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ABSTRACT. Goncharov and Peretyat’kin independently gave nec-
essary and sufficient conditions for when a set of types of a com-
plete theory T is the type spectrum of some homogeneous model of
T. Their result can be stated as a principle of second order arith-
metic, which we call the Homogeneous Model Theorem (HMT),
and analyzed from the points of view of computability theory and
reverse mathematics. Previous computability theoretic results by
Lange suggested a close connection between HMT and the Atomic
Model Theorem (AMT), which states that every complete atomic
theory has an atomic model. We show that HMT and AMT are
indeed equivalent in the sense of reverse mathematics, as well as
in a strong computability theoretic sense. We do the same for
an analogous result of Peretyat’kin giving necessary and sufficient
conditions for when a set of types is the type spectrum of some
model.

Along the way, we analyze a number of related principles. Some
of these turn out to fall into well-known reverse mathematical
classes, such as ACAg, IX9, and BXY. Others, however, exhibit
complex interactions with first order induction and bounding prin-
ciples. In particular, we isolate several principles that are prov-
able from IX9, are (more than) arithmetically conservative over
RCAy, and imply 1% over BX9. In an attempt to capture the
combinatorics of this class of principles, we introduce the principle
M9GA, as well as its generalization I12GA, which is conservative
over RCA and equivalent to IX? ; over BEY ;.
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1. INTRODUCTION

This paper began as an investigation into the difficulty (in terms
of the axioms needed) of proving certain theorems of classical model
theory about the existence of models of given theories with specific
properties (in particular homogeneity). We were also motivated by,
and interested in illuminating, the relations of these proof theoretic
analyses with ones of the computational complexity of constructing
these models. In analyzing these questions we were led into several
byways: proof theoretic, computational, and combinatorial. The paper
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has thus become a case study in reverse mathematics and its relations
to effective or computable mathematics.

We begin our introduction with a thematic explanation of the format
and goals of reverse mathematics as well as its connections in general to
computable mathematics. We then describe the nature of our results
and the places that they occupy within reverse mathematics on the
same thematic level. After discussing some previous related results
(both reverse mathematical and computability theoretic), we give a
more specific, even formal, description of the questions considered and
the results provided. Finally, we provide an outline of the full paper in
Section 1.3.

1.1. The thematic level. The general goal of reverse mathematics is
to calibrate the complexity of mathematical theorems by determining
precisely the systems of axioms needed to prove the given theorems.
More specifically, the subject deals with what might be called countable
mathematics in that usually it restricts its attention to theorems about
countable structures (algebraic, logical, or combinatorial) or ones in the
parts of analysis and topology (such as separable metric spaces) that
can be approximated by countable sets. (For some approaches to the
uncountable see [25] and [45].)

One direction of this calibration is standard. We know what it means
for a theorem to be provable from a set of axioms. The other direction
provides both the preciseness of the answers and the name of the sub-
ject. We reverse the usual situation by proving the axioms from the
theorem. Formally, this means starting with some common weak base
set of axioms B and an axiom system S extending B that proves the
theorem of interest, ®. Then one establishes a reversal by showing that
BU{®} proves S. Thus, relative to the weak base theory B, the set of
axioms S proving ® and ® itself are logically equivalent. So the proof
theoretic, or better reverse mathematical, strength of ® is determined
to be precisely that of S.

Given that our subjects of interest are countable, the usual and nat-
ural setting for reverse mathematics is second order arithmetic (rather
than say set theory). The language here is that of ordinary first order
arithmetic (+, x, <, 0, and 1) with first order logic (including the
usual variables x,y, z,... ranging over “the numbers”) supplemented
by a collection of distinct variables X,Y,Z ... (and perhaps constant
symbols A, B, ...) ranging over (or denoting specific) “sets of numbers”
along with a binary relation symbol z € X representing membership of
numbers x in sets X. The axioms for a system of second order arith-
metic begin with the standard basic ones for arithmetic with 4+, x, <,
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0, and 1 and an induction principle saying that every set containing 0
and closed under successor contains all the numbers (or, equivalently,
that every nonempty set has a least element). It may then be aug-
mented by additional comprehension axioms asserting that sets with
some properties (e.g. definable by formulas in some given class) exist.
One may also add axioms asserting induction principles of the form
that if 0 has some property (e.g. as specified by a formula of some
class) and the numbers with this property are closed under successor
then every number has the specified property (or the corresponding
least number principle as above). We give more precise definitions and
examples in Section 2.1.

There is a close connection between reverse and effective mathemat-
ics and between the standard axiomatic systems of reverse mathematics
and the calibration schemes from computability theory for the complex-
ity of sets and functions. To make this correspondence clear (and for
many other purposes), we need to specify the semantics for axiom sys-
tems for second order arithmetic. A structure for this language is one
of the form M = (M, S,+, x,<,0,1,€) where M is a set (the set of
the “numbers” of M) over which the first order quantifiers and vari-
ables of our language range; S C 2™ is the collection of subsets of the
“numbers” in M over which the second order quantifiers and variables
of our language range; as usual, + and X are binary functions on M;
and < is a binary relation on M while 0 and 1 are members of M. We
always interpret € as the usual membership relation between elements
of M and elements of S.

The standard weak base system for reverse mathematics, RCA,
contains, in addition to the usual basic axioms for arithmetic: IXY,
induction for XY formulas (i.e., ones with one (or a block of) existen-
tial quantifier(s) followed by a quantifier free matrix); and A{-CAy,
comprehension for sets determined by equivalent X{ and IT{ formulas
(the latter being ones with one universal quantifier or block of univer-
sal quantifiers). This system corresponds to computable (or recursive)
mathematics in the sense that the models of this theory whose numbers
M are just the usual natural numbers N are precisely the ones whose
sets are closed under join (i.e., effective union) and Turing reducibility;
ie., if A, B € M then any set computable from the pair A @ B is also
in M. (The structures M with M = N are called w-models.) Thus the
theorems of RCA( are essentially theorems of computable mathematics
and the converse usually holds as well except at times when the classi-
cal computability theory style proofs rely on more than ¢ induction.
In this paper we also can often follow proofs from computable model
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theory to derive their analogs in RCAy. More frequently, though, RCA,
does not suffice.

Reverse mathematics had its beginnings in the work of Harvey Fried-
man in the late '60s and early "70s ([11, 12, 13]). Its early development
is well chronicled in Simpson’s classic text [46], which is also the source
for many important ideas and results. It has four basic systems in
addition to RCAg, and the w-models of each correspond in a similar
way to closure conditions on their sets familiar from computability the-
ory. The primary story of the first few decades of reverse mathematics
was that almost every standard theorem from the literature of classical
mathematics that was analyzed was equivalent over RCA( (in the sense
of reverse mathematics described above) to one of these five systems.
They were thus dubbed the “big five”. Moreover, each of these systems
corresponds to a well known philosophical system for mathematics as
well as to a standard level of complexity in computability theory. (For
details, here and elsewhere, as well as a thorough general introduction
to reverse mathematics, we refer the reader to the second edition of the
standard text by Simpson [47]. For a shorter introduction focused on
combinatorial and model theoretic principles, see Hirschfeldt [20]. A
very brief introduction can be found in Shore [44].)

In addition to RCAy, the two next stronger of the big five are the
ones most relevant to this paper: ACAy and WKL. The first extends
RCA, by adding on ¥:2-CA, for every n € N, i.e., arithmetic compre-
hension: all sets defined by formulas of first order arithmetic (with set
parameters) exist. It corresponds to closure under the Turing jump
(i.e., the halting problem for machines with oracles in the structure).
(The Turing jump and its iterates provide the most common measure of
complexity in computability theory.) The second (and weaker) system
corresponds to structures in which the collection of sets forms what is
called a Scott set; i.e., every infinite binary tree in the collection has
an infinite path in it as well. Each of these three systems has many
equivalents in most areas of mathematics. Following the classical story
of reverse mathematics we provide more equivalences in this paper.

On the other hand, a very interesting and, in our view, important
trend in reverse mathematics has emerged in the past decade or so.
Many theorems of standard mathematics have been found to lie outside
the scope of the big five systems. Some are stronger than all of them,
some are weaker even than WKL, and some are incomparable with
WKL but still below ACAq. Starting with papers such as [5], [22], and
23], combinatorics and model theory have been primary sources of such
examples. Earlier examples can be found in papers like [42], but these
more recent papers began a trend of exploring the reverse mathematics
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of large classes of related combinatorial and model theoretic principles
not in the scope of the big five. (Expositions and discussions of these
phenomena can be found in [44] and much more extensively in [20].) In
this paper we continue along this road with new examples from model
theory of theorems with comprehension strength lying outside the big
five.

A yet newer phenomenon in reverse mathematics is the appearance
of a large number of examples of principles escaping the standard sys-
tems because of issues that lie along the induction rather than (or in
addition to) the comprehension spectrum. One striking example at
the high end of the standard systems is provided by work of Mon-
talban [32] and Neeman [38, 39]. In the last of these three papers,
Neeman showed that in the proof of an equivalence in the second pa-
per (sharpening results of the first paper), the use of IX} (induction for
formulas with leading second order existential quantifiers followed by a
first order matrix) cannot be eliminated. Another example where high
levels of induction are required is in Montalban and Shore [35]. They
prove a result in ATRy (the system from the big five after ACAg) using
transfinite induction. In particular, they use induction on arbitrary
well orderings (instead of just of N) for classes defined by I} formulas
(so second order with one leading universal quantifier). However, the
theorem fails without the extra induction assumption.

In this paper, in addition to cases where extra comprehension axioms
are needed, we often run into issues at the lowest levels of the induction
spectrum. Indeed, this happens first at the stage of choosing the “right”
definitions. In our case, there is one important variation of homogeneity
that requires comprehension axioms (ACAy) to prove its equivalence
to the others (Proposition 4.2). This equivalence is thus better viewed
as a theorem and, indeed, is usually cited as such in the literature.
On the other hand, there are a number of variations on the standard
definitions that are used interchangeably and not distinguished in either
the classical or computability theoretic literature. These variations are
ones for which the usual proofs of equivalence use different levels of
induction-like axioms. Here, we show reversals, in that the equivalences
imply the axioms used to prove them over RCAy. (Examples include
Theorems 4.3 and 4.4.) Which definition is chosen can play a crucial
role in getting the “right” theorem characterizing the strength of our
model theoretic principles.

In addition, even with the “right” choice of definition, more induc-
tion than is available in RCAy is used in the classical or computability
theoretic proofs at a number of crucial junctures (e.g. for XY rather
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than X{ formulas). Here, three routes are followed for different the-
orems. One applies the method of Shore blocking from generalized
recursion theory ([43]) to carry out, in RCAg, arguments that seem
to need 1X9. (Examples include Theorem 6.10 as well as Theorem 4.1
of [23].) The second provides reversals to show that the theorems of
interest are reverse mathematically equivalent to some induction-like
principle. (Examples are Theorem 4.3 for IX9 and Theorem 4.4 for
BX9, the bounding principle for X9 formulas, which will be defined in
Section 2.1 and has been shown by Slaman [48] to be equivalent to
AY-induction.) The third, and most interesting, route is one that leads
to new axiomatic systems, theorems, and combinatorial principles of
strength intermediate among, or incomparable with, the standard hi-
erarchy of induction type axioms (which includes the usual bounding
axioms). The driving examples include entries labeled 3 or 4 in Fig-
ure 1 on page 67 that lead to the combinatorial principle II)GA used
extensively in Section 6. This principle is generalized in Appendix A
to principles TI2GA that fit into all levels of the induction hierarchy
in a most unusual way. Each follows from the next level of induction:
RCA(+IXY, , F IIOGA. However, IT2GA is strictly weaker in two ways.
First, even BX9 does not follow from any II°GA. Second, for every n,
we have RCAg + IIGA + BX?, | «» IX0 .

A foundationally challenging phenomenon arising in this paper is
provided by theorems or constructions that have essentially two prov-
ably different proofs. In particular, we have theorems of model theory
that are provable from, for example, either WKLy or 139 and others
from WKLy V BX (as described, e.g., following Proposition 4.5) or
the disjunction of other pairs of comprehension and induction type ax-
ioms (see, e.g., the remarks preceding Question 8.5 and items labeled
3 or 4 in Figure 1). When such a principle is not provable in RCA,,
there may not be any canonical “best” proof or axiomatic system for
it. The only earlier example of this phenomenon of which we are aware
is the fact that the principle that iterations of continuous functions are
continuous is equivalent to WKLy V IX9 (Friedman, Simpson, and Yu
[14]). Many additional examples of this phenomenon and related ones
can be found in recent work of Belanger [3]. (Some of his equivalents
for WKLy V IX in terms of amalgamation of types are mentioned in
Theorem 5.12 below.) An interesting question then is what is the im-
pact of such results on the philosophical or foundational program of
reverse mathematics? (A different foundational question is posed by

other results by Belanger (]2, 3]) where model theoretic facts are shown
to be equivalent to ACAy vV -WKLy.)
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1.2. The specifics. In order to describe the actual problems analyzed
in our results, we require specific formal definitions of the standard
axiomatic systems being used (and some variations on them) as well as
the model theoretic notions being analyzed in both the computability
theoretic and reverse mathematical settings. These are provided in
Section 2. Here we give a description for the reader who already has
a basic familiarity with reverse mathematics and elementary model
theory or who will refer to Section 2 as needed. For now we just
note that all languages (and so theories) and structures are assumed
to be countable. Additionally, we assume all theories to be complete
and consistent. So in the setting of computable model theory, for us,
the notions of computable and decidable coincide for theories. In the
setting of reverse mathematics, we include the full elementary diagram
in the presentation of a structure. (From the viewpoint of effective
model theory then, we study only decidable structures for which the full
elementary diagram is computable rather than computable structures
for which only the atomic diagram is assumed to be computable.)
The initial motivation for our study was the investigation by Hirsch-
feldt, Shore, and Slaman of the reverse mathematical complexity of
several classical model theoretic theorems in [23] and related work from
the viewpoint of computability theory that both preceded and followed
it, in particular the analysis of what in [23] is called AMT, the Atomic
Model Theorem: every atomic theory has an atomic model.
Harrington [19] and independently Goncharov and Nurtazin [16]
proved an important early result on atomic models: An atomic, (com-
plete) decidable theory T has a decidable atomic model if and only
if there exists a uniformly computable listing of all of the principal
types of T', i.e., all the types realized in the atomic model. From the
relativized version of the above characterization, it easily follows that
every atomic, decidable theory has a 0’-decidable atomic model, i.e.,
one whose full elementary diagram is computable in 0’. Csima [7]
greatly improved this result by showing that such a theory always has
an atomic model decidable in some low degree. Csima, Hirschfeldt,
Knight, and Soare [9] studied atomic bounding degrees, where a de-
gree d is atomic bounding if every atomic, decidable theory has a d-
decidable atomic model. They showed that the A atomic bounding
degrees x (i.e., x <t 0') are exactly the nonlow; ones (i.e., x” >1 0”).
(These computability theoretic papers used the word “prime” in place
of “atomic”. The two notions are classically equivalent (for countable
models) but differ in our context, as discussed extensively in [23] and
a bit in this paper.) The question of which degrees not below 0’ are
atomic bounding is more complicated (see Conidis [6]) but is connected
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in various ways to the reverse mathematical strength of AMT as ana-
lyzed in [23].

In [23], it is shown that AMT is not provable in RCA,, is incom-
parable with WKL, and is quite a weak theory. Indeed, it is strictly
weaker than all the combinatorial principles considered by Hirschfeldt
and Shore [22] that are not IIj-conservative over RCAy. It is also
shown in [23] that AMT is more than II}-conservative over RCAy and
is II}-conservative over (RCA¢+)BX). (A system of axioms S is I'-
conservative over another system 7" (for I' a class of formulas) if for
any & € T, if S+ T F ® then T+ ®. So this is a way of saying
that S + T is not stronger than T at least as far as theorems in I' are
concerned.)

Since classically every (countable) atomic model is homogeneous, it
is natural to study how degree theoretic and reverse mathematical re-
sults on homogeneous models compare with ones on atomic models.
Now there are two ways to view the possible generalization of AMT
from atomic to homogeneous models. The first views atomic models as
ones whose elements satisfy a particular property. (They each realize
some atom, i.e., a formula generating a principal type.) The second
characterizes the atomic models by their type spectra, the sets of types
they realize. (They realize precisely the principal types.) Since these
characterizations are classically equivalent, the notion of atomic bound-
ing degree captures the question of how hard it is to build an atomic
model of any decidable atomic theory and is equivalent to the question
of how hard it is to construct a model that realizes precisely the set of
principal types of such a theory. These questions then both reasonably
correspond to AMT in reverse mathematics.

For homogeneous models the two views are different. The first asks
the simpler question of how hard it is to build a homogeneous model
of any given decidable theory. Here the degree theoretic answer given
by Csima, Harizanov, Hirschfeldt, and Soare [8] is that it is exactly
the PA degrees (the ones of complete extensions of Peano arithmetic or
equivalently of Scott sets) that suffice for these constructions. As would
then be expected, the reverse mathematical analog is that the existence
of a homogeneous model for every theory is equivalent to WKL, (Lange
26]; see also Belanger [3]). This is also the computational and reverse
mathematical complexity of being able to produce a completion of any
(computable) consistent set S of sentences, and hence a model of S
(see [47, Theorem IV.3.3]).

In this paper, we are concerned with the more difficult question of
determining when is there a homogeneous model with a given type spec-
trum. (It is worth mentioning that classically a homogeneous model
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is determined up to isomorphism by its type spectrum; see Proposi-
tion 4.7 for a reverse mathematical analysis of this fact.) The first
question, even classically, is then which sets of types are type spectra
of homogeneous models. Consider the situation in computable model
theory. Clearly, for any decidable model, there is a computable enu-
meration of the types it realizes. Goncharov [15] and Peretyat’kin [41]
independently showed that there are additional conditions on a com-
putable listing of types X that are necessary and sufficient for there
to be a decidable homogeneous model A such that X is an enumer-
ation of the type spectrum of A. Classically, it is easy to see that
the set of types realized in a homogeneous model must satisfy certain
amalgamation properties for formulas and types. To get a decidable
homogeneous model, an additional effectiveness condition is needed on
the listing of types. It must have what we call a computable extension
function approximation that indicates (in terms of their indices) how
types and formulas can be amalgamated. (See Section 6.1 for a formal
definition.) The results of Goncharov and Peretyat’kin also answer the
question classically if one ignores the computability theoretic restric-
tions and simply requires that the set of types be closed under the
appropriate amalgamation procedures (see Theorem 5.1).

In [27] and [28], Lange studied the degree theoretic analog of the
second view of AMT for homogeneous models. She showed that for
any computable list of types X with the appropriate amalgamation
properties, there is a model A decidable in some low degree such that
X is an enumeration of the type spectrum of A. She also investigated
the question of which degrees d have the property that, given any X
as above, there is a d-decidable homogeneous model A such that X
is an enumeration of the type spectrum of A. These we might call
the homogeneous bounding degrees. (Lange and Soare [29] called them
the 0-bounding degrees. Note that the papers [8, 9, 29] use the term
“homogeneous bounding degrees” in the other sense mentioned above,
where the class of such degrees coincides with that of the PA degrees.)
Lange showed that, as for atomic models, the homogeneous bounding
degrees d < 0’ are precisely the d with d” > 0”. Comparing these
degree theoretic results (and others) with the aforementioned ones of
Csima [7] and Csima, Hirschfeldt, Knight, and Soare [9] for atomic
models suggested a deeper connection between model existence princi-
ples for atomic and homogeneous models. However, the proofs of these
results for homogeneous models and for atomic models seemed quite
different. In this kind of situation, where analogies between disparate
principles suggest but do not immediately provide a precise connec-
tion, reverse mathematical and computability theoretic analysis can
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often clarify the situation. In this paper, we show that the model ex-
istence principle studied by Lange and AMT are indeed connected in
a strong way, as seen from the viewpoints of reverse mathematics and
computability theory. In particular, our results explain the similar-
ity between Lange’s results for homogeneous models and the ones for
atomic models by showing that, in a precise sense, both sets of results
are dealing with the same principle, in two different guises.

First, we must provide an analog to the principle AMT. Recall that
the view of AMT that we are trying to emulate states that every atomic
theory T" has a model whose type spectrum consists of the principal
types of T'. In the homogeneous case, we want a principle, the Homo-
geneous Model Theorem (HMT), asserting that if a list of types could
be an enumeration of the type spectrum of a homogeneous model, then
there in fact exists a homogeneous model whose type spectrum is enu-
merated by this list. The characterization of such lists of types in the
computability theoretic setting in [15] and [41] mentioned above pro-
vides us with the obvious starting point. In Section 5.1, we present
several variations on the conditions given in these characterizations
that are classically equivalent but differ when viewed reverse mathe-
matically. In Section 4, we give several definitions of homogeneity that
are also classically equivalent, but differ in the setting of reverse math-
ematics. We obtain three versions of the HMT principle depending on
how we describe the closure conditions on the list of types and which
definition of homogeneity we use. In Section 7.2, we show that these
versions of HMT imply AMT and that AMT implies one of them over
RCA, (and the other ones with sufficient additional induction assump-
tions). Thus the “right” versions supply us with the theorem on the
existence of homogeneous models with specified type spectra that is
reverse mathematically equivalent to the atomic model theorem.

Our proofs of these reverse mathematical results actually provide de-
gree theoretic information that greatly strengthens the computational
analogy between atomic and homogeneous models (from the second
viewpoint above). Indeed, we show (Corollary 7.12) that the atomic
bounding degrees are precisely what we have called the homogeneous
bounding degrees.

At this point, we also note that while we were originally motivated
by the idea of the analogy between existence principles for atomic and
homogeneous models, and the analogy proved precise for the second
view of AMT, there is also a close analogy between these principles
and existence principles for arbitrary models. As we mentioned above,
the pure model existence problem for sets of consistent sentences is
reverse mathematically (and degree theoretically) equivalent to WKL
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(the PA degrees), as is the existence problem for homogeneous models
of theories (or consistent sets of sentences). If we move to the second
view of AMT, where we require the existence of a model with any given
“possible” type spectrum, and move from arbitrary consistent sets of
sentences to theories, our analysis shows that the existence of arbitrary
models, AMT, and HMT are both reverse mathematically (with the
“right” definitions or induction assumptions) and degree theoretically
equivalent. (Notice that specifying a set of types automatically specifies
a (complete) theory.)

Of course, one needs the appropriate necessary and sufficient condi-
tions for a set of types to be the type spectrum of an arbitrary model.
These are given in [41] for both the classical and computability theo-
retic settings. In Theorem 5.7 we present these conditions, and in the
following sections we carry out the analysis for arbitrary models along
with the one for homogeneous models. The outcome of this analysis is
that one of the variants (WMT) of the existence theorem for arbitrary
models is reverse mathematically equivalent to HMT (Theorem 7.6).
Moreover, the analogously defined class of model bounding degrees is
the same as the classes of atomic and homogeneous bounding degrees
(Corollary 7.12). As with HMT there are variants for arbitrary models
that are classically and computably equivalent but may differ depend-
ing on the types of induction-like axioms available. Before turning to
these questions, we note that not only are AMT, HMT, and WMT
equivalent over RCAq but, if we work over IX9, they are also equiv-
alent to all the variants that we are about to discuss, as well as the
combinatorial principles TG and ATT that we consider below. Thus
AMT is a candidate for a system that, like each of the big five, is what
Montalban ([33] and [34]) has called robust, a term that still lacks a pre-
cise definition but is informally defined in [34] as “equivalent to small
perturbations of itself”. Another example of a robust system outside
the big five is WWKLg (see [47, Section X.1] for a definition of this
system).

