullivan algebra A is naturally
weakly equivalent to APL (|A|; Q) [10, §17 (d)].
Now consider the simplicial CDGA H ∗ (Kd• ; Q) and define the cosimplicial space
Ξ• := |C∗ (L(H ∗ (Kd• ; Q)))| .
It is clear from the discussion above that this cosimplicial space is formal and has the same cohomology
as Kd• .
A more surprising property, arising from the fact that the cohomology algebras of configuration spaces
in Rn are Koszul, is that the cosimplicial space Ξ• is also coformal. This is not difficult to prove and
details are in [1, Section 4], in particular Corollary 4.3, noticing that Ξ• is exactly |χ• | in that paper.
Also explained in that paper is the consequence that there exists an isomorphism of cosimplicial groups
(8–1)

π∗ (Ξ• ) ∼
= π∗ (Kd• ) ⊗ Q.

We know by Proposition 4.4 that Kd• is well above the diagonal at the E1 page and by (8–1) the same
is true for Ξ• . Therefore the convergence results from Proposition 4.3 hold for both Kd and Ξ• .
Since Ξ• is formal, the same is true for Π• Ξ[n] , so the homology spectral sequence of that cosimplicial replacement collapses at the E2 page. But this E2 page is clearly isomorphic to the E2 page
Geometry & Topology XX (20XX)
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of the homology spectral sequence of Π• Kd[n] , since the two cosimplicial spaces have the same homology. Moreover, the second spectral sequence also collapses by Proposition 8.1, and both spectral
sequences converge by Proposition 4.3. Therefore H∗ (hoTotn Ξ• ; Q) ∼
= H∗ (hoTotn Kd• ; Q), and by
Proposition 4.3(iii) this implies
(8–2)

H∗ (hoTot Ξ• ; Q) ∼
= H∗ (hoTot Kd• ; Q).

By formality of Ξ• , its rational homology Bousfield-Kan spectral sequence also collapses at the E2
page, which is isomorphic to the E2 page of Kd• . Since both these spectral sequences converge to the
isomorphic terms of (8–2), we deduce that the homology spectral sequence of Kd• also collapses at the
E2 page.
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