As we mentioned above, issues connected to induction arise already
when we try to formalize the definition of homogeneous model in Sec-
tion 4. The usual classical definition requires that, given two sequences
of the same type and an extension of one of them, we can find a cor-
responding extension of the other such that the extended sequences
continue to have the same type. One can vary this idea by consid-
ering extensions of length 1 or of arbitrary finite length, and also by
requiring that extensions can be found for finitely many pairs of given
sequences as in Definition 4.1(i)—(iii). All these variants are classically
and computably equivalent since the proofs of equivalence require only
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simple induction arguments. These proofs are not quite simple enough,
however, to work in RCA,. There is one additional standard version
(Definition 4.1(iv)), which we call strong 1-homogeneity, that requires
the existence of an automorphism taking one of the two given sequences
with the same type to the other. This is “obviously” a much stronger
condition. The usual proof is not computable and seems to require the
jump of the model to carry it out. Not surprisingly, we can show that
this level of complexity is computationally and reverse mathematically
necessary. The equivalence of this characterization of homogeneity to
any of the others is itself reverse mathematically equivalent to ACA
(Proposition 4.2). On the other hand, given this result, it is surprising
to note that the existence theorem that every theory has a homoge-
neous model in this strong sense remains at the level of WKL, (Lange
[26] and Belanger [3]).

The analysis of the relations among the other variations on homo-
geneity (Section 4) are more interesting and unusual, as are the ones
(Section 5) of the variations on the amalgamation closure conditions in
the definition of the “possible” sets of types that could be type spectra
of homogeneous models. These two sets of variations are corresponding
ones, in that the closure conditions are the ones that obviously hold
for models satisfying the corresponding notion of homogeneity. (Thus
there is a match up for possible candidates for the “right theorem”.)
The analyses of each set of variations and the relations between them
provide reverse mathematical equivalents to induction type axioms:
29 (Theorems 4.3, 5.11, and 5.14 and the entries labeled 2 in Figure
1) and BXY (Theorems 4.4, 5.15, and 5.16).

Now there are many logical, computability theoretic, and combinato-
rial equivalents of the standard versions of these induction type axioms
at all levels of their hierarchies (IX2 and BX?). Some can be found,
for example, in the standard (and quite comprehensive) text on first
order arithmetic by Héjek and Pudlak [17, Section A.I.2]. Others in the
setting of second order arithmetic are scattered throughout the reverse
mathematical literature. Our results here, however, are about model
theoretic properties. Their proofs are often given by delicate and at
times complicated constructions of theories and specific models. The
models constructed are designed to satisfy one variant of homogene-
ity but such that, if they satisfied another, we could prove one of the
standard equivalents of IX9 or BXS.

Much more unusual and surprising are the roles that induction plays
in the analysis of the construction of some of the variations of homo-
geneous models. Here, we want to construct a model with a suitable
given type spectrum. Of course, we are assuming that the potential
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type spectrum satisfies some version of the conditions required for there
to be such a model in the computability theoretic setting. (As men-
tioned above, these conditions were given by both Goncharov [15] and
Peretyat’kin [41] independently.) Examples of such constructions in-
clude Theorems 5.1 and 6.4. In particular, we assume that there is an
“extension function approximation” (Definition 6.2) that approximates
the action (in terms of indices) on the given list of types that the amal-
gamation relations require. Here we refer the reader especially to the
entries marked 3 of Figure 1 on page 67.

The ones in the column labeled “pairwise full amalgamation” are
all construction principles for homogeneous or arbitrary models with
given type spectra of the appropriate kinds. (The pairwise full amalga-
mation closure conditions form one of our versions of the Goncharov-
Peretyat’kin conditions mentioned above.) Our original proofs for them
(and all the entries marked 3) showed that the constructions can be
carried out assuming either I39 or the comprehension principle I1{G
from [23] which essentially asserts the existence of generics for (i.e.,
meeting each one of) any given uniformly IT? collection of dense sets.
Moreover, each of them is equivalent to I35 over BX9. This presented
us with a very unusual situation. Let us consider one of these examples.

P: For every type sequence X satisfying the (pairwise full) amalga-
mation closure conditions and having an extension function approxi-

mation, there is a (1-)homogeneous model realizing exactly the types
in X.

(1) P is essentially the formulation of the computable construction
principle for homogeneous models that appears in the literature
(see [15] and [41]).

(2) P makes no mention of recursiveness, Turing reducibility, arith-
metic, or formulas of any specified quantifier rank.

(3) The proof of P is nontrivial. (It requires a priority argument.)

(4) P is a consequence of I%9.

(5) P is [i-conservative over IXY and so does not imply even B9,
let alone IX9.

(6) P+ BX) is equivalent to I329.

Thus P is quite unusual reverse mathematically. It is a result in the
standard literature with a proof not primarily by induction. Indeed,
it makes no explicit mention of induction, recursiveness, or formulas
in the arithmetic hierarchy. Nonetheless, it occupies a place that is
within the usual hierarchy of induction axioms but is different from all
the standard ones. We then thought that perhaps we could capture the
combinatorial essence of these arguments in a way that would isolate
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the reverse mathematical issues involved. This attempt led us to an ap-
proximation version of ITYG that we call IIYGA. Basically, it asserts not
that there is a generic for uniformly I1{ classes of dense sets but rather
that there is a function approximating such a generic. (Here approx-
imation is in the sense of the Shoenfield limit lemma which provides
computable functions f(x,s) approximating any function g <t 0’ such
that (Vn)(3t)(Vs > t)(Vx < n)[f(z,s) = g(z)]. The formal definition
is given after the proof of Theorem 3.1.)

This principle, TIYGA, is indeed sufficient to prove all the entries
marked 3 in Figure 1 (as well as those marked 4) and has much the
same quite unusual reverse mathematical status. It is not provable in
RCAy. Tt is provable from both IX9 and VG, so it is strictly weaker
than each of them, and indeed (like TI%G), is highly conservative over
RCA( and so, in particular, does not prove, for instance, BX9 or WKLj.
On the other hand, like the principle P above, it joins BX9 up to I3 in
the sense that I3 is strictly stronger than each of these principles and
is implied by their conjunction. We do not know of any principles other
than the ones considered in this paper (except for trivial ones such as
BXY — I39) with such properties. Our investigations also led to some
properties of trees and their isolated paths. One gives an equivalent
of BXY (Proposition B.1). A new one (FATT) is strictly weaker even
than BX9 but nonetheless not provable in RCAqy (Theorem B.2).

In the other direction, we also move up the induction hierarchy in
Appendix A. There we present natural generalizations II2GA of TI{GA
to all levels of the arithmetic hierarchy. Essentially they say that there
are approximations (in the sense of the iterated limit lemma) to generics
for all uniformly T2 sequences of dense sets. The primary reverse
mathematical properties of TI?GA are then replicated all the way up
the hierarchy:

(1) IX?, | F IIDGA (Theorem A.1).

(2) TI2GA ¥ BX). (The discussion before Theorem A.1 shows that
TI°GA is IT] conservative (and more) over RCAy.)

(3) RCA( - TI9G + BXY «» 120 (Theorem A.2).

Thus our reverse mathematical investigations of one model theoretic
theorem have led us to a new hierarchy of combinatorial principles
that are interspersed among the standard induction hierarchy in a very
interesting and unusual way.

A number of questions about the model theoretic and combinatorial
principles that we have investigated, and especially their reverse math-
ematical strength, are still open. We collect the most natural ones in
Section 8. Perhaps the most interesting from a foundational rather
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than simply technical point of view are the ones asking for a precise
determination of the reverse mathematical strength of groups of prin-
ciples. In particular Question 8.6 asks whether all the entries marked
3 in Figure 1 are equivalent and, if so, whether they are all equivalent
to IIYGA. Tf, indeed, all of these principles are equivalent, this would
give some evidence for the robustness of TIYGA as discussed above.

Returning to the relationship between reverse and computable model
theory, we would like to point to a general theme brought out by our
investigations here as well as those in [23]. The motivating issue is
the phenomenon in computable model theory of what one might call
partial effectivization. One begins with a classical type of model such as
atomic (prime) or (strongly 1-) homogeneous and the question of how
hard it is to construct such a model. Typically, the effective version
assumes that the underlying theory is decidable and asks about the
the possible degrees of models of the desired kind and, in particular,
whether (or under what conditions) there is a decidable one.

Our investigations of these questions from the viewpoint of reverse
mathematics point out that the standard computability theoretic work
ignores the issue of the complexity of verifying that the model con-
structed is of the desired kind and just accepts the classical proof.
Often, there is no difference. When, however, the definition of the kind
of model is not first order but calls for the existence of morphisms,
for example, then additional effectiveness considerations can be raised
about the complexity of the morphism required to verify the construc-
tion. A reverse mathematical analysis automatically levels the playing
field for both the construction and verification. In the reverse math-
ematical setting, one can show that a model constructed is prime or
strongly 1-homogeneous only by showing that the morphisms required
can also be constructed in the same system. It makes sense to carry
over these questions to computable model theory and ask how com-
plicated (in terms of Turing degree) it is to show that the morphisms
exist.

As an illustration, we take the two aforementioned topics investi-
gated reverse mathematically in [23], [3], and this paper: the existence
of prime models for every atomic theory (PMT) and the existence of
strongly 1-homogeneous models for every theory.

As we have mentioned, [9] shows that given a decidable atomic the-
ory T, every d < 0" with d” > 0” computes a prime model M of T.
However, if we look at the verification that the M computable from
d is prime (rather than atomic), we are required to produce, for every
N E T, an elementary embedding f : N' — M. Now even if N is
decidable there may be no such f computable even in d. From the
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viewpoint of reverse mathematics [23] shows that PMT is equivalent
to ACAy. Thus in terms of a closure operation one needs the jump
operator and the morphisms are arithmetic in the data. However, the
computable model theorist should look more carefully at the question.
What is then seen is that one can always construct the required f com-
putably in T"& M @GN (for any prime model M of T and any model N
of T'). The proof of the reverse mathematical equivalence then shows
that this level of complexity is necessary.

Turning to strongly 1-homogeneous models, [8] shows that given a de-
cidable T one can construct a 1-homogeneous model M computably in
any PA degree. To verify that the model M is strongly 1-homogeneous
one must construct, for every pair of tuples @ and b from M with the
same type, an automorphism f of M taking @ to b. Now for an ar-
bitrary 1-homogeneous model, it takes the jump of M to construct
such an automorphism. This can be seen from the proof that reverse
mathematically this general implication is equivalent to ACAq (Propo-
sition 4.2). The computable model theorist can easily verify that M’
is also sufficient. On the other hand, as we have noted, Lange [26] and
Belanger [3] have shown that the existence of strongly 1-homogeneous
models for every theory is equivalent to WKL,. Belanger’s proof ex-
plicitly shows that if one constructs M still computably in a PA degree
d but carefully, then one can also simultaneously construct all the re-
quired automorphisms computably in d.

Thus our reverse mathematical investigations suggest a general type
of problem for computable model theory. When one proves that there is
a decidable or d-decidable model M with some property that requires
(in its definition) the existence of more than the elementary diagram
of M, then one should ask how hard it is to compute the other objects
(e.g. morphisms) required to verify that the definition holds of M.
Other natural examples for investigation include issues dealing with
categoricity for theories (as is common in model theory, rather than
for structures as is common in computable model theory), universality,
and saturation. Some of these questions have recently been investigated
reverse mathematically by Belanger in [2] and [3].

Another general connection between reverse and computable mathe-
matics (as well as degree classes more broadly) is suggested by the var-
ious notions of bounding degrees and their analyses as discussed above.
Given any principle expressed by a sentence of the form VX3V ®(X,Y)
we can form a bounding operator By : D — P(D) (where D is the
set of Turing degrees) defined by Be(x) = {y | (VZ <t x)(3W <r
y)®(Z,W)}. Examples considered in this paper include the ones gen-
erated by relativizing the atomic, homogeneous, and model bounding
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degrees to an arbitrary x. Indeed, most principles studied in reverse
mathematics are of this form with @ arithmetic, or at times II}. Note
that the images of these operators are always upward closed subsets
of D. More generally, we can consider almost jump operators J that
take degrees x to upward closed subsets J(x) of D (typically con-
tained in the cone above x). Examples include ones generated from
all the usual (definable) jump operators J, from the Turing jump to
sharps, by taking the image of x to be the cone above J(x). The
natural partial order < (and so the resulting equivalence relation =)
on both of these classes of operators is given by reverse inclusion, i.e.,
J < K & (W)[K(x) € J(x)]. Our results on the model theoretic
questions studied in this paper say that the operators corresponding to
AMT, HMT, and WMT are all equivalent.

The methods of comparing the strength of principles using bounding
operators and computable entailment are closely connected to the com-
putability theoretic reduction procedures between II3 principles studied
in papers such as [21]. Many other results in reverse and computable
mathematics can be seen as saying interesting things about the nat-
ural ordering on bounding operators in general, or about specific in-
stances of it. One that does both not only shows the existence of
a minimal operator (above the one induced by the identity map on
degrees) but also identifies it with a model theoretic construction prin-
ciple. The obvious degree theoretic definition of this operator is given
by ®(X,Y) = X <7 Y. That it corresponds to a model theoretic as-
sertion (AST) about the existence of an atomic model of a theory with
a “nice” enumeration of its types is the content of Theorem 6.3 of [23].
Another correspondence between reverse mathematical principles and
standard degree classes studied in computability theory (other than
the obvious ones given by the PA degrees and the Turing jump) from
23] is a type omitting theorem (OPT) shown there to be equivalent to
the existence of hyperimmune sets (relative to any given set). There
are many other examples that shed light on the structure of the order-
ing of bounding and almost jump operators. So, too, are there many
questions that can be raised in this setting and approached from both
the computability theoretic and reverse mathematical viewpoints.

1.3. An outline of the paper. In Section 2, we define several notions
used throughout the paper.

In Section 3, we establish some basic facts about AMT and related
principles. In particular, we introduce the principle TI{GA and prove
that it has the properties mentioned above. As the versions of IIYGA
for higher levels of the arithmetic hierarchy do not form a part of our
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main narrative, we leave their discussion to Appendix A. The principle
FATT mentioned above, which is also related to AMT, is discussed in
Appendix B.

In Section 4, we compare several classically equivalent definitions of
homogeneity from the reverse mathematical point of view. We also an-
alyze the strength of theorems relating homogeneous models to atomic,
prime, and saturated models. One tangential result on saturated mod-
els is left to Appendix C.

In Section 5, we introduce the characterizations by Goncharov and
Peretyat’kin of possible type spectra of (homogeneous) models. We
give several classically equivalent versions of the conditions in these re-
sults, and compare them reverse mathematically. We also analyze the
strength of the easier direction of these results (that the type spectrum
of a (homogeneous) model must satisfy these conditions). Finally, in
Section 5.5, we introduce HMT and its variants, including ones such as
WMT concerning the existence of general models (rather than homo-
geneous ones).

In Section 6.1, we discuss the effective versions of the above char-
acterizations (also due to Goncharov and Peretyat’kin). In particular,
we introduce the notions of extension function and extension function
approximation central to these effective versions, and compare them re-
verse mathematically. In Section 6.2, we study the reverse mathematics
of several versions of the computability theoretic results of Goncharov
and Peretyat’kin, summarizing our results in Figures 1 and 2 (see also
Figures 3 and 4). As mentioned above, along with versions provable
in RCAy and ones equivalent to 139, we obtain several that exhibit
behavior similar to that of TI{GA.

In Section 7, we study principles asserting the existence of exten-
sion function approximations under various versions of the conditions
of Goncharov and Peretyat’kin, and use our results to compare ver-
sions of AMT and HMT reverse mathematically and computability
theoretically. We show in particular that AMT, HMT, and WMT are
equivalent, both over RCA( and in the sense of uniform computability
theoretic reducibility.

Finally, in Section 8, we gather several open questions arising from
our work.

2. DEFINITIONS

A few definitions given in this section have already been mentioned in
the introduction, but we include them here as well for ease of reference.
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2.1. Reverse mathematics. We assume familiarity with the basics of
reverse mathematics, but briefly describe some of its commonly studied
axiom systems. For a complete introduction to the field, see Simpson
[47]. For a shorter introduction focused on combinatorial and model
theoretic principles, see Hirschfeldt [20]. We work in the language of
second order arithmetic, with lower case letters representing number
variables and uppercase letters representing set variables. In particular,
every set we consider is assumed to be countable. We think of first order
objects, such as finite strings, as encoded by natural numbers, and of
second order objects, such as trees or models, as encoded by sets of
natural numbers (see [47] for more details).

Let P consist of axioms stating that the natural numbers form a
discrete ordered commutative semiring, together with set induction:

0eXA(Wn)neX -n+1eX]|)— (Yn)n e X.

Let IX2 be the following induction principle, expressed as an axiom
scheme.

(0(0) A (Vn)[p(n) = @(n+ 1)]) = (Vn)p(n)

for all X2 formulas .

Our base axiom system is RCAg, which consists of P together with
130 and the following set existence axiom scheme, which is just strong
enough to prove the existence of computable sets.

(Vn)lp(n) < ¢(n)] = 3X)(Vn)ln € X < ¢(n)]

for all 39 formulas ¢ and TI? formulas v in which X does not occur
free.

A wuseful principle provable in RCAq is bounded X0-comprehension
(see [47]), which for our purposes we state as follows. For any finite
sequence s of natural numbers and any X{ property P, there is a sub-
sequence of s consisting of those elements of s that satisfy P. Of
course, by taking complements, bounded I19-comprehension also holds
in RCAO

Another useful fact is that 139 is equivalent over RCAy to the finite
[19-recursion principle (see [22]), which states that if ¢ is a I1{ formula
defining a total function, then for each z and n, there is a sequence
xg, ..., T, such that xg = z and ¢(x;, x;11) holds for all i < n.

Another collection of axioms schemes, related to IX?, is that of re-
stricted bounding principles. The bounding principle BX? is given by
the axiom scheme

(Ym)[(Vi < m)(Fu)p(i,u) = (Fv)(Vi < m)(Fu < v)p(i,u)]
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for all 3% formulas ¢ in which v does not occur free. Over RCAy,
1229 implies BXY, and BXY implies IX2_; these implications are strict
(Paris and Kirby [40]; see also Héjek and Pudldk [17]).

The principle BITY is defined in the analogous way. We use the fact
that BX9 and BIIY are equivalent over RCAy (see [17]). Another useful
principle equivalent to BX9 over RCAy is the finite aziom of choice
for TIY properties (see [17]): for any sequence ny, ...,n; and any II{
property P, if for each ¢ < k there is an m with P(n;,m), then there
is a sequence my, . .., my such that P(n;, m;) for each i < k.

WKL is the axiom system that includes RCAy and the principle
known as Weak Konig’s Lemma, which states that every infinite subtree
of 2<N has an infinite path. (Here a tree is a set of strings closed
under initial segments.) This system is strongly related to degrees of
completions of Peano arithmetic.

The last major system we consider here is ACAg, which consists of
RCA together with arithmetic comprehension:

(3X)(Vn)[n € X < ¢(n)]

for every arithmetic formula ¢ in which X does not occur free, where
a formula is arithmetic if it has no set quantifiers. Computability the-
oretically, ACAq corresponds to the existence of the Turing jump.

The system ACA, is strictly stronger than WKL, which is in turn
strictly stronger than RCA, (see Simpson [47]). We use the fact that
ACA, is equivalent over RCA( to the statement that for every function
f N — N the range of f exists, i.e., there is a set R such that n € R
if and only if (Im)f(m) = n (see [47]).

For a system S, a principle R, and a collection of sentences of
second-order arithmetic I', we say that R is conservative for I'; or I'-
conservative, over § if every sentence in I' provable in S+ R is provable
in §. For example, a classic result of Harrington (see [47]) is that Weak
Konig’s Lemma is ITj-conservative over RCAy.

A model in the language of second order arithmetic consists of a
first order part M, which is a structure in the usual language of first
order arithmetic, a subset S of the power set of the domain of M, and
the membership relation € between elements of M and elements of
S. If M is the standard natural numbers, we say that this model is
an w-model. We denote the natural numbers by N. Of course, when
interpreting a statement in a model (M, S) as above, N is interpreted as
M. An object is finite if it is coded by a natural number. For example,
when we refer to a finite sequence ng, ..., n; of natural numbers, we
mean that (ng,...,ng) € N, where (-,...,-) is any standard encoding
of tuples of natural numbers as single natural numbers. A set is infinite
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if it is unbounded. Thus, when we say that there are infinitely many
natural numbers  such that some property P(x) holds, we mean that
for each n € N there is an > n such that P(z) holds. Note that, for a
model (M, S) in the language of second order arithmetic, there may be
A C M that are neither finite nor infinite in the above sense, though
if (M,S) E RCAy, then such an A cannot be in S.

2.2. Model theoretic notions. In this section, we introduce some
notation and discuss a few concepts and results of basic model theory.
See [4] or [30] for an introduction to model theory. For an overview of
computable model theory, see [1] or [18]. We assume that all theories
are consistent and complete, and that all languages include equality
(although our results for the most part do not depend on the latter
assumption; see Remark 5.2 for the one exception, which is easily han-
dled). Asnoted above, we think of second order model theoretic objects
such as theories and models as encoded by sets of natural numbers. In
particular, we assume that all languages and models are countable. We
use calligraphic letters such as A for models, and use the correspond-
ing roman letters such as A for their domains. Whenever we mention
a tuple of variables, we assume the variables in the tuple are distinct.
(When we mention a tuple of elements of a model, on the other hand,
we do not make this assumption.)

Definition 2.1. Let T be a theory and A a model of T

(i) A formula 0(z) is consistent with T if T'U {(3z2)0(z)} is con-
sistent, or equivalently, because of the completeness of T, if
(3z)0(z) € T.

(ii) An n-type p(z) of T in the n-tuple of variables T is a maximal
set of formulas in variables taken from x consistent with 7.

(iii) For a k-subtuple g of an n-tuple Z, and an n-type p(z), let p [ y
be the k-type consisting of all the formulas in p whose variables
are all in y. We call such a type a subtype of p.

(iv) Let S,(T) be the set of all n-types of T (in all n-tuples of
variables), and let S(T") = |J,,cn Sn(T).

(v) We say p € S,(T) is a principal type if there exists a formula
1 € p such that T+ ¢ — 6 for all § € p. We call such a ¢ a
generator of p and say 1 generates or isolates p.

(vi) A formula ¢(Z) is an atom of T if for every formula ¢(Z), either
THe—vorTHEp— -1, but not both.

(vii) The theory T is atomic if for every formula 1) consistent with T,
there is an atom ¢ of T such that 7'+ ¢ — . (In other words,
T is atomic if every formula consistent with 7" is an element of
some principal type of T'.)
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(viii) An n-tuple a € A realizes an n-type p(z) € S,(T) if AF 6(a)
for all #(z) € p(z). In this case we also say that A realizes p.
The type of a in the variables T (where |Z| = |a|) is the type
p(Z) that a realizes.
(ix) The type spectrum of A is

T(A) ={p € S(T) : A realizes p}.

(x) The model A is atomic if every tuple of elements of A satisfies
an atom of 7. (In other words, A is atomic if T(.A) consists of
principal types.)

(xi) The model A is prime if it is elementarily embeddable in each
model of T'.

(xii) The model A is saturated if for alla C A and p € S,,(Th(A, a)),
the type p is realized in A, where (A, a) is the expanded struc-
ture obtained by adding to A constants for the elements of a,
and Th(A,a) is the theory of this structure.

(xiii) A partial type of T in the variables Z is a (not necessarily max-
imal) set of formulas in variables taken from Z consistent with
T. The model A is strongly saturated if for all a C A, each par-
tial type of Th(A, a) is realized in A. (This notion is of course
classically equivalent to being saturated, but this equivalence is
not provable in RCAg, and is in fact equivalent to WKLg; see
Appendix C.)

Since we are interested in statements about the existence of homo-
geneous models realizing particular sets of types, we need a way to
encode lists (i.e., enumerations) of types.

Definition 2.2. Let T be a theory and let {6; };cn be an effective listing
of the formulas in the language of T. We identify p € S(T) with the
function f, € 2V such that f,(i) = 1if 6; € p and f,(i) = 0 otherwise.
Let p [ s = pN{0;}ics. We identify p [ s with the function f, | s.

Let X = {pi}ien C S(T). We encode X as a function f(i,7) such
that for each i, the first value f(i,0) encodes the set of free variables

of p;, and f(i,k + 1) = f,, (k).

Note that, in both the computability theoretic and the reverse math-
ematical settings, we have to deal with enumerations of potential type
spectra, because even if {p; }ieny and {g; }ien are equal as sets of types,
there may be no effective way to go from an index ¢ to an index j such
that ¢; = p;. We say that a list of types {p;}ien is computable if the
function f in Definition 2.2 is computable.
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In computable model theory, a model A can be associated with its
atomic diagram or with its elementary diagram. Let £4 be the expan-
sion of the language of A obtained by adding a constant symbol for
each element of A. The elementary diagram D¢(A) of A is the set of all
sentences of £, that are true in A (under the obvious interpretation of
the new constant symbols). The atomic diagram D*(A) of A is the set
of all atomic sentences of £, that are true in A. Alternatively, we can
associate these diagrams with satisfaction predicates. A predicate S is
an elementary (atomic) satisfaction predicate for A if for any (atomic)
formula 6(¢) with constants from A, the predicate S holds of 6(¢) if
and only if 6(¢) is true in A. In computable model theory, we measure
the complexity of a model by the degree theoretic complexity of these
diagrams. We say that A is computable if D*(A) is computable and
that A is decidable if D¢(A) is computable, and we similarly define the
notions of d-computable and d-decidable for any degree d. (Note that
for a theory T', saying that T" is decidable is just another way of saying
that 7' is computable.)

When investigating the strength of theorems of model theory such
as AMT and HMT, decidable models and their relativizations are the
more relevant notions. Accordingly, in reverse mathematics, a model A
includes a function interpreting the terms of the language in the model,
as well as the full satisfaction predicate for A. For a formal definition
of a model in this setting, see Simpson [47, Definition I1.8.3].

In several places below, we specify a theory by giving a set A of
axioms that generates it. In each case, the language of A does not
include any function symbols, so all terms are either variables or con-
stant symbols. To show that such a set A does in fact specify a theory
T, we use quantifier elimination. Recall that to show that A admits
effective quantifier elimination, it is enough to give a procedure to find
a quantifier-free formula 1 (Z) that is A-equivalent to a given existential
formula (Jy)p(zy), where p(Zy) is a conjunction of literals, i.e., atomic
formulas and negations of atomic formulas. (We always assume that we
have propositional constants T and F for true and false, respectively.)
It then follows that the deductive closure T of A is Al-definable from
A and complete, assuming that the set of quantifier-free sentences con-
sistent with A is itself A? definable from A. (It is easy to see that this
assumption holds if the set of literal sentences (i.e., literals with no free
variables) consistent with A is A9, and hence that it always holds when
the language of A does not include constant symbols, as then the only
literal sentences are T and F.) It also follows that every type of T is
determined by the literals it contains, so we can identify the types of
T with atomic types, i.e., sets of literals p(z) such that for each atomic
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formula v with variables among the elements of Z, either ¢ € p(x) or
— € p().

Remark 2.3. Let £ be the language of T, and let £ be any finite
sublanguage of £ that includes all symbols occurring in ¢. Say that a
formula ¢ (u) is an L'-atomic diagram if it is a conjunction of literals
in £L'; for every atomic # in £" with variables among those in @, exactly
one of # and —# occurs in ; and ¢ is consistent with the usual rules
for equality. It is easy to see that there is a procedure that, given
any conjunction ¢ of literals in L', finds a disjunction of £’-atomic
diagrams that is equivalent to d (or returns F if 0 contains both 6
and —0 for some 0, or is not consistent with the rules for equality).
Since existential quantifiers distribute over disjunctions, in performing
an effective quantifier elimination procedure as above, we may assume
that ¢ is itself an £'-atomic diagram.

If u = y occurs in p, where u € Z or u is a constant symbol, then we
may replace all occurrences of y in ¢ by w and drop the (Jy) quantifier
to obtain a quantifier-free formula equivalent to (3y)p(zy). Similarly,
if u = v occurs in ¢, where u € ¥ or u is a constant symbol, and v € &
is distinct from u, then we may replace all occurrences of v in ¢ by u
and move u = v outside the existential quantifier. If we now have both
0 and =6 occurring in ¢, then F (Jy)p(Zy) <> F. Thus we may assume
that ¢ is an £'-atomic diagram that includes —u = v for all u such that
u € T or u is a constant symbol, and all v € zy distinct from wu.

Suppose there is a binary relation symbol E in £’ such that A asserts
that F is an equivalence relation. Then there clearly is a procedure
that, given a L’-atomic diagram 1, decides whether 1 is consistent
with the assertion that F is an equivalence relation (that is, whether ¢
includes E(u,v) whenever it includes v = v, includes E(u,v) whenever
it includes E(v,u), and includes F(u,w) whenever it contains F(u,v)
and F(v,w), where in each case, each of u, v, and w is a variable or
a constant symbol). If this is not the case, then A - (Jy)y(zy) <> F,
so we may assume that our £'-atomic diagram ¢ is consistent with the
assertion that F is an equivalence relation for any such F.

2.3. Other notions. We define a few basic notions about trees that
appear in our proofs below. We discuss the connection between trees

and theories in Section 3; for more on this topic, see Lange and Soare
29].

Definition 2.4. (i) A (binary) tree T is a subset of 2<N closed
under initial segments, i.e., if 0 € T and 7 < ¢ then 7 € T.
(As this is the only kind of tree considered below, we omit the
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word “binary”.) The set of (infinite) paths of T is
[T]={fe2":(vn)f IneT}

(ii) A tree T is extendible if for every o € T, at least one of 00 and
olisin 7. (In other words, T is extendible if every o € T can
be extended to an infinite path of T.)

(ili) Suppose T is extendible. A node 7 € T is an atom of T if for
each n > |7|, there is exactly one o € T of length n extending
7. In other words, 7 € T is an atom of T if there is only one
f € [T] extending 7. We say that this f is isolated, that 7 is a
generator of f, and that 7 isolates or generates f.

(iv) An extendible tree T is atomic if for every o € T there is an
atom 7 € T extending o. It is strongly atomic if for every finite
collection oy, ...,0, € T there is a finite collection 7g,..., 7,
of atoms of 7 such that each 7; extends ;. (Of course, every

atomic tree is strongly atomic, but this fact cannot be proved
in RCAy; see Appendix B.)

3. THE AToMIC MODEL THEOREM AND RELATED PRINCIPLES

In this section, we discuss a few principles that play a significant
role below. As mentioned in the introduction, Hirschfeldt, Shore, and
Slaman [23] studied the reverse mathematical strength of the following
basic model theoretic fact.

AMT (Atomic Model Theorem): Every atomic theory has an
atomic model.

They showed that AMT is a fairly weak principle, but is nevertheless
not provable in WKLg. (See [23] for details.)

AMT is also closely related to the following genericity principle.
(When we say that D is a IIJ set of strings, we mean that D is a
119 predicate on 2<N, and write 0 € D to mean that D holds of o. This
notation does not imply that D exists as a set.)

I19G: For any uniformly II{ collection of sets D;, each of which is dense
in 2<N there is a G such that (Vi)(3Im)[G | m € D;].

Conidis [6] showed that AMT and IIYG are computability theoretic
equivalent. In the context of reverse mathematics, his result shows that
RCA(+AMT and RCA(+I19G have the same w-models. Subsequently,
Hirschfeldt, Shore, and Slaman [23] showed that IT1{G implies AMT over
RCAy, while AMT implies IT1YG over RCA( + I39, but not over RCA,.
They also established the following conservativity results.

Theorem 3.1 (Hirschfeldt, Shore, and Slaman [23]).
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(1) AMT and TI9G are restricted 113-conservative over RCAy, i.e.,
conservative over RCAqy for sentences of the form

(VA)[O(A) — (IB)P(A, B)]

where © is arithmetic and ® is 3. In particular, AMT and TI°G
are I1i -conservative over RCA,.
(2) AMT s II}-conservative over RCAg + BXS.

On the other hand, they showed that ITYG implies I3 over RCA( +
BXY. In Section 6.2, we discuss several model theoretic principles prov-
able from RCA(+11%G that likewise imply I35 over RCA(+BX). Unlike
[19G, however, these principles are true in every w-model of RCAg, and
indeed are provable in RCA( +I29. It thus becomes interesting to find
a combinatorial principle, along the lines of TIYG, living in that same
part of the reverse mathematical universe. We obtain such a principle
by replacing the statement that I19-generics exist by the statement that
they can be approximated:

TM9GA: For any uniformly I1¢ collection of sets of strings Dy, Dy, .. .,
each of which is dense in 2<V, there is a sequence g, g1, ... € 2" such
that

(Vi)(3m)(3t)(Vu > t)[gu [ m = g¢ [ M € Di].

Note that this principle is equivalent to the version where we add the
requirement that (Vn)(3t)(Yu > t)[g, | n = ¢ | n], since we can add
to the list Dy, Dy, ... all sets of the form {0 : |o| > n}, and if m > n,
then g, [ m = ¢; [ m implies g, [ n = g; | n.

Of course, TIYG implies ITYGA, so conservativity results for the former
remain true of the latter. In particular, TIY{GA does not imply BX
over RCAg. The following two theorems show that TIYGA is in fact
equivalent to X9 over BX).

Theorem 3.2. RCAq + IX9 - TT{GA.

Proof. We argue in RCAqg + I39. Let Dy, Dy,... be a uniformly IT¢
collection of sets of strings, each of which is dense in 2<N. Let D;[s]
be the stage s approximation to D;. For each s, define o,; for i < s
by recursion as follows. Let o5 be the length-lexicographically least
string in Dy[s]. Given o, 1, let o,; be the length-lexicographically
least extension of 0,1 in D;[s]. Each D;[s| contains D;, and hence is
dense, so the oy, are all well-defined. Let g, = awON.
Consider the statement

(Tt = i) (VYu > t)[ow; = oril.
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This statement clearly holds of ¢ = 0, since there are a string o
and a t such that ¢ € Dy and 7 ¢ Dg[t] for all 7 that are length-
lexicographically less than o. By a similar argument, if the statement
holds of ¢, then it holds of ¢ + 1. Thus, by IX9, the statement holds
of all 4. Fix ¢ and let ¢ be as in the above statement. Then o,; € D;,
since 0y; = 0,,; € D;[u] for all u > t. Furthermore, g, extends oy, for
all u > t, so (Im)(3t)(Yu > t)[gy | m = g: | m € D). O

The following proof is similar to that of the corresponding result for
I19G in Hirschfeldt, Shore, and Slaman [23].

Theorem 3.3. RCA + BX) +IIVGA + IX9, and hence RCAy+ BXS
IOGA < I50.

Proof. Fix a model of RCAy + BXY + IIYGA with first order part M
and second order part §. Suppose for the sake of a contradiction that
39 fails in this model. Then there is a XY cut Z in M; ie., = €
T < (Jy)(V2)p(x,y, 2) for some AJ formula ¢ and Z is a proper initial
segment of M closed under successor. Let D; be the set of all ¢ € 2<N
such that, thinking of ¢ as a finite set, the last two elements of o, in
order, are w and (i, z,y), and

3y <y)(V2)le(@,y',2) A (VY < w) (3" <y)-e(z,y, 2)].

Clearly the D; are uniformly I19. As Z is a cut and so not a member
of S, there is no bound on the least witnesses y such that (Vz)p(z,y, 2)
for x € Z, while by IX{ every z € Z has such a least witness y, and
by BX there is a bound on the 2’ needed to show that y is in fact the
least witness for . Thus each D; is dense, for if we consider any 7 with
last element w there is an x € Z whose least witness y is larger than
w and a z > y such that counterexamples for all ¥ < w can be found
below z. So if we let o extend 7 by adding on as its only new element
(1,x, z) we have our extension of 7 in D; as required.

Let go, g1, - . . be as in II?GA and let a be any number above all those
inZ. Let E; = {(m,t) : (Yu = t)[g. | m = ¢ | m € D;[u]]}. Note
that the E; are uniformly I19. We have (Vi < a)(3(m,t))(m,t) € E;,
so by the finite axiom of choice for TIY properties, there is a function
f with domain a that is M-finite (i.e., coded in M by a number) and
such that for each ¢ < a there is an (m,t) € E; with the last element of
g¢ | m of the form (i, f(i),y). Since (m,t) € E; = ¢, | m € D;, every
f(i) is in Z.

We claim that f is one-to-one. Since 7 is a proper subset of a, this
fact gives us a contradiction, as we can show in RCA, that no such
function exists. So assume for a contradiction that f(i) = f(j) = =
for i # j. Then there are (m,t) € E; and (m/,t') € E;, and there are
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v, W, s, Y;, such that the next to last and last elements of g, | m are
v and (i,z,y;), and the next to last and last elements of gy [ m' are
w and (j,z,y;). Let u = max(t,t'). By the definitions of F; and E;,
we have g, | m = ¢, [ mand g, | m' = g» | m'. Thus we cannot
have m = m/, since g; | m and gy [ m' have different last elements.
So, without loss of generality, we may assume that m < m' and so
v < (i,z,y;) < w < (j,x,y;). We now have a contradiction, as the
definitions of D; and D, then say that (Jy < v;)(Vz)p(z,y, 2) and
(Vy' < w)(3Z < y)-p(x,y, 2'), respectively, but y; < w. O

Corollary 3.4. AMT does not imply TIYGA over RCA,.

One can think of IIYGA as an attempt to capture the first order
difference between AMT and I19G, but we do not know whether AMT +
IMYGA implies IIYG over RCA,.

There are principles analogous to IIYGA for higher levels of the arith-
metic hierarchy, and results corresponding to the above two theorems
hold for these principles. Since these results, while of independent
interest, are not needed in the rest of this paper, we leave them to
Appendix A.

Let T" be an atomic theory. From an atomic model of T, we can
easily obtain a listing of the principal types of T'. By applying Shore
blocking to a priority argument of Goncharov and Nurtazin [16] and
Harrington [19], Hirschfeldt, Shore, and Slaman [23] showed that it is
also provable in RCA( that if there is a listing of the principal types of
T, then T has an atomic model. Thus AMT can be restated as “If T
is an atomic theory, then there is a listing of the principal types of T'.”

There is a fairly straightforward translation between theories and
extendible trees. In one direction, given a theory 7T, we can consider
the tree T of types of T. More precisely, we define 7 as follows. For

each n, let @ (zo, ..., Tn_1), " (x0,...,Tp_1),... list the formulas with
free variables among o, ..., 7,_; in the language of T. For o € 2<N,
let

r= N\ oA N\ e

w:o(1)=1 1:0(4)=0

Let T consist of all strings of the form 0™ and all strings of the form
0"10 such that ¢ is consistent with 7. It is easy to show in RCA that
T is an extendible tree, that if T is atomic then 7 is strongly atomic,
and that if there is a listing of the isolated paths of 7, then there is a
listing of the principal types of T'.

In the other direction, we have the following construction.
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Definition 3.5. Let £ be the language {P,},cn, where each P; is
a unary relation symbol. For ¢ € 2<N| let P’(y) be the formula

A5 P (y), where PL(y) denotes the formula P, (y) and PO(y) de-
notes the formula =P, (y). For a k-tuple s = (0y,...,0x_1) of elements
of 2<N let P*(yp, ... yk—1) be the formula A,_, P7(y;).

Given an extendible tree 7 C 2<N let T'(T") be the deductive closure

in L of the following set R(7T) of axioms.

(1) (F7™mzx)P°(x) for all o € T and m € N.
(2) =(3x)P?(x) for all o & T .

We can clearly prove the existence of R(7) in RCAq. The following
lemma shows that we can do more, and establishes the correspondence
between isolated paths of 7 and principal types of T'(7).

Proposition 3.6. The following hold in RCAq for an extendible tree
T.

(1) T(T) exists and is a theory, i.e., complete and consistent.

(2) If T is strongly atomic, then T(T) is an atomic theory.

(3) From an enumeration of the principal types of T(T), we can build
an enumeration of the isolated paths of T .

Proof. We argue in RCA,.

(1) We first show that R(7) admits effective quantifier elimination,
as discussed at the end of Section 2.2. Fix an existential formula
(Jy)p(Zy), where p(Zy) is a conjunction of literals. Let m be such
that no P; with ¢ > m occurs in ¢, and let £’ be the language consist-
ing of all P; with ¢ < m. As discussed in Remark 2.3, we may assume
that ¢ is an L'-atomic diagram, and that it includes —x = y for all
x € T. Let o be such that P?(y) equals the conjunction of literals in
¢ of the form P;(y), and let ¢ be the conjunction of literals in ¢ not
involving y (which is just T if there are no such literals). It is easy
to see that if o € T then R(T) F (Jy)p(Ty) + 1, and otherwise,
R(T) F (3y)e(zy) <» F. Thus R(T) admits effective quantifier elimi-
nation, and so its deductive closure exists and is complete if consistent,
and hence a theory as required.

To show that T'(7) is consistent, we provide a model A of T'(7).
Since T is extendible, there is a function f : 2<N x N — 2 such that
for each o € T, if we think of f(o,-) as an element « of 2V, then « is
the leftmost path of T extending o. Let the domain of A be N. Since
R(T) admits effective quantifier elimination and there are only unary
relation symbols, we need to specify only what unary relations hold of
each n € N. Let {7;};eny be an enumeration of 7. For each i, j, k, let
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P,f (72.k) ({i,7)) hold in A. (We assume our pairing function is bijective.)
Clearly A is a model of T'(7"), and hence T'(7) is consistent.

(2) Suppose that 7T is strongly atomic, and fix a formula 6(zo, . . ., z,)
consistent with 7°(7"). By quantifier elimination, we may assume that
6 is quantifier-free, and hence that it is a disjunction of conjunctions of
literals. Since any disjunction is implied by each of its disjuncts, and 6
has at least one disjunct that is consistent with 7°(7), we may in fact
assume that 6 is a conjunction of literals. Since we are working in a
language with only unary relation symbols, we can split € into formulas
0o(z0), ..., 0n(x,) consistent with T'(T), and it suffices to show that
each 6; is implied over T'(7T") by an atom of T'(T"). Since each 0;(x;) is a
conjunction of literals consistent with 7'(7), there are og,...,0, € T
such that each P7 (x;) logically implies 6;(z;). Since T is strongly
atomic, there are atoms 7g,...,7, of T such that ; extends o;. It is
easy to check that each P7i(z;) is an atom of T(7) and implies 0;(z;)
over T(T).

(3) From an enumeration of the principal types of T'(7), we can build
an enumeration po(x), p1(z), ... of the principal 1-types of T'(7T) in the
variable z. Let f;(k) = 1 if Py(z) € p;, and let f;(k) = 0 otherwise.
Then it is easy to see that fy, f1,... is an enumeration of the isolated
paths of T. O

Thus we can further restate AMT as “If T is a strongly atomic
extendible tree, then there is a listing of the isolated paths of 7.” If we
weaken the hypothesis of this statement, we get a different principle:

ATT (Atomic Tree Theorem): If 7 is an atomic extendible tree,
then there is a listing of the isolated paths of 7.

ATT implies AMT by definition. The finite axiom of choice for II9
properties, and hence BX, implies that every atomic tree is strongly
atomic. (We show in Appendix B that this statement is in fact equiv-
alent to BXY.) Thus ATT is provable in RCAy + BX9 + AMT. Tt is
easy to see that ATT is also provable in RCAg + IIYG. These two
facts together imply that ATT is restricted IT3-conservative over RCAg
and IT{-conservative over RCAg + BXY. They also imply that ATT is
strictly weaker than both TIYG and AMT + BX.

We do not know whether AMT (or even AMT + IIYGA) implies
ATT over RCAqy. Assuming AMT does not imply ATT, ATT is strictly
intermediate in strength between AMT and AMT+BX), which suggests
the idea of “miniaturizing” ATT, as we did to IIG to obtain IT{GA,
yielding a principle strictly weaker than BX$ but not provable in RCA,.
We show in Appendix B that this idea can indeed be implemented.
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4. DEFINING HOMOGENEITY

In this section, we compare several classically equivalent definitions
of homogeneity.

Definition 4.1. Let M be a model. By an M -tuple we mean a tuple
of elements of M. For M-tuples a and b, we write @ = b to mean that
a and b have the same type. (If the language of M does not include
equality, then the definition of = should also include the requirement
that (ao,...,a,) = (b, ...,b,) implies that a; = a; if and only if b, =
b;.)
(i) A model M is 1-point homogeneous if for each pair of M-tuples
a = b and each ¢ € M, there is a d € M such that ac = bd.
(i) A model M is 1-homogeneous if for each pair of M-tuples @ = b
and each M-tuple ¢, there is an M-tuple d such that a¢ = bd.
(ili) A model M is homogeneous if for each finite sequence of pairs
of M-tuples ag = by, . .., a, = b, and each finite sequence of M-
tuples ¢, . . ., Cn, there are M-tuples dy, . .., d, such that @;¢; =
Bsz for all 7 < n.
(iv) A model M is strongly 1-homogeneous if for each pair of M-
tuples @ = b, there is an automorphism of M taking a to b.

These definitions are easily seen to be classically equivalent by back
and forth constructions. ACAj is clearly powerful enough to carry out
these constructions, so all of our definitions are equivalent in ACA,.
However, as we show in this section, in RCA( the situation is different.
Of course, in RCA( we do have (iii) = (ii) = (i), as well as (iv) = (ii).
We now consider the remaining implications.

Definition (i) is the standard one, but (iii) is better behaved than
either (i) or (ii) from the reverse mathematical point of view. In par-
ticular, it is the one that yields a version of HMT equivalent to AMT,
as shown in Theorem 7.6. By Theorem 4.3 below, the implication from
(i) to (ii) is equivalent to IX9, and by Theorem 4.4, the implications
from (ii) to (iii) and from (iv) to (iii) are both equivalent to BXY. Since
(1)—(iii) assert the existence of first order objects, while (iv) asserts the
existence of a second order object (namely, an automorphism of M),
it is not surprising that the implications from (i)—(iii) to (iv) are at
the level of ACAy. We have already noted that they all follow from
ACAy. We now show that the weakest of them implies ACAy, using
an example built by Hirschfeldt, Shore, and Slaman [23, Theorem 2.3]
to show that the statement that any two atomic models of the same
theory are isomorphic implies ACAy over RCA,.
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Proposition 4.2. The statement that every homogeneous model is
strongly 1-homogeneous, i.e., (iii) = (iv) in Definition 4.1, implies
ACAq over RCA,.

Proof. The example in [23] consists of two models, A and B, in a lan-
guage with unary relation symbols R; and R;; for ¢,7 € N, defined
as follows. The domains of both A and B are N and in each the in-
terpretation of R; is {(i,n) | n € N}. Let (), be the set of elements
entering the halting set () by stage s of its enumeration. (The basic
constructions of computability theory, including that of the sequence

0,07, ..., can be carried out in RCAy; see for instance [20] or [47].)
If i ¢ (" then both interpretations of R;s are empty. Suppose that i
enters (/' at stage t. In A we put {i} x [0,¢] into R, s for each s > t,
split the rest of {i} x N into two computable infinite pieces, put one
into R; s for each s > t, and keep the other out of all the R; ;. In B
we keep {i} x [0,¢] out of all the R, ,, split the rest of {i} x N into two
computable infinite pieces, put one into R;, for each s > ¢, and keep
the other out of all the R, ;.

We modify this example by adding a binary relation symbol E to
the language, and letting M be the model obtained by letting the
interpretation of E be an equivalence relation splitting the domain
into two computable infinite equivalence classes, one of which is a copy
of A and the other a copy of B. To be precise, let M = N and let
EM(z,y) hold if and only if  and y are both even or both odd. Let
R;(2n) hold in M if and only if R;(n) holds in A, let R;(2n + 1) hold
in M if and only if R;(n) holds in B, and act similarly for R, ;.

A simple modification of the argument in the proof of Theorem 2.3
of [23] shows that M provably exists in RCAy. (All we need to add
to the proof of quantifier elimination for the theory of M is a check of
the consistency restrictions imposed by the axioms for the equivalence
relation E, as discussed in Remark 2.3.) It is also easy to show in
RCA, that there are a,b € M such that a = b and =~E(a,b), so if
M is strongly 1-homogeneous, then A = B, which implies ACAy, as
shown in the proof of Theorem 2.3 of [23]. Thus it suffices to argue in
RCAq that M is homogeneous.

It is not difficult to see that, working in RCAj, we can define a
function f such that for each a, z, and i < 2, we have f(a,x,i) > x
and f(a,z,i) = a (i.e., the elements f(a,x,i) and a of M have the
same 1-type), and EM(a, f(a,x,1)) if and only if i = 1.

Let ag = by, ..., a, = b, and ¢, . . . , &, be M-tuples. For each m < n,
proceed as follows. Let Gy = (@mo; - - - Gmk)s 166 by = (bynos - -+ s D)
and let ¢, = (¢mo,.-.,Cmy). For each j < [, proceed as follows. If
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Cm,j = Gm j for some j', then let d,, ; = by, . Otherwise, let x > by,
for all p < k. If EM(ay,0,bm,0) then let d,,; = f(cmj,x,1); otherwise,
let dpj = f(cmy, 2, 0).

Let dyy, = (dmo, - - -, dmy)- 1t is easy to check that @,,¢,, = b,,d,, for
all m < n. Thus M is homogeneous. O

The remaining implications between our definitions of homogeneity
are more subtle; involving induction and bounding principles.

Theorem 4.3. The statement that every 1-point homogeneous model
is 1-homogeneous, i.e., (i) = (ii) in Definition 4.1, is equivalent to 139
over RCA,.

Proof. Let M be 1-point homogeneous. Let @ = b and ¢ = (cg, .. ., ¢,)
be M-tuples. For each i < n, the existence of a sequence dy, ..., d;_;
such that (a,co,...,ci_1) = (b,do,...,d;_1) is a X3 property of i, so
¥9-induction suffices to show that such sequences exist for all i, in
particular ¢ = n, which implies that M is 1-homogeneous.

We now argue in RCAj to obtain the reversal. We use the equivalence
between IX9 and finite II{-recursion mentioned in Section 2.1. Let ¢
be a I1? formula defining a total function, and fix z and n. We build a
1-point homogeneous model M such that if M is 1-homogeneous then
there is a sequence z, ..., z, with o = z and ¢(x;, x;41) for all i < n.

We work in the language with unary relation symbols P; for i €
N and a binary relation symbol E. Let A be the following set of
axioms, which we write informally, as formalizing them in our language
is straightforward.

(1) Pyy(xz) — Pi(x) for all i € N.
(2) E is an equivalence relation with two classes.

(3) Within each E-equivalence class, for each ¢ € N there are infin-
itely many « such that P;(x) A = P;11(z), and there are infinitely
many z such that = Py(z).

It is easy to show that A admits effective quantifier elimination,
as discussed at the end of Section 2.2: Fix an existential formula
(Jy)p(Zy), where ¢(Zy) is a conjunction of literals. Let m be such
that no P; with ¢ > m occurs in ¢, and let £’ be the language con-
sisting of F and all P; with ¢« < m. As mentioned in Remark 2.3, we
may assume that ¢ is an £’-atomic diagram that includes -z = y for
all z €  and is consistent with the assertion that E is an equivalence
relation. Let ~ be the equivalence relation on the variables in zy de-
fined by letting u ~ v hold if and only if ¢ contains E(u,v). If ~ has
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more than two equivalence classes, or ¢ contains both P;(y) and —F;(y)
for i < j, then A - (3y)p(Ty) <> F. Otherwise, let ¢ be the result
of removing from ¢ all literals involving y (and hence is just T if all
literals in v involve y). Then it is easy to see that A F (Jy)p(zTy) <> .

We now specify a 1-point homogeneous model M of A. By effec-
tive quantifier elimination, it suffices to specify the atomic diagram
of M. Let sg,s1,... list all nonempty finite sequences of natural
numbers with first element z. Let 0(k) hold if and only if, writing
s = (z = mg,...,my_1), we have ¢(m;, m;;1) for all i <[ — 1. Note
that 6 is TI9, so there is a sequence of sets Ry O Ry D --- such that
0(k) if and only if £ € R; for all i. We may assume that for each i,
there are infinitely many & such that ¢ is the least number for which
k ¢ R;. Note also that if (k) and (k') both hold for k # k', then sy
and s must have different lengths, since ¢ defines a function.

Let the domain M of M be all numbers of the form (i, 7, k) with
i,j € {0,1} and k € N. Let E™ hold of two such numbers if and only
if they have the same first coordinate. Let PA((i,0,k)) hold if and
only if k = (I, z) for some [ > m and z € N. Let P((0, 1, k)) hold for
all k € N. Let PM((1,1,k)) hold if and only if k € R,,. Clearly, M is
a model of A.

To see that M is 1-point homogeneous, let @ = (ag, ..., am_1) = b =
(bo, - ., bm_1) be M-tuples and let ¢ € M. If ¢ = a; for some i < m
then we can let d = b; and have ac = bd, so we may assume that is not
the case. Say that @ and b are on opposite sides if there is an i < m
such that a; and b; have different first coordinates (in which case, the
same must hold of all pairs a;, b;). Otherwise, say that @ and b are on
the same side. Let [ be large enough so that every number of the form
(1,7, x) for x > [ is bigger than all the b;. We have several cases.

(1) If @ and b are on the same side and c is of the form (i, 0, (k,x)),
then let d = (7,0, (k, 2’)) for some 2’ such that (k,2') >

(2) If @ and b are on the same side and c is of the form 0,1,7 ) then
let d = (0,1, ;) for some j" > .

(3) If @ and b are on the same side, ¢ is of the form (1,1,7), and
0(7) does not hold, then let k£ be least such that 7 ¢ Ry and let
d= (1,0, (k,z)) for some z such that (k,z) > [.

(4) If @ and b are on opposite sides and c is of the form (i, 0, (k, z)),
then let d = (1 — 4,0, (k,2’)) for some 2z’ such that (k,z’) > L.

(5) If @ and b are on opposite sides, c is of the form (1,1, 5), and 6(j)
holds, then let d = (0, 1, j') for some 5 > [.

(6) Fmally, if @ and b are on opposite sides and ¢ is of the form
(0,1,7), or @ and b are on the same side, c is of the form (1,1, j),
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and 6(7) holds, then proceed as follows. Let s be the longest
string such that s = s; for some j' such that (j') and b; =
(1,1, 4') for some i < m, if there is such a string, and let s be the
empty string otherwise. (Note that we can pick out the set of j’
such that 6(;") and b; = (1,1, 5') for some i < m by bounded TT9-
comprehension.) Then, by the hypothesis on ¢, there is a string
s;» of length |s| + 1 such that 6(j”) holds. Let d = (1,1, 5"), and
note that d # b; for all i« < m.

In any case, it is easy to check that ac = bd.
Now suppose that M is 1-homogeneous. Since clearly (0,0,0) =
(1,0,0), there exist dy,...,d, 1 such that

({0,0,0),(0,1,0),...,(0,1,n— 1)) = ({1,0,0, do, . .., dn_1).

We must have d; = (1,1,k;) for each i < n. The numbers k; are
all distinct and all satisty 6, so at least one si, has length at least
n. This string witnesses the fact that the instance of II{-recursion
corresponding to ¢, n, and z holds. 0

Theorem 4.4. The following are equivalent over RCAy.
(1) BXY
(2) Every 1-homogeneous model is homogeneous, i.e., (i) = (i) in
Definition 4.1.
(3) Every strongly 1-homogeneous model is homogeneous, i.e., (iv)
= (iii) in Definition 4.1.

Proof. We first argue in RCAg + B to prove (2), and hence (3). Let
M be 1-homogeneous, let ay = by, ...,a, = b, be pairs of M-tuples,
and let ¢, ..., ¢, be M-tuples. By 1-homogeneity, for each i < n, there
is an M-tuple d such that @;¢; = b;d. The condition that two given M-
tuples have the same type is II7, so by the version of the finite axiom
of choice mentioned in Section 2.1, there is a sequence of M-tuples
do, . .., d, such that a;¢; = b;d; for each i < n.

We now argue in RCAg to show that (3) implies BXJ, and hence
so does (2). Assume that every strongly 1-homogeneous model is ho-
mogeneous. We show that BIIY holds. (Recall that BIIY and BX
are equivalent over RCAg.) Let ¥ be a 19 formula and n a number
such that (Vi < n)(Ju)¥(i,u). We build a strongly 1-homogeneous
model M such that if M is homogeneous then there is a v for which
(Vi < n)(Ju < v)¥(i,u). Let ® be a quantifier-free formula such that
U(i,u) = (V2)P(i,u, 2).

A first approach. Since our model is somewhat complicated, we begin
by sketching a simpler version that does not prove the theorem but
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helps motivate our full construction. We work in the language with
unary relation symbols U; for ¢ < n and R; for ¢ € N, and a binary
relation symbol E. Let A be the following set of axioms.

(1) The U; partition the universe into pairwise disjoint sets.

(2) E is an equivalence relation. If E(z,y) holds then U;(x) and
Ui(y) both hold for some i < n, and E splits each U; into two
infinite classes.

(3) Rgr1(x) — Ri(z) for all ¢ € N.

(4) For each i < n and each m € N there are infinitely many z in
each F-equivalence class of U; such that R(x) holds if and only
if £ <m.

It is easy to show that A admits effective quantifier elimination.
Let N be the model of A defined as follows. The universe N of N
consists of all numbers of the form (i, j,m) with i < n, j € {0,1},
and m € N. Let UN(z) hold if and only if the first coordinate of x
is i. Let EV(x,y) hold if and only if  and y have the same first and
second coordinates. Let R ((i,7,2m)) hold if and only if & < m. Let
RY({i,0,2m+1)) hold for all k. Let RY ((i,1,2(m,c) +1)) hold if and
only if (FJu < m)(Vz < k)®(i,u, 2).

Note that (Vk)(Ju < m)(Vz < k)®(i,u, 2) <> (Fu < m)V(i,u). (The
right-to-left-direction is obvious. For the other direction, suppose that
(Vu < m)=¥(i,u). Then for each u < m there is a z, such that
—®(i,u, 2,). These z, can be found effectively, so their maximum k&
exists. Then (Vu < m)(Jz < k + 1)=P(¢,u, 2).)

Suppose N is homogeneous. Let a; = (7,0,0), let b; = (i, 1,0), and
let ¢; = (i,0,1). Then a; = b; for all i < n, so there are dy, ...,d, 1
such that a;c; = bid; for all ¢ < n. It follows from the definition of
N and the remark in the previous paragraph that each d; is of the
form (i,1,2(m;,c) + 1) for some m; such that (Ju < m;)¥(i,u). Let
m = maxX;<, m;. Then (Vi <n)(Ju < m)V(i,u).

However, we cannot show that A/ is strongly 1-homogeneous, or even
1-homogeneous. Indeed, if we assume that A is 1-homogeneous, then
we can argue as above to obtain my, . .., m,_1, because (ag, ..., a,-1) =
(bo, - .., bn_1), so there are dy, ..., d,_; such that

(ag,...,an-1,¢0,...,n1) = (bo,...,bp_1,do, ... ,dn_1).

To get around this problem, we introduce new binary relations be-
tween elements of different U;’s. The goal is to ensure that if elements
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(ag, ... an-1) = (bo,-..,bp_1) of a model M can be used to produce
mo, ..., My_1 using l-homogeneity as above, then these sequences al-
ready contain enough information to obtain my, ..., m,_; without ap-
pealing to 1-homogeneity. More generally, we want to ensure that if
(ag,...,ax_1) = (bo,...,bg_1) then these sequences contain enough in-
formation to obtain an automorphism of M taking each a; to b;.

Azioms. We work in the language with unary relation symbols U; for
1 < nand R; for 2 € N, and binary relation symbols £ and @); for ¢ € N.
Let A be the following set of axioms, some of which we write informally,
as formalizing them in our language is straightforward. The first three
families of axioms are the same as above. The fourth ensures that the
(; hold only between elements of different U;’s. The fifth expresses
the fact that any existential statement with parameters that is not
forbidden by the other axioms holds. This last axiom is necessary to
ensure that A admits effective quantifier elimination.

(1) The U; partition the universe into pairwise disjoint sets.

(2) E is an equivalence relation. If E(z,y) holds then U;(x) and
Ui(y) both hold for some i < n, and E splits each U; into two
classes.

(3) Rit1(z) = R;i(x) for all i € N.
(4) If Q;(x,y) holds then U;(z) and Uj(y) hold for some j # ;.

(5) Let zg,...,x,_1 be distinct elements and let iy, ..., 4,1 be such
that Uy, (z;) holds for all j < k. Let

FO)"'7Fk717FOa"'7Fk717G07"'7Gk717G07"'7Gk71

be finite sets such that Fjﬂﬁj = Gjﬂ@j = () for all j < k. Then
for each ¢ < n and each m € N, there are infinitely many y in
each F-equivalence class of U; such that
(a) ~R,,(y) and, if m > 0, also R,,_1(y);
(b) for each j < k such that i; # 4, we have Qq(z;,y) for all
d € F; and ~Qq(x;,y) for all d € F; and
(c) for each j < k such that i; # i, we have Qq(y,z;) for all

d € Gj and —Qq(y, z;) for all d € G;.

Quantifier elimination. To show that A admits effective quantifier elim-
ination, as discussed at the end of Section 2.2, fix a formula (Jy)p(zy),
where ¢(Zy) is a conjunction of literals. Let m be such that no R; or
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Q; with i > m occurs in ¢, and let £’ be the language consisting of
E; all U; with ¢ < n, and all R; and @; with ¢ < m. As mentioned
in Remark 2.3, we may assume that ¢ is an L£'-atomic diagram that
is consistent with the assertion that E is an equivalence relation, and
includes —u = v for all distinct u,v € Ty.

If both U;(u) and U;(u) for j # i occur in ¢, or —U;(u) occurs in ¢
for all i < n, then A+ (Jy)e(Zy) <> F. So we may assume that we can
partition Zy into classes Cy, ..., C,_; such that if u € C; then U;(u)
occurs in ¢ and —U;(u) occurs in ¢ for all j # ¢ with j < n. Suppose
that at least one of the following conditions holds.

(1) Both R;(u) and = R;(u) for j < ¢ occur in ¢.

(2) E(u,v) occurs in ¢, and u € C; and u € C; for i # j.

(3) Qi(u,v) occurs in ¢, and u,v € C; for some j < n.

(4) Let ~ be the equivalence relation on the variables in Zy defined
by letting u ~ v hold if and only if ¢ contains F(u,v). Then
there is an 7 < n such that the restriction of ~ to C; has more
than two equivalence classes.

Then A+ (Jy)p(zTy) <+ F. Otherwise, application of the fifth axiom
family of A shows that A F (Jy)e(Zy) <> 0(Z), where 6 is the result
of removing from ¢ all literals involving y (and hence is just T if all
literals in ¢ involve y).

Thus the deductive closure T" of A exists. We build a model M of A
below, thus showing 7" is a theory. First we describe and name some
of the types of T'.

Types. By effective quantifier elimination, the types of T' can be iden-
tified with atomic types.

The 1-types of T in a given variable x are then of two kinds. We have
the principal type r; ;(x) for i« < n and j € N, which is determined by
U;(z) and —~R;(x), and, if j > 0, also R;_1(x). We also have the type
Ti00(2), determined by U;(z) and R;(z) for all j € N. Let r; oo /m () be
the type determined by U;(z) and R;(z) if and only if (3u < m)(Vz <
J)®(i,u,z). Note that 7 ./m = ris if (Ju < m)V¥(i,u) holds, and
otherwise 7 o /m = 7i for some k& € N. We use this type in the same
way as in our simplified model N above.

There are uncountably many 2-types of T', but we are interested in
only countably many of them. The 2-types p(z,y) that include both
Ui(x) and U;(y) are all realized in the model M defined below, but we
do not need to refer to them directly. To describe the other 2-types in
given variables x and y realized in M, we first define the partial 2-type
sij.s(x,y) for i < nand j € NU {oo}, and a finite or cofinite set S.
This type states that x has type r;; and Q,,(z,y) holds if and only if
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m € S. If S is finite then we say that a 2-type extending this partial
type is i-finitary. If S is cofinite then we say that a 2-type extending
this partial type is i-infinitary. Now let s 4, jo.i1.50.8: (o, 1) for 4o # 43
be the 2-type determined by s;, j,.5, (0, 1) U Siy jy 81 (21, Zo)-

We get around the deficiency of our simplified model A above by
ensuring that in M, if z(, x; are not large enough to encode an m such
that W(i,u) holds for some u < m, and we have U;(xo), U;(x;), and
—E(zg, 1), then for some [ € {0, 1}, whenever U;(y) holds for j # i, the
2-type of (z;,y) is i-finitary, while the 2-type of (z1_;,y) is ¢-infinitary.
To implement this strategy, we use the following definitions.

Let s;j.s/mne(2,y) be the partial 2-type stating that x has type r;;
and Qk(z,y) holds if and only if k¥ € S and either £ < ¢ or (Ju <
d)(Vz < k)®(i,u,z). Then s;;s/ing = sijs if Y(i,u) holds for some
u < d, and otherwise s; j 5/fnc = ;5,5 for some finite set S’. (Of course,
if S is finite, we could have " = S.)

Let s;;s/me(z,y) be the partial 2-type stating that = has type 7;;
and Qg(x,y) holds if and only if £ € S or both £ > ¢ and (Vu <
d)(3z < k)=®(i,u, z). Then s;; s/t = i, if ¥(i,u) holds for some
u < d, and otherwise s;j s/inf; = Sij.s for some cofinite set S’. (Of
course, if S is cofinite, we could have S’ = S.)

Using these, we define 2-types such as Siosidosjt,So/Ancl S finfSh (o, 1)
in the obvious way.

For each of the 2-types we have defined, if j, jo, or j; is oo, we also
consider the corresponding type with oo replaced by oo/m as in the
definition of 7; o /m. For instance, the type s, 00/m.ji, 50,5 (To, Z1) is
defined in the same way as the type i, i, 00.j1.5.% (Zo, 1), except that
xo now has type i, oo/m instead of r;; .

Each type of T' can be specified by listing its 2-subtypes. Note in
particular that, by quantifier elimination, for tuples (aq,...,a,) and
(bo, ..., by) of elements of the model M built below, if a;a; = b;b; for
all i, 7 < m, then (ag,...,am,) = (bo,...,bn).

The model M. We now specify a strongly 1-homogeneous model M of
A. By effective quantifier elimination, it suffices to specify the atomic
diagram of M.

The domain M of M consists of all numbers of the form (i, j,1,m)
with ¢ <n, j € {0,1}, and I,m € N. For a € M and k € {1,2,3,4},
let 7 (a) be the kth coordinate of a.

Let UM(a) hold if and only if 7i(a) = i. Let E™(a,b) hold if and
only if 7 (a) = m(b) and my(a) = m2(b). Let RM((i,4,1,2(m,c))) hold
if and only if & < m. Let RM((i,0,1,2m + 1)) hold for all k. Let
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RM((i,1,1,2{m,c)+ 1)) hold if and only if (3u < m)(Vz < k)®(i, u, 2).
(We assume our pairing function is onto.)

In other words, we give (i, j, [, 2(m, c)) type 7;m, give (i,0,1,2m+ 1)
type 700, and give (i,1,1,2(m,c) + 1) type rio/m. This definition
ensures that for each i, there is an m; such that all elements of the form
(i,1,1,2(m;, c) + 1) have type 7; -, but any sequence my, ..., my,_1 of
such elements can be used to satisfy our instance of BITY.

In defining the interpretations of the (), the idea is to use elements
with third coordinate [ to provide witnesses for the satisfaction of par-
ticular 1-types over elements with third coordinates less than [. In
particular, we provide witnesses to the satisfaction of the fifth axiom
group of A, though we have to do more than that, since we have to
realize i-infinitary types while preserving strong 1-homogeneity. To im-
plement the strategy described above for repairing the problem with
our previous model A/, we also wish to ensure that the following prop-
erty holds. Let z,y have different first coordinates. Let i = m(z) and
m = m4(x). Suppose that =W(i,u) for all u < m. If m(x) = 0 then the
type of (z,y) is i-finitary, and otherwise this type is i-infinitary.

We first define the (), on pairs of elements with the same third coordi-
nate. For each k,l € N, let Q'({i, j,1,m), (', 5',1,m’)) hold if and only
if i/ # ¢ and 7 = 1. That is, we give each pair ((¢,0,1,m), (7, j',1,m’))
with ¢/ # i a type extending a partial type of the form s; ¢ (which
is i-finitary), and each pair ((i,1,1,m), (7', j',1,m’)) with i # i a type
extending a partial type of the form s; 4., (which is i-infinitary).

Now let I > 0. Partition the elements of M of the form (i, 0,1, 2m+1)
into infinite sets B, 0,0, Bio,1,- ... Let m € N. Partition the elements of
M of the form (7,0,1,2(m,c)) into infinite sets B; 3m+1.0, Bism+1,1s - - - -
Partition the elements of M of the form (i, 1,1,2(m,c)) into infinite
sets Bj 3m+20, Bism+2.1,.... Partition the elements of M of the form
(1,1,1,2(m, c) + 1) into infinite sets B; 3m+3.0, Bism+3.1,---. Assign to
each z € N

(1) a tuple (ag,...,ar_1) of elements of M with third coordinates
less than [,
(2) a tuple of numbers

U !/ / /
(d07 P ,dk_l,do, P ,dkfl,CO, ... ,Ck_1700, .o 7ck71),

and

(3) a tuple of finite or cofinite sets (Sy,. .., Sk—1,5,.-.,5_1) (by
which we mean that some of these sets might be finite while
others might be cofinite).
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We call this 3-tuple, consisting of a tuple of elements, a tuple of num-
bers, and a tuple of sets, the parameters associated with z. Perform
this assignment in such a way that each set of parameters is associated
with some x.

Fix x € N and the parameters associated with x as above. Fix
1 <n. Let ai € UjGN Bi,j,z- Let ij = 7T1(aj>, let €; = 7T2(6Lj), and let
m; = my(a;). For j < k, let t; be such that a; has been given type
7i,4,- Thus t; could be a natural number, oo, or co/q for some ¢ € N.
For j < k, if e; = 0 then let mod; denote fin'’ X and otherwise let

min(dj,m;

If e;, = 0 then let mod, denote ﬁnc}

. 1 J
mod; denote inf’ min(d’,mg)’

min(d;,m;)
and otherwise let mod;, denote infzin( 2
o k)
For each j < k such that i; # iz, define the QX on (a;,a;) and
(ag,a;) so that (a;,ax) has type Sty ikt sy /mody, S5 fmody We say that

a is a witness for the tuple (ag,...,ar_1), as well as for the whole set
of parameters associated with z.
For any a € M with m3(a) < [ that is not among ag, ..., a1,

let QM(a,a;) hold if and only if 7 (a) # i, and mo(a) = 1, and let
QM(ax, a) hold if and only if 71 (a) # i and e; = 1.

We have completed the definition of M. It is clear that M sat-
isfies the first four axiom groups of A. It also satisfies the fifth ax-
iom group because for all elements aq,...,ax_1 of M and all finite
sets Fg, ey Fk—h F\o, ceny F\k—la Go, - ,Gk_l, @0, “ ,@k_l, we eventu-
ally assign elements a; as in the previous paragraph. The mod oper-
ation in the definition of the type of (a;,a)) is not a problem if the
¢; are sufficiently large (i.e., larger than all numbers mentioned in the
particular instance of the fifth axiom group we are considering).

Type translation. To show that M is strongly 1-homogeneous, we first
need to discuss the process of translating types between the equiva-
lence classes of a given UM, which will help us define the required
automorphism of M. Consider the type s = s; ; ;. JEnZ0 Sy finfS) - It

(FJu < dp)¥(ip,u) then s = Siositosts 50,51 finfS] In this case, let Sy = Sp.
Otherwise, there is a finite set Sy such that s = Sioin tost1,So.51 finfSh and

this set can be found by searching for a k such that (Vu < dy)(3z <
k)=®(ig, u, z). In either case, if u is least such that W(ig, u) holds, then

5 = Sz‘o,il,to,tlﬁo/infﬂl,Sl/inffﬁ' We call this latter type the ig-translate

of s. We call (u+1,d;, §0, S1,1inf, inf) the conditions of this translate.
To find this translate, we need to be able to determine Sy and u. The
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former can be obtained effectively from u, though, so in fact, all we
need is u.

Similarly, if we know the least v such that ¥(iy,v), then we can find
the 7;-translate of s, that is, a type sioﬂ.l7t07t1750/ﬁn;?)7§1/ﬁn25rl equal to

s. The conditions of this translate are (dp, v + 1, .Sy, §1, fin, fin). If we
know both uw and v, then we can also find the i, i1 -translate of s, that

is, a type Sz’o,il,to,tl,§o/inff;°+1,§1/ﬁr£j§1 equal to s. The conditions of this

translate are (u+ 1,v + 1,5y, S1, inf, fin). The same process applies to
any type S;, i, 1.1),50/modoc? S, /mod1l » Where mod0 and modl are each
b b b b 07 1

either fin or inf.

For I C n, the I-translate of a type s as above is s if ig,4; ¢ I, the
ii-translate of s if 4, € I and i1_; ¢ I, and the ig,i;-translate of s if
19,01 € 1.

Strong 1-homogeneity. We now show that M is strongly 1-homoge-
neous. Let (ag,...,am-1) = (by,...,bn_1). We need to build an auto-
morphism f of M permuting these M-tuples.

Let I be the set of all 7 for which there is a j < m such that m(a;) = ¢
(and hence m(b;) = %) and ma(a;) # ma(b;). (Note that then every
aj, by with first coordinate in I have different second coordinates.)
It obviously has to be the case that if f(a) = b and m;(a) € I, then
ma(a) # ma(b). We build f so that it is also the case that if f(a) = b and
m(a) ¢ I, then mo(a) = ma(b). Say that (ag,...,a,-1) = (bo,-..,br—1)
is an I-pair if I is the set of all ¢ for which there is a j < r such that
m(a;) = i and ma(a;) # me(b;). Thus our starting M-tuples form an
I-pair.

We in fact show the following: Let (aq,...,a,—1) = (bo,...,b,—1) be
an [-pair, and let a, € M. Then we can effectively find b, € M such
that (ag,...,a,) = (bg,...,b.) is an [-pair. (In other words, we can
define a function taking each I-pair (ag,...,a,—1) = (bo,...,b.—1) and
a, € M to an appropriate b,.)

This fact suffices to build f by the usual back and forth argument:
Let f(a;) = b; for ¢ < m. Then let a,, be the least element of M not
among the a; for i < m, find b, such that (ag,...,an) = (bo,...,bn)
is an [-pair, and let f(a,,) = b,,. Then let b, 11 be the least element of
M not among the b; for i < m, find a4 such that (ag,...,an41) =
(bo, - - ., byy1) is an I-pair (which we can do because the notion of I-pair
is a symmetric relation on tuples), and let f(am41) = byy1. Continue
in this way to build an automorphism f of M.

So fix an [-pair (ag,...,a,—1) = (bo,...,b.—1) and a, € M. We
show how to obtain a b, as above. As pointed out above, to show that
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(ag,...,a,) = (bo,...,b.), it is enough to show that a;a, = b;b, for all
t <r. If a, = a; for some j < r, then we can let b, = b;, so we suppose
this is not the case.

We begin with the following observation. Suppose a,b € M have
different first coordinates, and let ¢ be the first coordinate of a. Suppose
further that the fourth coordinate of a is a number m such that (Vu <
m)—W(i,u). It is easy to check that the construction of M ensures
that if the second coordinate of a is 0 then the 2-type of (a,b) is i-
finitary, while if the second coordinate of a is 1 then the 2-type of (a, b)
is i-infinitary. Now suppose that ab = cd are pairs of elements of M
such that a and b have different first coordinates, and a and c¢ have
different second coordinates. Let i be the first coordinate of a (and
hence of ¢) and let m be the maximum of the fourth coordinates of a
and c¢. Then there is a u < m such that ¥(i,u), as otherwise one of the
2-types of (a,b) and (¢, d) would be i-finitary, while the other would be
i-infinitary:.

We now claim there is a sequence (u;);e; such that u; is the least num-
ber for which U(7, w;) holds. If all the a; with j < r have the same first
coordinate, then |I| < 1, so the claim is true by hypothesis (together
with bounded TI¢-comprehension). Otherwise, fix i € I, let j be such
that 7 (a;) = and m2(a;) # m2(b;), and let j' be such that m(a; ) # 1.
Since ajaj = b;bj, the observation of the previous paragraph implies
that, letting m; be the maximum of the fourth coordinates of a; and
bj, there is a u < m; such that ¥(¢,u). By bounded II{-comprehension
(with the bound being max;c; m;), we can find (u;);e;. As discussed
above, this fact means that we can determine the [-translate of any
type of the form s, ; , s /mod0? Sy /mod15 where mod0 and mod1 are

each either fin or inf.

We begin the process of determining b, by ensuring that it has the
same 1-type as a,. To do so, we define a set D from which b, is
drawn. We ensure that every element of D has the same 1-type as a,,
and has the same second coordinate as a, if and only if 7 (a,) ¢ I. We
also ensure that D contains witnesses for every set of parameters in the
definition of M. (Recall the definition of witnessing a set of parameters
from the section of this proof in which we defined the model M.)

Let i = m(a,), let j = my(a,), and let k = m4(a,). Let D be the set
of all elements of M of the form (i, j’,1, k") where [ € N and j', k" are
as follows. If i ¢ I then j' = j; otherwise j' = 1 —j. If k is of the form
2(m, c), then k" is of the form 2(m,d). If i ¢ I, j = 0, and k is odd,
then k' is odd. If i ¢ I, 7 = 1, and k is of the form 2(m, c) + 1, then &’
is of the form 2(m,d) +1. If i € I, j = 0, and k is odd, then £’ is of the
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form 2(u; + 1,d) + 1. If i € I, j = 1, and k is of the form 2(m,c) + 1
with m < u;, then k' is of the form 2(q,d) where g is least such that
(Vu < m)(3z < q)=P(i,u, z) (which must exist by the definition of w;).
Ifi €I, j=1,and k is of the form 2(m, ¢) + 1 with m > w;, then £’ is
odd.

It is easy to check that D has the properties mentioned above. The
fact that we choose b, from D is enough to ensure that aja, = b;b, if
m(aj) = m(a,), and that if (ao, ..., a,) = (bo, ..., b,) then these tuples
form an I-pair.

Let V' be the set of j < r such that m(a;) # m(a,), and let W be
set of 7 € V such that either a, is a witness for a tuple that includes
a; or a; is a witness for a tuple that includes a,. Let P be the set of
all expressions that are either in N, equal to oo, or equal to co/m for
some m € N (i.e., all expressions ¢ such that r;; is one of our named
1-types).

If 7 € W then from the construction of M we can determine ¢,t' € P,
finite or cofinite sets S and S’, numbers d, d’, ¢, ¢, and expressions mod0
and modl, each equal to either fin or inf, such that (a;,a,) has type
Sy (a7) 71 (ar) o1/, /mod05, S /mod 1, Let (dj, d}, Sj, S5, mod0j, mod1;j) be the
conditions of the I-translate of this type. Let ¢; = c and ¢} = ¢'.

If j € V\ W then from the construction of M we can determine
t,t' € P and sets S and S’, each equal to either () or N, such that
(aj,a,) has type s = Sz (a;)m(an)tt,s,5- 1 S = 0 then let mod0 be
fin, and otherwise let mod0 be inf. If S’ = () then let modl be fin,
and otherwise let mod1 be inf. Then s = S, (4;) r(ar),t,¢/,5/mod0g, 5" /mod1d-

Let (dj,d;, §j, §},mod0j, modlj) be the conditions of the I-translate
of this type. Let ¢; = ¢, = 0.

Now consider the tuples (b;)jcv, (d;)jev(d))jev(cs)iev(c))jev, and
(S5)jev(S%)jev. At some point in the construction of M, witnesses
for this set of parameters are provided. It is easy to check that there
is such a witness b, that is taken from D. By the definition of the

I-translate, we have aja, = b;b, for all j € V. As mentioned above, we

also have aja, = b;b, for all j < r that are not in V. Thus (ay,...,a,) =
(bo, ..., b,), which, as mentioned above, implies that these tuples form
an [-pair.

Using homogeneity. Finally, suppose that M is homogeneous. Let a; =
(1,0,0,0), let b; = (i,1,0,0), and let ¢; = (i,0,0,1). Then a; = b; for
all 2 < n, so there are dy,...,d,_1 such that a;c; = b;d; for all i < n.
Since the type of ¢; is 7 o, €ach d; is of the form (i, 1,1;,2(m;, k;) + 1)
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for some m; such that (Ju < m;)¥(i,u). Then max;., m; witnesses
the satisfaction of our instance of BIIY. O

One of the important facts about homogeneity is that atomic, prime,
and saturated models are homogeneous. The standard proof of this fact
carries through in ACAq for any of our definitions of homogeneity. In
RCAy, we have the following version. (Recall the definition of strong
saturation from Definition 2.1.)

Proposition 4.5. The following are provable in RCA,.

(1) Every atomic model is homogeneous.

(2) Every prime model is homogeneous.

(3) Every saturated model is 1-homogeneous.

(4) Every strongly saturated model is homogeneous.

Proof. (1) Let M be atomic, and let ay = by, . .., a, = b, and Co, . . ., &,
be M-tuples. There is a formula (Zogo . . . T,7,) isolating the type of
aoCo - . . Ay Cy. Then for each i < n, the formula

0i(T:9;) = (3%o%o - - - Tic1Tim1ZisFit1 - - - TuTn)V(ZoYo - - - Tnln)
isolates the type of a;¢;. For each i < n, we have M F (3y)pi(a:y),

so M E (37)¢i(b;y), and thus there are M-tuples dy, ..., d, such that
M E ¢;(b;, d;) for each i < n. Then @;¢; = byd; for each i < n.

(2) Hirschfeldt, Shore, and Slaman [23] noted that the proof that
every prime model is atomic carries through in RCA,.

(3) Let M be saturated, and let @ = b and ¢ be M-tuples. Let
I = {¢(by) : M E +(ac)}. Then I is a type of the theory of (M,b),
so it is realized by some M-tuple d. Then aé = bd.

(4) Let M be strongly saturated, and let @y = by, ...,a, = b, and
Cos - ., Cp be M-tuples. Let T' = {o(b;5i) : i < n AM E (a;é)}. Then
I'(o ... 7n) is a partial type of the theory of (M, b), so it is realized by
some M-tuple dy . ..d,. Then a,¢; = b;d; for each i < n. O

Proposition 4.5, combined with Theorem 4.4, implies that BX9 suf-
fices to show that every saturated model is homogeneous. Theorem C.1
below shows that WKL also suffices to prove this statement, which im-
plies that the statement is ITj-conservative over RCAy, and hence in
particular does not imply BXY. We do not, however, know the exact
strength of this statement.

It is straightforward to argue as in [23] to show that the model M
defined in the proof of Proposition 4.2 is atomic. Thus we have the
following fact.

Proposition 4.6. The statement that every atomic model is strongly
1-homogeneous is equivalent to ACAq over RCAy.
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We do not know the exact strengths of the statements that every
prime model is strongly 1-homogeneous, and that every (strongly) sat-
urated model is strongly 1-homogeneous

Another important property of homogeneous models is that they
are completely determined by their type spectra. That is, two ho-
mogeneous models with the same type spectra are isomorphic. The
following result shows that, for any of our definitions of homogeneity,
this principle is equivalent to ACA,.

Proposition 4.7. The following are equivalent over RCAy.

(1) ACA,

(2) If M and N are 1-point homogeneous and realize the same types,
then M = N

(3) If M and N are homogeneous and realize the same types, then
M=N.

(4) If M and N are strongly 1-homogeneous and realize the same
types, then M = N

Proof. ACAy is powerful enough to carry out the classical back and
forth construction needed to prove the statements above, and (2) clearly
implies (3) and (4), so we are left with showing that (3) and (4) imply
ACA,.

Let A and B be the models from [23] described in the proof of Propo-
sition 4.2. As shown in [23], A and B are both atomic models of the
same theory, and hence realize the same types. By Proposition 4.5, A
and B are homogeneous. Let (ag,...,a,) = (by,...,b,) € A. Let f
be the function defined by f(a;) = b;, f(b;)) = a;, and f(z) = « for
all other . Then f is an automorphism of A, since the language of
A is unary. Thus A is also strongly 1-homogeneous. Similarly, B is
also strongly 1-homogeneous. As shown in [23], the existence of an
isomorphism between A and B implies ACA,. O

5. CLOSURE CONDITIONS AND MODEL EXISTENCE

In this section, we consider various closure conditions on sets of types.
Recall that, in the reverse mathematical setting, an infinite set of types
is coded as a list by a single second order object (see Definition 2.2).
Suppose we have defined such a listing of types X = {p;}ien. When
we refer to a finite sequence qq, ..., g, of types in X, we always think
of this set as encoded by a finite sequence i, . . ., i, of natural numbers
such that g, = p;, for all & < n, and similarly for finite sets of types in
X.
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5.1. Type spectra of homogeneous models. As mentioned above,
Goncharov [15] and Peretyat’kin [41] characterized the sets of types
that are type spectra of homogeneous models. We say that types
Do, - - -, Pn are basically consistent if whenever p; and p; share a tuple
of variables z, we have p; [ T = p; [ . A formula ¢(Zy) is consistent
with a type p(z) if (3g)p € p.
Theorem 5.1 (Goncharov [15] and Peretyat’kin [41]). Let T be a the-
ory, and let X C S(T') be countable. Then X is the type spectrum of a
homogeneous model if and only if it satisfies the following conditions.
(1) TeX.
(2) X is closed under variable substitutions, i.e., if p(z) € X and
9] = |z| then p(y) € X.
(3) X is closed under taking subtypes.
(4) Extension: If p(T) € X and ¢(Zy) is consistent with p, then
there is a q(zy) € X such that p U {¢} C q.
(5) Pairwise Full Type Amalgamation: For each basically con-
sistent p1,pa € X, there is a ¢ € X such that p; Upy C q.

Remark 5.2. Suppose that X satisfies conditions (1)—(4) above, and
let p(xo,...,zm_1) € X. Let f : n — m be a function, and let
q(zo, .., Tm—1,%0,---,Yn_1) be the unique type of T' containing p and
yi = xs() for all i < n. Then a simple application of extension shows
that ¢ € X. However, this application requires our assumption that
the language of T includes equality. If we did not make this assump-
tion, we would want to extend the definition of closure under variable
substitutions slightly to say that if p € X and ¢ are as above, then
q € X. The only place below where this issue matters is in the proof
of Lemma 6.9, which is used in the proof of Theorem 6.10.

We name the above set of closure conditions.

Definition 5.3. An X C S(T) satisfies the pairwise full amalgamation
closure conditions if X satisfies all the conditions in Theorem 5.1.

We study effective versions of the extension condition (4) below, but
first we define various other versions of type amalgamation and study
their relationships. We begin with the notion of finite full type amal-
gamation, which is classically equivalent to pairwise full type amalga-
mation. Basic consistency, in general, is not enough to guarantee that
finite sets of types can be amalgamated in general. We can have types
p(x,y),q(z, 2),7(y,2) such that p [ © = ¢ [ =, p [ y =r | y, and
q|z=r]z yetp,q,r cannot be amalgamated at all (i.e., there is no
type of the given theory that amalgamates them). For example, con-
sider a graph with four elements a, b, ¢, d, with edges from a to ¢ and b
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to d, and no other edges. Let p(z,y) be the type of a, b; let q(z, z) be
the type of a, ¢, which is the same as the type of b, d; and let r(y, z) be
the same as ¢(z, z) with = substituted by y.

We say that types qo(9o), - - -, qn(Un) are consistent if they are basi-
cally consistent and there is an 7 < n such that all the shared variables
are in y;. (That is, we cannot have z € y; Ny, for j # k unless
z € y;.) This condition ensures that this finite set of types can be
amalgamated in the classical setting. We modify condition 5, pairwise
full type amalgamation, as follows.

Finite Full Type Amalgamation: For each consistent set of types
qos---,qn € X, there is a ¢ € X such that ggU---Ug¢q, Cq.

Note that, as mentioned at the beginning of this section, we think
of finite subsets of X as coded by indices, so the above is in fact a
first order statement, as are other similar statements considered below.
(That is, the universal quantification over sets of types qo, ..., ¢, € X
is really over finite sets of indices of elements of X = {p; };cn, and the
existential quantification over ¢ € X is really over indices of elements
of X.)

As with 1-homogeneity and homogeneity, the reason that pairwise
amalgamation does not immediately yield finite amalgamation when
working in RCA, is that the property of being an amalgamator of a
set of types is T19.

Suppose that X = {p,;};en satisfies finite full type amalgamation.
Let ig,...,i, € N. For each k < n, let g, be a (not necessarily proper)
subtype of a type obtained from p;, by variable substitution. Suppose
that qo, ..., q, form a consistent set of types. It is in the spirit of the
notion of finite type amalgamation that there should be a type in X
amalgamating qq, ..., q,. However, even in the presence of the first four
conditions in Theorem 5.1, it might not be provable in RCA, that this
is indeed the case, because there might not be a sequence jg, ..., 7, € N
such that p,;, = ¢ for all £ < n. Again, the issue here is that having
Pi. = q is a IIY property. To avoid this problem, we introduce the
following condition: X = {p; }ien is closed under sequences of variable
substitutions if for every sequence i, ..., 1, € N and every sequence of
types qo, - - -, ¢, such that g, is a (not necessarily proper) subtype of
a type obtained from p;, by variable substitution, there is a sequence

Jo,---»Jn € N such that p;, = ¢ for all & < n.

Remark 5.4. If X satisfies the first four conditions in Theorem 5.1,
then it is provable in RCA( + BX§ that X is closed under sequences of
variable substitutions. (The proof is a straightforward application of
the finite axiom of choice for II{ properties.)



INDUCTION, BOUNDING, WEAK COMBINATORIAL PRINCIPLES & HMT 50

Definition 5.5. An X C S(T') satisfies the finite full amalgamation
closure conditions if X satisfies the conditions in Theorem 5.1 with
pairwise full type amalgamation replaced by finite full type amalgama-
tion, and is also closed under sequences of variable substitutions.

Pairwise full type amalgamation is to 1-homogeneity as finite full
type amalgamation is to homogeneity, an analogy that is made more
precise below. We also consider a weaker version of pairwise full type
amalgamation, which corresponds to 1-point homogeneity.

1-Point Full Type Amalgamation: For each basically consistent
p1(Zy), p2(Z2) € X, there is a ¢ € X such that p; Ups C g.

Definition 5.6. An X C S(T) satisfies the 1-point full amalgamation
closure conditions if X satisfies the conditions in Theorem 5.1 with
pairwise full type amalgamation replaced by 1-point full type amalga-
mation.

5.2. Type spectra of general models. Theorem 5.1 characterizes
the sets of types that are type spectra of homogeneous models. As
noted by Peretyat’kin [41], it can easily be modified to characterize the
sets of types that are type spectra of models in general.

Theorem 5.7 (Peretyat’kin [41]). Let T' be a theory, and let X C S(T)
be countable. Then X is the type spectrum of a model if and only if it

satisfies the following conditions (the first four of which are the same
as in Theorem 5.1).

1) T e X.

2) X is closed under variable substitutions.

3) X is closed under taking subtypes.

4) Extension: If p(z) € X and ¢(Ty) is consistent with p, then
there is a q(zy) € X such that p U {p} C q.

(5) Pairwise Free Type Amalgamation: For each pi,ps € X

whose variables do not overlap, there is a q € X such that p; U

p2 € q.

(
(
(
(

As in the full amalgamation case, we have the following notion, clas-
sically equivalent to pairwise free type amalgamation.

Finite Free Type Amalgamation: For each finite set of types
Do, - ., Pn € X whose variables do not overlap, there is a ¢ € X such
that poU---Up, Cq.

Definition 5.8. An X C S(T) satisfies the pairwise free amalgama-
tion closure conditions if it satisfies all the conditions in Theorem 5.7;
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and it satisfies the finite free amalgamation closure conditions if it sat-
isfies these conditions with pairwise free type amalgamation replaced
by finite free type amalgamation, and is also closed under sequences of
variable substitutions.

Remark 5.9. Suppose that X satisfies the finite free amalgamation
closure conditions. Then X satisfies a “finite sequence” version of the
extension condition (condition (4) in Theorems 5.1 and 5.7), in the
following sense. We first describe a notation that is also useful below.
When we write ¢(Z) for a formula ¢, to express the fact that free
variables of ¢ are among the ones in the tuple z, we subsequently
write ¢[y], where § = (yo,...,yn) is a tuple of variables of the same
length as z, for the formula obtained by replacing each free occurrence
of x; by y;. We also adopt the analogous notation for types. Let
Po(Zo),s - - -y Pu(Zn) € X and let po(ZoYo), - - - , Yn(Tnyn) be formulas such
that each ¢y is consistent with p,. Let Z,...,Zz, and w,,...,w, be
pairwise disjoint tuples of variables such that each z; has the same arity
as T, and each w; has the same arity as g;. Then we can argue in RCAj
as follows. The sequence po[Zol, . .., pn[Zn], Which exists as a sequence
of elements of X by closure under sequences of variable substitutions,
is amalgamated by some ¢ € X. The formula ¢ = A,_, wi[zxwy] is
consistent with ¢, so there is an r O ¢ U {p} in X. Thus there are
ro, .-, n € X such that pg[Zx] U{@r[Zrwi]} C 7y for each k < n, which
implies that there are sq, ..., s, € X such that px(Z;)U{or(Tryr)} C sk
for each k < n. (The existence of the sequence ry, . .., r, and that of the
sequence Sy, ..., S, both follow by closure under sequences of variable
substitutions.)

5.3. Comparing closure conditions. We study the reverse mathe-
matics of Theorems 5.1 and 5.7 below, but first we discuss the relation-
ships between the closure conditions introduced in this section. Note
that if X satisfies the pairwise full amalgamation closure conditions,
then X satisfies the pairwise free amalgamation conditions, and sim-
ilarly for the finite versions. We also highlight the following obvious
fact for future reference. (Note that, in the reverse mathematical set-
ting, a set of types is encoded as a list of types, as in Definition 2.2.
Two lists of types {p;}ien and {¢;}ien can be equal as sets of types,
meaning that for each i there is a j such that ¢; = p;, and for each i
there is a j such that p; = ¢;, but have different closure properties. It
is worth keeping in mind, for instance, that when working in a model
of second order arithmetic with nonstandard first order part, the fact
that {p;}ieny and {g¢; }ien are equal as sets of types does not necessarily
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imply that for every sequence 1y, ...,1%, there is a sequence jo, ..., Jn
such that ¢;, = p;, for all k£ < n.)

Proposition 5.10. The following is provable in RCAq. If the lists of
types X and 'Y are equal as sets of types and X satisfies the pairwise
(free or full) type amalgamation condition, then so does Y, and simi-
larly for 1-point full amalgamation, and each of the first four conditions
in Theorem 5.1.

We show in Theorem 5.16 that this proposition does not hold for
finite amalgamation.

The difference between the 1-point, pairwise, and finite versions of
our closure conditions turns out to be I35. We record the full result
here, although its proof depends on two results proved in the next
section.

Theorem 5.11. The following are equivalent over RCAy.

(1) 19

(2) If a list of types satisfies the 1-point full amalgamation closure
conditions then it satisfies the pairwise full amalgamation closure
conditions.

(3) If a list of types satisfies the pairwise full amalgamation closure
conditions then it satisfies the finite full amalgamation closure
conditions.

(4) If a list of types satisfies the pairwise free amalgamation closure
conditions then it satisfies the finite free amalgamation closure
conditions.

(5) If a list of types satisfies the pairwise full amalgamation closure
conditions then it satisfies the finite free amalgamation closure
conditions.

Proof. To show that (1) implies (2), let X be a list of types satisfying
the 1-point full amalgamation closure conditions. Let p(Z,vo, .- -, Ym)
and ¢(Z, zo, . . ., z,) be basically consistent elements of X. By assump-
tion, there is a type ro(Z, 4o, 20) amalgamating p [ Tyo and ¢ | Zz.
Then there are types r((Z, yo, 20, y1) amalgamating p | Tyoy; and 7y,
and 7((Z, Yo, 20, 21) amalgamating ¢ [ Tzpz; and ro. Hence there is a
type r1(Z, Yo, 20, Y1, 21) amalgamating rj and rj. By finite II{-recursion
(which, as mentioned in Section 2.1, is provable from I¥9), we can con-
tinue in this fashion to eventually obtain a type amalgamating p and
q.
To show that (1) implies (3), and hence that (1) implies (5), let
X be a list of types satisfying the pairwise full amalgamation closure
conditions, and let qg,...,q, € X be a consistent sequence of types.
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By the definition of consistency, we may assume that all free variables
shared by two or more of the ¢; are among the free variables of .
Let P be the property that holds of ¢ < n if and only if there is a
q € X such that goU---Ugq C q. It is easy to check that P is 29.
Furthermore, P(0) holds, and if P(i) holds for i < n, then, letting ¢
be the witness to this fact, ¢, ¢;.1 are consistent, so there is an r € X
such that ggU---Ugq C qU g;11 C r; that is, P(i + 1) holds. Thus,
by 139, we have P(n). (Note that closure under sequences of variable
substitutions also holds, by Remark 5.4.) The proof that (1) implies
(4) is similar.

That (2), (3), (4), and (5) all imply (1) follows from Theorems 6.11
and 6.12 below (using condition (a) in item (3) of Theorem 6.11), to-
gether with the equivalence between IX9 and the finite II{-recursion
principle. O

Belanger [3] has shown that, for listings of all types of a theory with
countably many types, the situation is different

Theorem 5.12 (Belanger [3]). The following statements are equivalent
over RCAy.

(1) The disjunction WKLg Vv I339.

(2) If a list of all the types of a theory satisfies the pairwise full
amalgamation closure conditions then it satisfies the finite full
amalgamation closure conditions.

(3) If a list of all the types of a theory satisfies the pairwise free
amalgamation closure conditions then it satisfies the finite free
amalgamation closure conditions.

(4) If a list of all the types of a theory satisfies the pairwise full
amalgamation closure conditions then it satisfies the finite free
amalgamation closure conditions.

5.4. Spectrum enumeration existence theorems. Theorems 5.1
and 5.7 are “if and only if” statements. The “if” directions are the
main focus of this paper. In this subsection, we analyze the reverse
mathematics of the “only if” directions. These are easily seen to hold
in RCAg, though in the case of Theorem 5.1, we have to choose the
appropriate notion of homogeneity.

Proposition 5.13. The following is provable in RCAy. Let A be a
model. Then T(A) has an enumeration X satisfying the finite free
amalgamation closure conditions. If A is 1-point homogeneous then
X can be chosen to satisfy the 1-point full amalgamation closure con-
ditions. If A is 1-homogeneous then X can be chosen to satisfy the
patrwise full amalgamation closure conditions. If A is homogeneous
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then X can be chosen to satisfy the finite full amalgamation closure
conditions.

Proof. Let A be a model, let ¢y, ¢;,... be an enumeration of the A-
tuples, and for each ¢, let Z; o, Z;1,... be an enumeration of the tuples
of variables of the same length as ¢; (chosen so that if |¢;| = |¢| then

T;; = Ty  for all j). Let X = {q;(Z;;)}ijen, where g; is the type of
¢; in the variables 7; ;. Then X is an enumeration of T(A). It is easy
to see that X satisfies conditions (1)—(4) in Theorem 5.1 and is closed
under sequences of variable substitutions.

Let iy (Zig jo)s - - -  Gin (%, j,, ) be elements of X whose free variables do
not overlap. Let ¢ be such that ¢; is the tuple ¢;, . . . ¢;,,, and let j be such
that ji,j is the tuple iio,jo c. jinyjn' Then iy (£i07j0>7 N (i'inyjn) g
¢i(Z; ;). Thus X satisfies the finite free type amalgamation condition.

Now suppose that A is homogeneous and let i, (Ziy jo ), - - - » Qin (Zirr i)
be a consistent sequence of elements of X. By the definition of consis-
tency, we may assume that all the free variables shared by two or more
of these types are in z;, j,, so we can write each ¢;, (Z;, j.) as ¢, (Ui, Zi, ),
where ¥;, C 7, j, and the z;, are disjoint from z;, j, and pairwise dis-
joint. The types ¢;, (9:, %) | Ui, are all compatible, so homogeneity im-
plies that for each k < n, there is an 4; such that ¢; (Zi ;) = ¢, (%4, j,)
and if the pth element of z;, ;, equals the gth element of z; ; , then
the pth element of ¢;, equals the gth element of ¢;; . For each k < n,

let dj. be the elements of ¢i, corresponding to the variables in Zz;, . Let
1 be such that ¢; is the tuple Eioc@l . Jin. Let j be such that z;; is
the tuple fi07j02i11j1 . Eimjn. Then Giy (fimjo)? ey iy, (‘finyjn) g qz(ff'z7])
Thus X satisfies the finite full type amalgamation condition.

A similar argument shows that if A is 1-point homogeneous then
X satisfies the 1-point full type amalgamation condition, while if A is
1-homogeneous then X satisfies the pairwise full type amalgamation
condition. O

The proof of Theorem 4.3 can easily be modified to obtain the fol-
lowing result.

Theorem 5.14. The following are equivalent over RCAy.

(1) 139

(2) For every 1-point homogeneous model A, there is an enumera-
tion of T(A) satisfying the pairwise full amalgamation closure
conditions.

(3) For every 1-point homogeneous model A, there is an enumera-
tion of T(A) satisfying the finite full amalgamation closure con-
ditions.
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Proof. That (1) implies (2) and (3) follows from Theorem 5.11 and
Proposition 5.13. Clearly (3) implies (2). To see that (2) implies (1),
let ¢, n, z, 0, and M be as in the proof of Theorem 4.3 and suppose that
T(M) has an enumeration X satisfying the pairwise full amalgamation
closure conditions. Let p(z,vy, 20, - .., 2,—1) be the type of

((0,0,0),(1,0,0),(0,1,0),...,(0,1,n — 1))
in M, and let ¢(y, wy, ..., w,_1) be the type of
((0,0,0),(0,1,0),...,(0,1,n — 1))
in M. Then p [ y =q [ y, so there is a type

T(l‘,y,ZO, ceey Zp—1,Wo, - .- 7wn71)

in X amalgamating these two types. Let (a,b, co,...,ch_1,do, ..., dn_1)
realize this type in M. Then either each ¢; is of the form (1, 1, k) where
0(k) holds, or each d; is of this form. In either case, as in the proof of
Theorem 4.3, the instance of II{-recursion corresponding to ¢, n, and
z holds. O

Similarly, the proof of Theorem 4.4 yields the following result.

Theorem 5.15. The following are equivalent over RCAj.
(1) BXS
(2) For every 1-homogeneous model A, there is an enumeration of
T(A) satisfying the finite full amalgamation closure conditions.
(3) For every strongly 1-homogeneous model A, there is an enumer-
ation of T(A) satisfying the finite full amalgamation closure con-
ditions.

Proof. That (1) implies (2), and hence (3), follows from Theorem 4.4
and Proposition 5.13. To see that (3) implies (1), and hence so does (2),
let ¥, n, and M be as in the proof of Theorem 4.4, and suppose that
T(M) has an enumeration X satisfying the finite full amalgamation
closure conditions. Let p(zo,...,Zn_1,%0,---,Yn—1) be the type of

((0,0,0,0),...,(n—1,0,0,0),(0,1,0,0),...,(n—1,1,0,0))

in M. For i < n, let ¢;(x;, 2;) be the type of ((z,0,0,0), (i,0,0,1)) in
M. The sequence qq, . .., q,_1 exists as a sequence of elements of X by
closure under sequences of variable substitutions, since X contains the
type of

({0,0,0,0),(0,0,0,1),...,{n—1,0,0,0), (n — 1,0,0,1)).
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For the same reason, X contains the sequence of types ¢;|y;, w;] (using
the notation introduced in Remark 5.9), where the w; are pairwise
distinct from the z;. Then there is a type

T(Z0y s T 1, Y0y -+ s Y15 205« -+ y Zn1, W0y « -+ Wy_1)

in X that amalgamates p(zo, ..., Zn_1,%0, -, Yn—1) With ¢;(z;, z;) and
¢i[y:, w;] for all i < n. This type must be realized in M by some tuple

(CL(), <oy Ap—1, bOa s 7bn—17 Coy -+ Cn—1; dOu s 7dn—1>-
For each i < n, exactly one of ¢; or d; is of the form (i, 1,1, 2(m;, k;) +1),
in which case we have (Ju < m;)¥(i,u). Thus we obtain a sequence

mo, ..., My,_1 Whose maximum witnesses the satisfaction of the instance
of BIIY in the proof of Theorem 4.4. O

We finish this subsection with the following result, mentioned above
following Proposition 5.10.

Theorem 5.16. The following are equivalent over RCA,.

(1) BXS

(2) If the lists of types X and Y are equal as sets of types and X sat-
isfies the finite (free or full) type amalgamation condition, then
so does Y .

(3) Every enumeration of the type spectrum of a model satisfies the
finite free type amalgamation condition.

(4) Every enumeration of the type spectrum of a homogeneous model
satisfies the finite full type amalgamation condition.

Proof. By Proposition 5.13, (3) and (4) follow from (2) over RCA,.
We show that (2) holds in RCAy + BX). We do the argument for full
amalgamation, as the argument for free amalgamation is essentially
the same. Let X and Y be lists of types that are equal as sets, and
suppose that X satisfies the finite full type amalgamation condition.
Let qo,...,qx € Y be a consistent sequence of types. The property of
an element of X being equal to an element of Y is I1{, and for each
1 < k there is an element of X equal to ¢;, so by the finite axiom of
choice for TIY properties, there is a sequence py, ..., pr € X such that
p; = q; for all ¢ < k. Then there is a p € X amalgamating py, ..., p.
There is a ¢ € Y such that ¢ = p, and this ¢ amalgamates qq, ..., qx.
For the other direction, we assume that at least one of (2), (3), or
(4) holds and argue in RCAg. Let @ be a IT19 property and m be such
that (Vi < m)(Ju)Q(i,u). Let R be a AY property such that Q(z,y)
if and only if (Vz)R(z,y,2). Let T = 2<N and let T = T(T) be as
in Definition 3.5. We define a structure M in the language of 7" with
domain N. For n € N and o € 2V, we write M E P%(n) to mean
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that M F Py(n) if and only if a(k) = 1. Let A, for 0 € 2<N and B;
for i < m and j € N be pairwise disjoint infinite sets whose union is
N. For each 0 € 2<N, let M E P?%(n) for all n € A,. Fori < m
and j € N, let o ;(k) be 1if (Vz < k)R(i,j,2) and 0 otherwise. Let
M E PY'%i(n) for all n € B; ;.

It is easy to check that M is a homogeneous model of T', so by Propo-
sition 5.13, T(M) has an enumeration {p; };cy satisfying the finite full
amalgamation closure conditions. By effective quantifier elimination,
to define a 1-type p(x) of T', it is enough to specify which Py (z) are in
p. For i < m, let ¢;(x;) be the 1-type containing Py(z;) iff & > i (i.e.,
the type corresponding to PO (z;)), where the ; are pairwise distinct
variables. For k € N, let ¢, = p- It is easy to check that Y = {¢; }ien
is also an enumeration of T(M). Since we are assuming that at least
one of (2), (3), or (4) holds, Y satisfies the finite free amalgamation clo-
sure conditions. Then there is a type in Y amalgamating qq, ..., ¢mn_1-
This type is realized in M, so there is a sequence ng,...,n,_1 € N
such that M & P%"(n,) for all i < m. Then n; € B;;, for some j; such
that (V2)R(4, j;, z), and we can form the sequence jo, ..., jnm—1. Letting
b be greater than all the j;, we have (Vi < m)(Ju < b)Q(i, u). O

Note that BX is also enough to show that closure under sequences
of variable substitutions is enumeration-independent (by an argument
similar to that in the first part of the above proof), so the above the-
orem remains true if we replace “satisfies the finite (free or full) type
amalgamation condition” by “satisfies the finite (free or full) amalga-
mation closure conditions”.

5.5. Model existence theorems. As discussed in the introduction,
the degree-theoretic results on atomic and homogeneous models ob-
tained by Csima [7] and Csima, Hirschfeldt, Knight, and Soare [§],
on the one hand, and Lange [27, 28|, on the other, are almost identi-
cal. Thus it is natural to compare AMT with analogous statements for
homogeneous models. The following are three reasonable candidates,
which match our sets of full amalgamation closure conditions with the
corresponding notions of homogeneity. Of course, when formalizing the
statements below, a set of types X is given as a list of types {p; }ien,
and T(A) = X means that X is an enumeration of the type spectrum
of A (i.e., a type is realized in A iff it is equal to p; for some 7).

HMT (Homogeneous Model Theorem): Let T be a theory and
let X C S(T) satisfy the finite full amalgamation closure conditions.
Then there exists a homogeneous model A of T" with T(A) = X.
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1-HMT (1-Homogeneous Model Theorem): Let 7" be a the-
ory and let X C S(T') satisfy the pairwise full amalgamation closure
conditions. Then there exists a 1-homogeneous model A of T with

T(A) = X.

1-PHMT (1-Point Homogeneous Model Theorem): Let T be a
theory and let X C S(T') satisfy the 1-point full amalgamation closure
conditions. Then there exists a 1-point homogeneous model A of T
with T(A) = X.

We also name the following model existence theorems.

SMT (Strong Model Existence Theorem): Let T be a theory and
let X C S(T) satisty the pairwise free amalgamation closure conditions.
Then there exists a model A of T" with T(A) = X.

WMT (Weak Model Existence Theorem): Let 7" be a theory and
let X C S(T) satisfy the finite free amalgamation closure conditions.
Then there exists a model A of T" with T(A) = X.

To discuss the reverse mathematical strength of these theorems, we
first need to examine the effective versions of Theorems 5.1 and 5.7,
which requires introducing some strengthenings of the extension con-
dition in these theorems.

6. EXTENSION FUNCTIONS AND MODEL EXISTENCE

6.1. Extension functions. Theorem 5.1 gives closure conditions that
a set of types must satisfy to be the type spectrum of a homogeneous
model. However, these conditions do not tell us how to build such
a model effectively from a listing of such a set. The following result
answered a question of Morley [36].

Theorem 6.1 (Goncharov [15], Peretyat’kin [41], and Millar [31]).
There is a computable list of types X satisfying all the conditions in
Theorem 5.1 such that X is not an enumeration of the type spectrum
of any decidable homogeneous model.

Goncharov [15] and Peretyat’kin [41] realized that in order to build
a decidable homogeneous model M such that X is an enumeration of
T(M), we need to effectivize one or more of the conditions in Theorem
5.1, to obtain some computable information about how the types in the
computable list X extend one another. Of particular interest are the
extension condition and the (pairwise full) type amalgamation condi-
tion. Since we naturally seek the weakest possible hypothesis guaran-
teeing the existence of a decidable homogeneous model M such that
X is an enumeration of the type spectrum of M, a reasonable way to
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proceed is to begin by considering a decidable homogeneous model M
and the natural listing X = {¢;(Z; ;) }i jen of its type spectrum given in
the proof of Theorem 5.13, and determining which of these conditions
hold effectively of X.

Let us recall the definition of X for convenience: Let ¢y, ¢q,... be
an enumeration of the M-tuples, and for each ¢, let 7;0,Z;1,... be an
enumeration of the tuples of variables of the same length as ¢;. Let
X = {qi(Z; ;) }ijen, where ¢; is the type of ¢ in the variables z; ;.

Let pijy = ¢i(%; ;). The effective version of pairwise full type amal-
gamation says that there is a computable function f such that, if p,,
and p, are basically consistent, then p,, Up, C pyimn). We claim this
effective closure condition does not necessarily hold. To see that this
is the case, let M be as in the proof of Theorem 4.2. We adopt the
notation of that proof.

Let a,b € M be such that @ = b and ~E™(a,b). Now assume for
a contradiction that there is a computable function f as above. We
show how to compute () using f. Given i, let ¢,d € M be such that
ME R;i(c) NR;(d) N E(a,c) N E(b,d). Let yo, 41,y be variables, let m
be such that p,, is the type of ac in yg,y;, and let n be such that p,
is the type of bd in 1y, y2. Then p,, and p,, are basically consistent, so
Pm U DPn C Dfmny- Let i and j be such that f(m,n) = (i,7), and let
o, €1,e2 € M be the elements of ¢; corresponding to the positions of
Yo, Y1, Y2 in Z; j, respectively. Then e; = c and ey = d. Furthermore,
E™ holds of (eg,e;) and of (eg,es), and hence of (e, es), so either
—EM(ey, c) or mEM(ey,d). We assume that =E™M (e, ¢), as the other
case is essentially the same. We also assume that e; is even, and hence
on the A side of M, and ¢ is odd, and hence on the B side of M.
Again, the other case is essentially the same.

Ifiel , then of course 7 € {)'. Otherwise, we claim that i ¢ ()"

max(ey,c
Suppose this(is not the case. Then i enters )/ at a stage t > max(ey, ¢).
By our construction of M, we have M E R;;(e;) and M F =R;:(c),
which contradicts the fact that e; = c.

Thus M provides us an example of a decidable homogeneous model
such that the natural listing of T(M) does not satisfy the effective
version of the pairwise full type amalgamation condition. For the ex-
tension condition, however, the situation is different. Let us return
to general case of a decidable homogeneous model M and the listing
X = {Qi(ji,j)}i,jeN of T(M) Again let Pig)y = qi(fm), and let 00, 91, e
list the formulas in our language. The effective version of extension says
that there is a computable function f such that if 6, (yZz) is consistent
with pp, (), then psan, ) extends both p,, and 6,. This condition does
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in fact hold of X: Given such m and n, we simply let ¢ and j be such
that m = (i, ) and search for ¢ extending ¢; such that M E 6,,(¢).
We then let [ be such that z; = yz, and let f(m,n) = (k,1). Note that
this argument does not use the assumption that M is homogeneous.

Goncharov [15] and Peretyat’kin [41] showed that the existence of
such a computable extension function is in fact a sufficient condition
on a computable list of types X satisfying the pairwise full amalgama-
tion closure conditions to ensure that there is a decidable homogeneous
model M such that X is an enumeration of the type spectrum of M.
Indeed, they went even further, by showing that we do not need to be
able to compute an extension function, but merely computably approx-
imate one. As we will see in Theorem 6.4, this weaker condition is not
only sufficient, but also necessary. The following definitions make the
above notions precise. For a detailed look at the following definitions
and their uses in the context of atomic and homogeneous models, see
Lange and Soare [29].

Definition 6.2. Let X = {p;}ien be a list of types of a theory T and
let By, 01, ... be an effective enumeration of the formulas in the language
of T

(i) A function f(i,j) is an extension function for X if for every
n-type p;(z) and (n + k)-ary 6;(Zy) consistent with p;(z), the
(n + k)-type pyg, ;) extends both p;(Z) and 6;(zy), i.e.,

pi(x) U{0;(z9)} C priy (7).

(ii) A function g¢(i, j,s) is an extension function approximation if
for every n-type p;(z) and (n + k)-ary 0;(Zy) consistent with
pl(‘/z)a

a. limg g(7, j, s) exists,
b. pi(Z) U{0;(Z9)} S Prim, 91,55 (27), and
C. Dy(is) | 8= Py(ijs+1) | s for all s.

Thus, an extension function is one that, given an index for an n-
type and an (n + k)-ary formula consistent with that type, returns an
index for a type amalgamating the type and the formula. An extension
function approximation, given the same data, approximates the index
of such an amalgamating type, in such a way that the stage s guess at
a true amalgamator agrees with the true amalgamator on the first s
many formulas. (The last condition has led to this notion being called
“monotone extension function approximation”, but since this is the
only kind of extension function approximation we consider, we omit
the word “monotone”.)
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Theorem 6.3 (Goncharov [15] (for homogeneous models) and Pere-
tyat’kin [41] (for both cases)). Let X be a computable list of types of a
decidable theory T such that X satisfies the pairwise free amalgamation
closure conditions and has a computable extension function approxrima-
tion. Then there is a decidable model A such that X is an enumeration
of T(A). If X also satisfies the pairwise full amalgamation closure con-
ditions, then A can be chosen to be homogeneous.

The basic idea of the proof of this result is to perform a Henkin
construction of a model A of T" while ensuring that two families of
requirements are met: ones stating that each type in X is realized by
some A-tuple, and ones stating that each A-tuple realizes a type in
X. To satisfy the first family of requirements, we assign types in X
to A-tuples. These assignments might change in the course of the con-
struction, but to satisfy the second family of requirements, we ensure
that for each A-tuple a, there is a type p € X such that we eventually
permanently assign p to a. Since we do not have effective type amalga-
mation, our type assignments may turn out to be in conflict. To deal
with this issue, we use a priority construction: We might assign types
p,q € X to the tuples ab and ac, respectively, and find out at some
later point in the construction that p [ @ # ¢ | a. In this case, we
maintain whichever assignment has been made by the stronger priority
requirement, say the assignment of p to @b, and reassign ¢ to some new
tuple of elements. We now have the problem of assigning some new
type to ac. We do so by using our computable extension function ap-
proximation to guess at a type r in X extending both p and the formula
representing the information we have already added to the elementary
diagram of A about the tuple abe, and assigning r | aé to a¢. Of course,
our extension function approximation can change its mind on what r
is, but only finitely often. Thus we have a finite injury construction.

The existence of a computable extension function is enumeration-
dependent, in the sense that the type spectrum of a model A can have
computable enumerations X and Y such that X has a computable
extension function but Y does not. Extension function approxima-
tions are more robust: if some computable enumeration of T(A) has a
computable extension function approximation, then every computable
enumeration of T(A) has one. (See Lange and Soare [29, Section 4].)
We give the reverse mathematical version of the latter fact in part (2)
of Proposition 6.6.

The following result shows how extension functions can be used to
characterize the computable lists of types that are enumerations of
type spectra of decidable (homogeneous) models. It also shows that
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Theorem 6.3 is tight, in the sense that having a computable extension
function approximation is in fact a necessary condition for a list of types
be an enumeration of the type spectrum of some decidable model.

Theorem 6.4 (Goncharov [15] (for homogeneous models) and Pere-
tyat’kin [41] (for both cases)). Let T be a decidable theory and A a
(homogeneous) model of T such that T(A) has a computable enumera-
tion. Then the following are equivalent.

(1) A has a decidable copy.

(2) Every computable enumeration of T(A) has a computable exten-
ston function approximation.

(3) Some computable enumeration of T(A) has a computable exten-
ston function approximation.

(4) Some computable enumeration of T(A) has a computable exten-
sion function.

In computable model theory, it is common to weaken the hypotheses
of this definition by considering only the case k£ = 1, i.e., only formu-
las of the form 6;(Zy). Let us call the concepts defined in this way
weak extension function and weak extension function approrimation.
Computability theoretically, there is no real difference: it is not diffi-
cult to show that if X has a computable weak extension function then
it has a computable extension function, and if it has a computable
weak extension function approximation, then it has a computable ex-
tension function approximation. In RCAy, it is still easy show that
the existence of a weak extension function implies that of an extension
function, but the situation is less clear in the case of extension function
approximations. The issue is the usual one that we cannot always show
in RCA that the composition of finitely many functions with limits
has a limit.

The only place below where the difference between weak extension
function approximations and extension function approximations mat-
ters is in the proof of Theorem 6.10. In all other cases, when we use
the existence of an extension function approximation, we actually use
only the existence of a weak extension function approximation.

The principle that if X has a weak extension function approximation
then it has an extension function approximation is easily provable from
RCA( +129, and part (2) of Theorem 7.1 below implies that it also fol-
lows from ATT (assuming X in fact satisfies the extension condition),
but we do not what else can be said about its strength.
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Classically, the definition of extension function approximation looks
a bit awkward, and it would seem better to define it as an approxima-
tion to an extension function with the additional property (c). How-
ever, in the reverse mathematical setting, the existence of an extension
function approximation g does not guarantee the existence of the ex-
tension function f(i,7) = limg g(4, j,s). Indeed, while every extension
function can easily be transformed into an extension function approx-
imation of itself, there are examples of computable lists of types that
have computable extension function approximations but no computable
extension functions. In fact, we have the following equivalence.

Proposition 6.5. The statement that every list of types of a theory
with an extension function approximation has an extension function
is equivalent to ACAy over RCAqy. This fact remains true if we re-
strict attention to lists of types satisfying any one of the sets of closure
conditions discussed above.

Proof. ACAj is clearly enough to show that the limit of an extension
function approximation exists and is an extension function. For the
reversal, fix a function f. We argue in RCAq and build a list of types
X of a theory T such that X satisfies the finite full amalgamation
closure conditions and has an extension function approximation, so
that if X has an extension function then the range of f exists as a set.

We work in the language with unary relation symbols P; for ¢ € N.
Let A be the following set of axioms.

(1) Piy1(z) — Pi(z) for all + € N.
(2) (F7F2)[Pi(x) A =Py (x)] for all i,k € N.
(3) (37k2)=Py(x) for all k € N.

These axioms are the same as in the proof of Theorem 4.3, except
that here we do not need the symbol E, so we can show that A admits
effective quantifier elimination and that its deductive closure T is a
theory using a simpler version of the argument in the proof of that
theorem.

By effective quantifier elimination, the types of T" can be identified
with atomic types. Thus the 1-types of T in a given variable x are
the principal types r;(x) generated by P,_1(x) A—=P;(z) (where the first
conjunct is omitted if ¢ = 0), and the nonprincipal type . (x), which
has P;(z) for all i € N.

We now give names for all the types of 7. Let E be an equivalence
relation on some n € N, let ¢ = (ko,...,k,—1) be such that k; €
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N U {oo} for i < n and k; = k; whenever E(7,j) holds (note that E
determines n uniquely), and let (yo,...,y,—1) be a tuple of variables.
Let sgo(Yo,--.,Yn—1) be the n-type that includes y; = y; if E(i, )
holds and y; # y; if ~E(i, j) holds, and states that each y; has type 7, .
Note that these conditions completely specify an n-type, since we have
only unary relation symbols. Furthermore, every type of T is equal to
sg»(y) for some equivalence relation F, some compatible o, and some
tuple of variables 7.

Let xg, 1, ... be the variables in our language. Clearly, we can enu-
merate all the types sg (@i, ...,%;, ,), where E and o are as above
and 1, ...,1, 1 are distinct numbers, as a list qq, q1, . .. with an exten-
sion function h (relative to a fixed listing 6y, 61, ... of the formulas in
our language) such that if ¢; is a type in the variables  and the free
variables of 6; are § then g ;) is a type in the variables Z U y. We
may further assume that h is defined so that, for ¢ and j as above, if
r, € Y\ T then qnij) [ x = ri(z) for some [ € N. We also assume our
types are listed so that for any type p and any m € N, the restriction
p | m includes no formulas involving P,,.

We now define X = {p;}ien, which in fact includes all types of
T. Fix k,c € N. In defining py o, there are two cases. If ¢ =
SE,(co1rlnsn) (@05 - - s Tpg1), Where =E(0,1) and Iy € N is such that
(Vm < ¢)=f(m) = L, then let py o (2o, ..., 2Znq1) be the type deter-
mined by stating that xz¢ # 1, that ; has type r;, for j € [1,n + 1],
and that P;(zo) holds if and only if (Ym < ¢)=f(m) = [;. Otherwise,
let pik.ey = -

In the first case, py. = qx if and only if /; is not in the range of
f. If [ is in the range of f, however, then the first case applies for
only finitely many ¢, so if c is sufficiently large then py. = gr. Thus
every type of T" appears in X. Furthermore, if we know whether [; is
in the range of f, then we can determine which type p . is, for any
given ¢ € N. By bounded X%-comprehension, it follows that for any
sequence i, .. ., %y, there is a sequence jo, ..., Jn such that p;, = g,
for all d < m. It is now easy to see that X satisfies the finite full
amalgamation closure conditions.

We define an extension function approximation g for X as follows.
Fix p;(z) and 6,(zy) consistent with p;(z). By effective quantifier elimi-
nation and the fact that a disjunction is implied by each of its disjuncts,
we may assume that 0; is a conjunction of literals. Let %, ¢ be such that
i = (k,c). There are several cases.
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(1) p; is the O-type. Then we can find an m such that ¢,, contains
0; and is of the form sg .. 1, ), where n = |g| and each [; is in
N, and let g(i,j,s) = (m,0) for all s € N.

(2) p; is an m-type for m > 2 that is defined to be gx. Then we also
have pin(k.j).c) = Qn(k,j), 50 let (i, j,s) = (h(k, j),c) for all s € N.

(3) pi is an m-type for m > 2, but case 2 does not hold. Let j’ be
such that 6 implies ¢; and the free variables of 6; are x, ..., .,
for some m (for instance, 6; can be obtained by adding conjuncts
of the form z; = x; to 6;). Then it follows from the definition of
X that pij),e is obtained from gy -y by the same process as
p; is obtained from ¢j, which implies that p; U {0} C D))
so let g(i,7,s) = (h(k,j’),c) for all s € N.

(4) p; is a 1-type and peu, )¢y is defined to be gp ). Then p; = g,
so let g(i,7,s) = (h(k,j),c) for all s € N.

(5) None of the above cases hold. Then p; = ¢ is a 1-type and

h(k,j) is of the form sg (oo iy, 14 1) (%05 - - - s Tpg1), where =E(0, 1).
By our assumptions on h, it follows that p; is r«(z¢), and that
6;(xg,...,2n41) does not include o = 7. Let [ be a number

larger than all d such that 6; includes P;(z;) and less than or
equal to all d such that 6; includes ~FPy(z1). Such an [ exists
because 6; is consistent with 7". Let j' be such that 6 is 6; A
= P(z1) A P_1(z1), where the last conjunct is omitted if [ = 0. If
(Vm < s)=f(m) =1, then let g(i,j,s) = (h(k, j'),0). Otherwise,
let g(z,5,5) = (h(k, "), s).

In any case, it follows from the definition of X that limg g(3, j, ) exists,

that pyijs) | S5 = Pyajst1) | s for all s € N, and that p; U {0;} C

Priimg g(i,j,s) -

Now suppose that X has an extension function G. For each n, let 7, j
be such that p; = roo(20) and 6; = P,,_1(x1) A= P, (z1) (or just = Fy(zq)
if n = 0). Then G(4, j) must have the form (k,c) for some ¢ such that
either (Im < ¢)f(m) = n, or n is not in the range of f. Thus from G
we obtain the range of f as a set. O

6.2. The reverse mathematics of extension functions. From the
reverse mathematical point of view, there are several versions of The-
orem 6.4 that can be considered. We begin with the following simple
facts.

Proposition 6.6. The following are provable in RCAy.

(1) For every model A, there is an enumeration of T(A) with an ex-
tenston function and the same properties as in Proposition 5.13.
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(2) If two lists of types are equal as sets of types and one has an
extension function approximation, then so does the other.

(3) If two lists of types are equal as sets of types and one has an
extension function, then the other has an extension function ap-
proximation.

(4) For every model A, every enumeration of T(A) has an extension
function approximation.

Proof. (1) The enumeration described in the proof of Proposition 5.13
clearly has an extension function.

(2) Suppose that Y = {¢; };en has an extension function approxima-
tion g and that X = {p;}sen is equal to Y as a set of types. Given i
and an index j for an (n 4 ¢)-ary formula 6 consistent with the n-type
pi, proceed as follows. Let f(i,7,0) = 0, let ky = 0, and let ¢y = 0.
Given f(,7,s), let ksy1 be the least k such that g is an n-type with
G | s =p; | s. If keyy = kg then let 11 = @s. Otherwise, let
@s+1 be the conjunction of the formulas in py; ;s [ s and 6. Let m
be the index of g1, and let f(i,7,s + 1) be the least | such that
Pl s+ 1= qyumst1y | s+ 1. It is straightforward to check that f
is an extension function approximation for X, using the fact that for
each k there is a least [ such that p, = ¢; (and vice-versa). This fact
follows from IT1Y, which is provable in RCAy.

(3) follows from (2), while (4) follows from (1) and (3). O

We summarize what we know about other versions of Theorem 6.4
in Figure 1. The column heading describes which closure conditions
we assume the list of types X = {p; };en satisfies. When a row heading
asserts the existence of a model A, we mean that X is an enumeration
of T(A). When a row heading asserts the existence of a listing, we
mean that there is a list of types Y = {¢; }ien with the stated property
such that X and Y are equal as sets of types. For a given column
C and row R, let C' = R be the principle stating that if X has the
closure conditions given by the heading of C' and has an extension
function approximation, then the statement in the heading of R holds.
(When the heading of R mentions amalgamation, we take it in the same
sense (free or full) as in the heading of C. Note that, by Proposition
5.10, we do not need a separate “there exists a listing with pairwise
amalgamation” row, as such a row would be the same as the first row
in our chart.)

The entry in row R and column C' in Figure 1 describes the strength
of the principle C = R. A / means that the principle is true by
definition, and an X means that it is false. The meanings of the number
codes are as follows.



INDUCTION, BOUNDING, WEAK COMBINATORIAL PRINCIPLES & HMT 67

p’wise | finite | 1-pt. | p’wise | finite
free free full full full
amalg. | amalg. | amalg. | amalg. | amalg.
X has pairwise amalg. V vV 2 V vV
X has finite amalg. 2 V 2 2 Vv
J listing w/ finite amalg. 3 v 2 2 N
3 model 3 1 2 3 1
3 1-pt. homogeneous model X X 2 3 1
3 1-homogeneous model X X 2 3 1
3 homogeneous model X X 2 2 1
3 listing w/ EF 4 1 > 4 1
J listing w/ EF + p’wise am. 4 1 2 4 1
3 listing w/ EF + fin. am. 3 1 2 2 1

FiGURE 1. Versions of Theorem 6.4

e A 1 means that the principle is true in RCA,.

e A 2 means that the principle is equivalent to I39 over RCA,.

e A 3 means that the principle is provable from ITYGA over RCAq
and is equivalent to IX9 over RCA(+ BX) (and hence not prov-
able in RCAg, or even RCA, + BX)).

e A 4 means that the principle is provable from I1{GA over RCA,,
but its strength is otherwise unknown.

e A 5 means that the principle is provable from 139 over RCAy,
but its strength is otherwise unknown.

The proof that entries marked 1 are true in RCAy is done simultane-
ously with the proof that entries marked 3 or 4 are provable from TIYGA,
and employs Shore blocking. We use versions of a single example to
obtain IX9 from the entries marked 2 and from the entries marked 3
together with BX9. We give two charts (Figures 3 and 4) summarizing
the justifications of the correctness of Figure 1 in the proof of Theorem
6.13 below.

We can also think of this chart with C' = R reinterpreted to mean
that if X has the closure conditions given by the heading of C' and has
an extension function (rather than an extension function approxima-
tion), then the statement in the heading of R holds. In this case, the
chart remains exactly the same, except for the third to last row, which
is now all /’s; the next to last row, where the 1’s and 4’s are now 4/’s;
and the last row, where the 1’s are now /’s. We show these changed
lines in Figure 2. The justifications of correctness in this case are also
given by the charts in the proof of Theorem 6.13.
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p’wise | finite | 1-pt. | p’wise | finite
free free full full full
amalg. | amalg. | amalg. | amalg. | amalg.
3 listing w/ EF V vV vV V vV
J listing w/ EF + p'wise am. | 1/ V 2 Vv Vv
J listing w/ EF + fin. am. 3 v 2 2 N

F1cURE 2. Changes to Figure 1 in the extension function case

As noted in Section 3, the definition of II?GA is intended to capture
the reverse mathematical behavior of the principles marked with a 3
in a more combinatorial way. However, we do not know whether these
principles are in fact equivalent to IIYGA.

In the remainder of this section, we prove theorems that, together
with results in preceding sections, are used in Theorem 6.13 below to
verify the correctness of both versions of our chart. We begin by defin-
ing an auxiliary notion of type amalgamation that is implied by full
amalgamation and, in the presence of IIYGA, also by pairwise amalga-
mation. We later give a proof establishing the provability in RCAq of
the entries labeled 1 in our chart, the provability from IX9 of the entries
labeled 2 or 5, and the provability from II°GA of the entries labeled 3
or 4. In this proof, instead of working with finite or pairwise amalga-
mation directly, we work with this auxiliary notion, which is designed
to fit a finite injury priority construction (with Shore blocking). Here
and below, we use the bracket notation introduced in Remark 5.9.

Definition 6.7. Let X = {p;(z;)}ien be a list of types of a theory
T. Let a; = |z]|. Let R be the set of all (i,n) with n < a;. Let z;
and v, ; for i,n,j € N be pairwise distinct variables. For (i,n) € R,
let ¢in = DilToy- -y Tne1, Yin0s -+ » Yima;—n—1]- (So if (,n) and (', n’)
are distinct elements of R, then the first min(n, n’) many variables in
¢in and gy, are the same, but the other variables in ¢;,, are pairwise
distinct from the other variables in ¢ ,s.) For F' C R, let ¢gp = {qi :
(i,n) € F'}. Recall that our definition of consistency of a finite set of
types requires that there be a single type in the set containing all the
variables shared by any two types in the set. If F' C R is finite, then
this is the case for gr, so it makes sense to speak of the consistency of

qr.
(1) X satisfies the eventual full type amalgamation condition if there

are finite Fy, F1,... C R such that the following hold.
(a) For each (i,n) € R, we have (i,n) € Fy for all sufficiently
large s.
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(b) There are infinitely many s such that, for each S C Fj for
which g¢g is consistent, there is a p; amalgamating all the
types in gg.

(2) X satisfies the eventual free type amalgamation condition if the
above holds for {(7,0) : i € N} in place of R.

(3) X satisfies the eventual full amalgamation closure conditions
(resp. eventual free amalgamation closure conditions) if it satis-
fies the conditions in Theorem 5.1 with pairwise full type amalga-
mation replaced by eventual full type amalgamation (resp. even-
tual free type amalgamation).

Clearly, if a list of types of a theory satisfies the finite full (resp. free)
amalgamation closure conditions then it satisfies the eventual full (resp.
free) amalgamation closure conditions. For pairwise amalgamation, we
have the following fact.

Lemma 6.8. The following is provable in RCAg + II°GA. If a list of
types of a theory satisfies the pairwise full (resp. free) amalgamation
closure conditions then it satisfies the eventual full (resp. free) amalga-
mation closure conditions.

Proof. We prove the lemma for full amalgamation, as the free case is
similar but simpler. We argue in RCAy+I1{GA. We adopt the notation
of Definition 6.7. Let X = {p;(Z;) }ien be a list of types of a theory T'
satisfying the pairwise full amalgamation closure conditions. Let w; ;
for 7,7 € N be pairwise distinct variables that are also distinct from
each x; and each y;, ;. For (i,n) € R, let ri,, = Gin [ To,.-.,Tn_1,
and let [5(i,n) be the least [ such that 7, [ s =7, [ s. Let E C R
be finite. We say that a pair (d, s) provides amalgamators for E if for
each (i,n) € E, the type p; contains

Di [wls(i,l),Oa <oy Wig(im)n—15 Yin,05 - - - ayi,n,ai—n—l]-

This property is I, so there is a A predicate P such that (d,s) pro-
vides amalgamators for E if and only if (Vx)P(d, s, E, x).

Suppose (d, s) provides amalgamators for £, and let S C E be such
that gg is consistent. If (i,n), (¢/,n’) € S, then for all £ < min(n,n’), we
have 7, = ri x, and hence l5(i, k) = I5(¢', k). So if we choose (i,n) € S
with the largest n and let p; be the type obtained from p; by first
passing to a subtype that does not include the variables xg, ..., z,_;
and then replacing the variables wy ¢ 1),0, - - -, Wi (i,n),n—1 DY To, - - -, Tn1,
then p; amalgamates the types in gs. So the idea is to use IIYGA to
find such (d, s) for larger and larger sets F.

Let (Ey,dy), (E1,dy), ... list all pairs consisting of a finite subset of
R and a natural number, such that each such pair is listed infinitely
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often. For o € 2<N, proceed as follows to define a tuple (E,, dy, 54, 1,).
Let s, be the largest s such that ¢(3s) = 1, or 0 if there is no such
s. Let t, be the largest ¢ such that o(3t + 1) = 1, or 0 if there is no
such t. Let kg < -+ < kp,—1 be the numbers such that o(3k; +2) = 1.
Let (E° d°) = (0,0). Given (E‘ d"), proceed as follows. If Ej, O E°
and (Vx < t,)P(dy,, S0, Ek,,x), then let (Bt d1) = (Ey,, dy,), and
otherwise let (E*™! d"t1) = (E',d"). Finally, let (F,,d,) = (E™,d™).
Note that (Vo < t,)P(dy, So, Ey, ).

We now define some uniformly T1Y dense sets. (As in the definition
of IIYG and ITYGA in Section 3, we refer to these II{ properties as sets
and use set notation for convenience, but we are not asserting their
existence as sets in RCAj.) We begin with the sets D, of all 7 such
that |7| > ¢ and (d,,s,) provides amalgamators for E,. These sets
are uniformly I19; we claim each D, is also dense. To see that this
is the case, fix ¢ and o, and let ky < --- < k,,_1 be as above. It is
provable in RCAy that there is a ¢t > |o| such that, for each i < m, if
(3z)=P(dk,, S5, Ex,;, ) then (Jz < t)=P(dy,, So, Fr,, x). Let 7 = o be
such that |7| > ¢ and 7(j) = 1 if and only if o(j) =1 or j = 3t + 1.
Then t. =t and s, = s,, while (E,,d,) = (Ey,, di,) for some i < m (or
(E.,d.) = (0,0)). Thus the fact that (Vx < t,)P(d,, s;, Er, x) implies
that (Vx)P(d,, s., Er, x), and hence (d,, s,) provides amalgamators for
E..

Now let C(;, for (i,n) € R consist of all 7 such that (i,n) € E,
for all p >= 7. The C; ) are uniformly I19; we claim that each Clin is
also dense. To see that this is the case, fix (i,n) € R and o, and let
ko < -++ < km-1 be as above. Let £ = J;_,, Ex, U {(i,n)}. For each
(7, k) € E, the value of I4(j, k) changes at most j many times, so it is
provable in RCAj that there is an s > |o| such that [,(j, k) = I5(J, k)
for all w > s and all (j,k) € E. Write [(j, k) for I5(j,k). As above,
there is a t > |o| such that, for each ¢ < m, if (3z)=P(dy,, s, Ex,, )
then (3z < t)=P(dy,, s, Ex,,x). Let v = o be such that v(j) = 1 if and
only if o(j) =1 or j = 3s or j = 3t + 1. Then for each (j, k) € E,, the
type pq, contains

PilWi,0,00 - -+ > Wi k) k=1 Yjik,0s - - - > Yisksa;—k—1)-

By passing to a subtype if necessary, we may assume that py, does not
contain the variable wy(; 11y, for ¢ < n unless there is a (j, k) € E,
such that ¢ < k and I(j,c+1) = [(i,c+1), in which case .11 = 7 c4+1-
Thus pg, is consistent with

Di [wl(i,l),07 <o Witim)n—1sYin,05 - - - 7yi,n,ai—n—1]a
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and hence there is a type p; amalgamating these two types. Let & > |v/|
be such that (Ey,dy) = (E, U{(i,n)},d), and let 7 > v be such that
7(j) = 1 if and only if v(j) = 1 or j = 3k + 2. Then it is easy to
check that F, = E,U{(i,n)}, and that if p = 7, then the definition of
E, proceeds in the same way as the definition of £ for its first m + 1
many steps, whence (i,n) € E, C E,,.

Now let go, g1, - .. be as in TIYGA for the uniformly I1{ dense sets D,),
for m € N and Cj; ,y for (i,n) € R. Let 09,04, ... be a listing without
repetitions of all o such that there is a ¢t with o < ¢;. Let F, = E,,.
Let (i,n) € R. Then there are k and s such that for all ¢ > s, we have
gi [ k= gs [ k € C(in, and hence (i,n) € F, for almost all u. For each
m, there are k and s such that g, [ k € D,,, so there are infinitely many
F, such that some (d,v) provides amalgamators for F,. As discussed
above, for any such u and any S C F, such that gs is consistent, there
is a p; amalgamating all the types in gg. Thus X satisfies the eventual
full type amalgamation condition. 0

The next lemma gives us a convenient way to build a model with
a specified type spectrum by computably approximating the types of
initial segments of the domain of the model.

Lemma 6.9. The following is provable in RCAy. Let X = {p;}ien be
a list of types of a theory T'. Let q;, be as in Definition 6.7. Suppose
that X satisfies the first four conditions in Theorem 5.1, and there is a

binary partial function f with the following properties for all n, s, and
k.

(i) Pf(n,s) @5 an n-type in the variables x,...,xn,—1 whenever de-

fined.
(i) Prns) IS = Pfmstk) | 8 whenever these are defined.
(iii) Prins) | 8 C Prins1,s) | 8 whenever these are defined.

(iv) f(n,s) is defined for all sufficiently large s € N and lim; f(n, s)
exists. We denote this limit by f(n). (Note that this notation
1s purely an abbreviation for the limit notation; we cannot in
general prove that the function taking n to f(n) exists.)

(v) For each (i,n) € R, if pstn) C @i then there exist m € N and
distinct jo, ..., Ja;—n—1 € [n,m — 1] such that

pi[x07 ERCIRS 7xn—17xjoa s 7'Ijai—n—1] g pf(m)

Then the following hold.
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(1) If X satisfies the finite full type amalgamation condition, then
there is a homogeneous model M such that X is an enumeration
of the type spectrum of M.

(2) If X satisfies the pairwise full type amalgamation condition, then
there is a 1-homogeneous model M such that X is an enumera-
tion of the type spectrum of M.

(3) Suppose that we weaken condition (v) by requiring it to hold only
forn =0. Then there is a model M such that X is an enumer-
ation of the type spectrum of M.

Proof. (1) We obtain a homogeneous model M such that X is an enu-
meration of T(M) as follows. First, define an equivalence relation £
on N. For each i,5 € N, let n = max(i,7) + 1. Then there is an s € N
such that either z; = x; € pyns) OF T; # T € P(n,s). Let E(i, j) hold
if and only if the first case obtains. Let the domain M of M consist of
all i € N such that (Vj < i)—=E(i,7). To specify the satisfaction predi-
cate of M, it is enough to say whether or not o™ (my, ..., my_1) holds
for each formula ¢(yo,...,yx_1) in the language of T" and each tuple
(mo, ..., my_1) of distinct elements of M, and then verify that our def-
inition has the properties of a satisfaction predicate. Given such a ¢
and mg, ..., mp_1, let n = max;.p m; + 1. Then there is an s € N such
that either (Zpmg, ..., Tm, 1) € Dfn,s) OF 7Q(Tmgs -+ > Ty 1) € Pf(n,s)-
Let @™ (my, ..., ms_1) hold if and only if the first case obtains.

Then ™ holds for all ¢ € T, since every type in X contains 7. It is
also easy to check that the predicate defined in this way is deductively
closed and consistent, and hence is a satisfaction predicate, so M is a
model of T. By the properties of f, the fact that X is closed under
subtypes, and Remark 5.2, every M-tuple realizes a type in X. For
each p; € X, we have py) C p;, so by the fifth property of f, the type
p; is realized in M.

It is easy to see that in the definition of homogeneity of a model (Def-
inition 4.1(iii)), restricting attention to M-tuples of distinct elements
yields an equivalent definition of homogeneity. Thus, to show that M
is homogeneous, let ag = by, ...,a, = b, and ¢, . .., &, be M-tuples of
distinct elements (by which we mean that each @;, b;, and ¢; is a tuple
of distinct elements, though some of these tuples could have elements
in common). Let m be larger than all of the elements of these tuples.
Let ]{72 = |Ez| and ll = |Ez| Write l_)z = (bi’() c. 7bi,ki—1)- Let 2,5 for ¢ < n
and j < [; be pairwise distinct variables that are also pairwise distinct
from the z;. Let ri(zy,,, . .. s Ty g1y %0 - - , Zi1;—1) be the type of a;¢;.
The sequence of types consisting of ps(,) and r; for i < n is basically
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consistent, so there is a type

pj(l’(), ey Tm—1, Z0,0, e ;ZO,lo—la ceay Zn’o, ey Zn,ln—l)
amalgamating these types.

Let b be the result of removing from by . .. b, any b; ; for which there
are an i < 4 and a j' such that by = b;;. Let Z be the result
of removing from the list zy,, .. Ty 1 -+ Lo -+ - Ty, gy ALY Ty for
which there are an ¢ < ¢ and a j’ such that x; j is the same variable
as x;;. It now follows from the fifth property of f that there are

do, . ..,d, € M such that bdy .. .d, realizes

D r i‘Z()’g < 20lo—1-++2n,0---20,l,—1-
Then a;Cc; = I_)ZCL for all ¢ < n.

(2) The above argument works in this case as well, except that in
the last two paragraphs, we take n = 0, which makes the amalga-
mation performed in that paragraph an instance of pairwise full type
amalgamation.

(3) The same argument again works in this case, ignoring the last
two paragraphs. [

We are now ready to establish a theorem that gives us the provability
in RCAy of the entries labeled 1 in our chart, the provability from I3
of the entries labeled 2 or 5, and the provability from TIYGA of the
entries labeled 3 or 4.

Theorem 6.10. The following are provable in RCAq. Let X = {p;}ien
be a list of types of a theory T, such that X has an extension function
approximation.

(1) If X satisfies the finite full amalgamation closure conditions then
there is a homogeneous model M such that X is an enumeration
of the type spectrum of M.

(2) If X satisfies the finite free amalgamation closure conditions then
there is a model M such that X is an enumeration of the type
spectrum of M.

(3) If II’GA holds and X satisfies the pairwise full amalgamation
closure conditions then there is a 1-homogeneous model M such
that X is an enumeration of the type spectrum of M.

(4) If TIVGA holds and X satisfies the pairwise free amalgamation
closure conditions then there is a model M such that X is an
enumeration of the type spectrum of M.

Proof. We do the full amalgamation case, as the free amalgamation case
is similar. By Lemma 6.8 and the comment preceding that lemma, we
may assume that X satisfies the eventual full amalgamation closure
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conditions. From now on, this is the assumption we use, so we prove
(1) and (3) simultaneously. It is enough to work in RCA( and build a
function f as in Lemma 6.9. Let R and Fy, I}, ... be as in Definition
6.7.

Suppose that we build a list of types Y as follows. For each p; in turn,
add all of its subtypes (including p; itself), and all types obtained from
these subtypes by changes of variables, to Y, in an effective way. Let I
be the set of all j such that the jth type added to Y is one of the original
pi’s. Then X and Y contain the same types, and, by Proposition 6.6,
Y also has an extension function approximation. Thus, by replacing X
with Y, we may assume that X is closed under sequences of variable
substitutions, and indeed that there is an effective procedure that, for
each p; and each sequence s of types obtained from subtypes of p; by
a given change of variables, determines a sequence of elements of X
equal to s. We may also redefine R to contain only those (i,n) such
that ¢ € I. Having property (v) of f hold for such (i, n) suffices for the
proof of Lemma 6.9 to go through, and we still have sets Fj, Fi,... as
in Definition 6.7.

Let g be an extension function approximation for X, relative to a
listing g, ¢1, . . . of the formulas in the language of T. We may assume
that g is defined so that p,(; j ) always contains ¢;. Furthermore, if for
each 7 and j such that ¢;(wZ) is consistent with p;(w), we replace each
g(i,7,s) by the least k such that py [ s = (pg(ijs) [ WZ) [ 5, then it is
easy to check that we still have an extension function approximation.
Thus we may assume that for such j and ¢, each py( ;4 is a [WZ|-type
in the variables wZz.

We ensure properties (i)—(iii) of f as we go along the stage-by-stage
construction. We think of the remaining two properties as split into
requirements. For (iv), there is a requirement @, for each n € N,
and for (v) a requirement R;, for each i,n € R. We satisfy these
requirements by a finite injury priority construction. Not all finite
injury constructions carry through in RCA,, however. The typical
issue is the following. There is no problem in verifying that a given
requirement eventually stops acting, given that there is a stage s at
which all stronger priority requirements have stopped acting. However,
concluding that this fact implies that, for each requirement, such a
stage s exists might require more induction than is available in RCA,.
(The issue of how much induction is needed for various computability
theoretic constructions has been extensively analyzed by the research
program known as reverse recursion theory; see e.g. Mytilinaios [37].)
To avoid this issue, we use Shore blocking. The use of blocking in
the reverse mathematics of model theory is quite natural, since a finite
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list of requirements, each involving a particular type, can often be
combined into a single requirement involving an amalgamation of the
original types. For other examples of this technique, see [23].

In our case, the Q-requirements block naturally, but the R-require-
ments need some care. Satisfying a single R-requirement in the absence
of injuries from stronger priority requirements is no problem, if we
have at least pairwise full type amalgamation. However, satisfying an
arbitrary block of finitely many R-requirements at once requires finite
full type amalgamation. So instead of satisfying our R-requirements
directly, we make use of the sets Fy, Fi,... from Definition 6.7 and
satisfy requirements Ss saying that there is a t > s such that R, is
satisfied for every (i,n) € F, with n < s. Satisfying the Sy is clearly
enough to satisfy all R;,,, but the S-requirements have the advantage
that satisfying Sy is enough to satisfy S, for all u < s.

For each ¢,s € N, we define a number b.,. At stage s, the S-
requirements we attempt to satisfy are Sy, ., S, ,,.... For each S, we
need numbers from which to draw the witnesses required to satisfy the
appropriate R-requirements (i.e., the numbers j; mentioned in property
(v) of f). So we define b.41 s so that b.1 s — b.s is at least as large as
the total number of witnesses we might need, and draw our witnesses
for Sy, , from [be, bey1,5). (We define by s = 0 for all s.)

At stage s of our construction, the cth block of requirements con-
sists of Sy, , and the @, such that n € (b, beq1,s]. We try to satisfy all
requirements in this block simultaneously, by defining f(b.+15, s) to at-
tempt to satisfy Sy, ,, defining f(n, s) for n € (bes, bet1,s) S0 that pse. s
is the appropriate subtype of ps@,, , ,.s) (Which we can do because of the
effective closure under sequences of variable substitutions discussed in
the second paragraph of this proof), and then attempting to preserve
these definitions. Of course, we also attempt to ensure that psq, ., ) is
a subtype of prp.., .-

When we say that we define f(bey1.s,5) to attempt to satisfy S, we
mean the following. Say that R;, is relevant at stage s if n < b, s and
the hypothesis of R;,, appears to hold at stage s. Item (1)(b) in Defi-
nition 6.7 implies that there is some F}; with ¢ > b. 5 such that we can
simultaneously satisfy all permanently relevant R;,, with (i,n) € F.
We guess at such an F}, and choose potential witnesses from [b. s, bet1.5)
for all relevant R;,, such that (i,n) € F,. We then define f(b.11,5) to
attempt to ensure that these witnesses have the correct type to satisfy
these requirements. Even absent interference from other blocks, such
an attempt might fail, as defining f(b.+14,s) correctly requires first

having an appropriate ¢, then having a type amalgamating ps@,,, ,.s)
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with the various types involved in all the relevant R;,, both of which
can be found only by trial and error. (Though once the block stops
growing, these will eventually be found.) When such an attempt fails,
we need to redefine b.41 s to create enough room for the next attempt
(i.e., we choose it so that there are enough elements below b1 on
which f has not yet been defined to provide witnesses for all the R-
requirements that might be considered in the next attempt at satisfying
Sh..,)- Another issue we need to confront in defining f(be415, 5) is that
f(k, s—1) might have been defined for some k € (b. s, bet1,5]. If so, then
we need to use our extension function approximation g to determine
J(bes1,s,5), @S Pp(p,.y,,s) has to contain pre 1) [ s — 1 for each such k.

In addition, definitions made for two blocks, say the cth and dth
for ¢ < d, might turn out to be in conflict (i.e., ps@,., ,,s) might turn
out not to be a subtype of pss,,, . .s)). Then we injure the dth block,
changing the values of f it has defined. When we do so, we increase
bes for all e > d. As we show below, this action ensures that the
correctness of our construction can be verified in RCA,.

To each block ¢, we attach parameters i, and j., which might change
or be undefined during the construction. These are chosen so that p;,
is a type in variables among o, ..., 2y, ,—1 and @; (o, ..., Ty, 1)
is consistent with p;.. We ensure that whenever 7. and j. are defined,
then so are ig and j4 for d < c. At the end of each stage s > 0, we
define f(bet1s,5) = g(ic, e, s) if these parameters are defined. Thus
i. represents a type through which we are attempting to satisfy .S, _,
and j. represents a formula that we need to amalgamate with this type
to preserve properties (i)—(iii) of f. We also assign tuples of witnesses
to R-requirements corresponding to Sy, ,, which again might change
during the construction. We ensure that if S, , has witnesses assigned
to it, then ¢, and j. are defined.

Construction of f. At stage 0, act as follows. Let b;o = j for all j € N.
Let e be such that p, is the O-type and let f(0,s) = e for all s € N. For
notational convenience, we also let g(i_1,j_1,s) denote e for all s € N.

At stage s > 0, act as follows. Recall that a; is the arity of p;.
For each ¢ such that i, and j. are defined, say that (i,n) € R is c-
active if q;,, | s is consistent with pim, g(,_1.j._1,«) (Which we can check
effectively because of the monotonicity of ¢g). Say that c is satisfied if
i. and j. are defined, s > b.s_1, and there is a t € [b.s_1, s] such that
each c-active (i,n) € F; with n < b.,_1 has witnesses jo, ..., jo;—n—1
assigned to it for which

p’i[x(b ceey Tp—1, x]’ou s 7'rjai*n71] r s C pg(ic,jc,s)-
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Say that ¢ requires attention if i, and j. are defined, s > b.s_1, and ¢
is not satisfied. If 7. and j. are defined, then say they are untenable if
Dylic,je,s) | S 18 inconsistent With piim, g(io_1 jo_1,0)-

Let ¢ be least such that 7. and j. are undefined or untenable, or ¢
requires attention. (Such a ¢ must exist because we define iy and j4 for
only finitely many d at each stage.) We say that ¢ is active at stage s.
Let by s = bgs—1 for all d < c. Let ks be the number of stages u < s at
which ¢ has been active and b., = b.s, and let ¢ = b, s + n, where n
is such that ks = (n,[) for some I. Let b.+1 s be large enough so that
[bes, bet1,5) contains at least Z(m) ¢, @i many fresh elements (i.e., ones
on which f has never been defined). Let betiims = bes1,s +m for all
m > 0. For d > ¢, undefine i4, jq4, and all witnesses associated with the
dth block.

Say that R;, is relevant if it is c-active, n < b.5, and (i,n) € Fi.
Let Ry ngs---> R,y m,_, be the relevant requirements. For each i < r,
let m; = a;; — n; and choose fresh distinct elements wy, ..., Wy,—1 €
[bes, bet1,s), which we call witnesses for Ry, ,,,, so that the tuples of
elements chosen for different ¢ are pairwise disjoint. Let ¢ be the
conjunction of all formulas in py,[zo, ..., Tn-1,Tug, - - -+ Tu,,, ] | s for
i <7 and in Py, jo_1s) | 5. (If 7 =0 then ¢ is just the propositional
constant T.) Let 6 be the conjunction of all formulas appearing in
Pfnw | v for n and u < s such that f(n,u) is defined.

All free variables shared by ¢ and 6 are among =y, ...,z 1, and
Plimy, g(ic_1,je_1,u) 18 @ type in the variables xg, ..., zy, 1, so to show that
A0 is consistent, it is enough to show that each of ¢) and 6 is consistent
With Prim, g(ic_1.je_1,u)- LThat 1) is consistent with piim, g(i._, jo_1,u) follows
from the definition of a requirement being c-active. We show in the
verification section below that 6 is also consistent with piim, g(i._1 jo_1,u)>
so we assume that this is the case for now. Let i, be least such that p;,
is a type in the variables appearing in v, contains ¢, and is consistent
with 6. Let j. be such that ¢, is the conjunction of 6 with z,, = z,
for all n < bey1. (These tautologies are there to ensure that ¢, has
the correct arity.)

For each ¢ € N such that i. and j. are defined, let f(bet1s,5) =
Glic, Je, 8). Forn € (bes, bet1.s), if f(bes1syS) # f(bet1s, s —1), then let
f(n,s) be such that s = Pibosrss) | Tos- -5 1. Foralln < beyq
such that f(n,s) has not yet been defined, let f(n,s) = f(n,s — 1).
For all n > b.y14, let f(n,s) be undefined.

Verification. Having completed the construction of f, we verify its cor-
rectness. We first need to show that the formula 6 above is in fact
consistent with pim, g(i._1jo_1u)- BY (Af-)induction, we may assume
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that this property holds for all stages prior to s. Let v < s be the
stage at which i._; and j._; were last defined prior to stage s. Let
¢ be the conjunction of all formulas appearing in pfm.) [ w for n
and w < v such that f(n,w) is defined. Then ¢; _, is equivalent to
¢, s0 0 € Pimyglio_1jo,u)- At each stage r € (v,s), we maintain
the consistency of each pfu ) [ 7 such that f(n,r) is defined with
Plimy g(ic_1,je_1,u)» Py the definition of untenability and the definition of
f. Thus 6 is consistent with piim, g(i._; jo_1,u)-

We now verify that the five properties of f hold. Property (i) is
clearly satisfied by the construction. Suppose f(n,s) and f(n,s+k) are
both defined and n € [be 54k, bet1,s+%)- Then either f(n, s+k) = f(n, s+
k—1) ori. and j. get defined at stage s+k, in which case py,,, 454k
is defined so as to contain pse,s | s, and prpsir) = Pfbertopmsth) |
To,...,Tn_1. Thus property (ii) holds by (A§-)induction on .

Now suppose f(n,s) and f(n+ 1,s) are both defined. If there is a ¢
such that n,n + 1 € (bes, bey1,s] then proms) = Pimtis) [ Tos- - Tt
Otherwise, there is a ¢ such that n = b.,. If i, and j. do not get
redefined at stage s then c is not untenable at stage s, 50 pyp.,1 ) |
S = Dg(ic.jo,s) | S 18 consistent with limy, g(ic—1, je—1,u). Since pses |
§ = Plimy, g(ic—1,je—1,u) f s and Pf(n+1,5) = Pf(beti,s,s) f Loy -y Ty, WE have
Pfns) | 8 € Dftnsi,s) | 8. If ic and j. do get redefined at stage s, then
Pf(berr,sis) CONLAINS Dp(ys) [ 8 = Pylic 1 je_r,s) | 5, SO again pynys) [ 5 C
Pf(n+1,s) | 5. In any case, property (iii) holds.

Thus we are left with verifying that all our requirements are satisfied,
so that properties (iv) and (v) hold. Let b. = lim, b, 5, which might be
infinite. Suppose that b, is finite. Every time ¢, and j; are redefined for
some d < c, the value of b, ; increases, so there is a stage sy by which all
these 74 and j; have permanent values. In particular, .1 and j._; have
permanent values (if ¢ > 0). Then there is a stage s; > so such that
g(ic—lajc—lu S) = g(ic—lajc—la 81) for all s > s1. Let h = g(ic—lajc—h Sl).

Let t > b. be such that for each S C F} for which gg is consistent,
there is a p; amalgamating all the types in gg. Let B be the set of
requirements R, such that (i,n) € F; and n < b.. Any requirement
in B that ceases to be c-active after stage s; is never again c-active,
so Y{-induction suffices to show that there is an s, > s; such that
the collection Ry, g, ..., R, 4, , Of c-active requirements in B has
stabilized by stage so. By the definition of c-active requirement, the
types pr, [Xo, - -+ Tne1, Yi0s - - - 73/i,az;nrl] for i < m form a consistent set
of types, so by the choice of ¢, there is a p; amalgamating them. Again
by the definition of c-active requirement, p; and p;, are consistent, so by
pairwise full type amalgamation (which clearly follows from eventual
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full type amalgamation), there is a type in X amalgamating them. By
[1{-induction, there is a least n such that p, is a type amalgamating
pr and all of the types py[%o, ... Tn—1,Yi05 - - - s Yisay,—ni—1] for i < m.
Then it is easy to check from the definition of 7. that there is a stage
s3 = So such that if 4. is defined at a stage s > s3 at which k; is of the
form (t — b, 1), then i, = n.

Say that a stage s is c-final if ¢ never requires attention after stage
s, and 7. and j. are never undefined or untenable after stage s. It is
easy to check that if i, and j. are defined at a stage s > s3 at which k;
is of the form (¢t — b.,[), then s is c-final. It is also easy to check that
such a definition occurs unless k; never reaches such a value for s > s3.
In this case, there must be a c-final stage, as k, increases each time c
is active. In either case, there is a c-final stage s. Then bey1 = beg1 s
is finite, and S, is permanently satisfied by stage s. Furthermore, i,
and j. have final values at stage s, and there is a stage u > s such that
Glic, e, v) = g(icy Je,u) for all v > w. Then f(n,v) = f(n,u) for all
n € (be,ber1), so every @, in the cth block is satisfied.

Now, given n € N, let d be least such that by s = n for some s € N,
which exists by X{-induction. Then by is finite, so there is a final dth
block of requirements, and @, is in that block, and hence is satisfied.
Furthermore, by, is also finite, so Sy, is satisfied, and hence so is S5,
since n < bgy. O

We now establish two theorems that give us the reversals to I%9 of
the entries labeled 2 or 3 on our chart.

Theorem 6.11. The following is provable in RCAy. Let ¢ be a 19
formula defining a total function. For each n and z, there is a theory
T and a list X of types of T such that the following hold.

(1) X satisfies the pairwise full amalgamation closure conditions.
(2) X has an extension function.
(3) Suppose one of the following conditions holds.
(a) X satisfies the finite free amalgamation closure conditions.
(b) There is a listing of the types of X satisfying the finite full
amalgamation closure conditions.
(¢) There is a a listing of the types of X satisfying the finite
free amalgamation closure conditions, and BXY holds.
Then there is a sequence (mg,my,...,My_1) such that my = z
and p(m;, miy1) holds for all i <n — 1.

Proof. We argue in RCAy. Fix n and z. We begin by defining a theory
T and a list of types X to handle 3(a) and 3(c); we then slightly modify
them to handle 3(b).
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We work in the language with unary relation symbols P; for ¢ € N,
a binary relation symbol F, and constant symbols cg,...,con_1. We
begin by defining a set A of axioms. We write some of these informally;
formalizing them in our language is straightforward.

Al. Piyy(x) — Pi(x) for all i € N.
A2. = Py(¢;) for all i < 2™

A3. E is an equivalence relation with exactly 2" many classes, each
containing exactly one ¢;.

A4. Within each equivalence class, for each ¢ € N there are infinitely
many « such that P;(z) A= P;11(z), and there are infinitely many
x such that =FPy(x).

It is not difficult to show that A is consistent and admits effective
quantifier elimination, so that its deductive closure T exists and is a
theory. (To conclude that 7" exists, we also need to know that the
set of literal sentences consistent with A exists, as mentioned in the
discussion of quantifier elimination at the end of Section 2.2. This is
clearly the case, as this set consists exactly of the sentences —Py(c;) for
i < 2" and k € N, the sentences E(c¢;, ¢;) for i < 2", and the sentences
—E(c;, ¢j) for i,j < 2™ such that i # j.)

We begin by showing that A admits effective quantifier elimination,
as discussed at the end of Section 2.2. Fix an existential formula
(Jy)p(zy), where ¢(Zy) is a conjunction of literals. Let m be such
that no P; with ¢ > m occurs in ¢, and let £" be the language con-
sisting of E, cg,...,con_1, and all P; with ¢ < m. As mentioned in
Remark 2.3, we may assume that ¢ is an L’-atomic diagram that is
consistent with the assertion that E' is an equivalence relation, and in-
cludes —u = v for all u such that u € z or u is a constant symbol, and
all v € zy distinct from wu.

Suppose that at least one of the following conditions holds.

(1) Both P;(u) and —P;j(u) for j < i occur in ¢, where u is a variable

or constant symbol.

(2) Py(c;) occurs in ¢ for some i < 2™.

(3) E(c;,¢j) for i # j occurs in .

(4) There is a u € Ty such that =E(u, ¢;) occurs in ¢ for all 7 < 2.
Then A F (3y)yY(zy) <» F. Otherwise, the fourth axiom family of A
implies that A - (Jy)e(Zy) <> 0(z), where 0 is the result of removing
from ¢ all literals involving y (and hence is just T if all literals in ¢
involve 7).
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To show that T is consistent, we provide a model M of A. By
effective quantifier elimination, it suffices to specify the atomic diagram
of M. Let the domain of M consist of all numbers of the form (i, j, k),
where i < 2". Let ¢cM = (i,0,0). Let EM(z,y) hold if and only if
and y have the same first coordinate, and let P2 (x) hold if and only
if x = (i,j,k) and m < j. Tt is easy to check that M is a model of A.

We now define our list X of types of T, which satisfies the pairwise
full amalgamation closure conditions and has an extension function.
By effective quantifier elimination, we can identify types of 71" with
atomic types. Notice that the O-type T corresponds to the set of literal
sentences consistent with A discussed above, which we refer to as the
O-type. From now on, we refer to an atomic type as simply a type.

We begin by naming the types of T. Each 1-type in a given variable
x includes the 0-type, as well as © = z and E(z,z). Thus, the 1-types
of T" in the variable x can be listed as follows.

(1) s;(z) for i < 2", which includes z = ¢;, ¢; = z, E(x,¢;), and

E(c;,x), as well as ~x = ¢, -¢; = x, ~E(z,¢;), and ~E(c;, x)
for j # i, and =P, (z) for all m € N.

(2) gig(x) for ¢ < 2™ and k € N, which includes —z = ¢;, =¢; = x,
E(z,¢;), and E(c¢;,x), as well as ~x = ¢;, -¢; = z, ~E(x,¢;),
and —FE(c;,x) for j # 4, and also P, (x) for m < k and —P,,(x)
for m > k.

(3) Gioo(z) for i < 2", which includes ~x = ¢;, =¢; = z, E(z,¢;), and
E(ci, ), as well as ~z = ¢;, =¢; = z, ~E(z,¢;), and —E(cj, x)
for j # i, and also P, (z) for all m € N.

Now each k-type of T in a tuple of variables (zg,...,x;_1) can be
specified by two items: a list of 1-types t = (to,...,tx—1) (i.e., each t;
is of the form s;, ¢;, or ¢ ) and an equivalence relation D on [0, k)
such that if D(7,7) then ¢; = ¢;, and if ¢; = t; = s, for some [, then
D(i,j). (We say that D is compatible with t.) This type, which we
denote by r p(zo, ..., zx_1), is specified as follows.

(1) rp includes the O-type, and for each i < k, it includes ¢;(x;).
(2) If t; and t; are both among s,,, ¢m, and gm, ~ for the same m,
then r, p includes E(z;,z;). Otherwise it includes ~E(x;, z;).

(3) If D(i,7) then r p includes z; = z;. Otherwise it includes —z; =
ZL‘j.

Let s = (myg,...,m_1) be a sequence of natural numbers. If we
have ¢(m;, m;; 1) for all ¢ < [ — 1 (where ¢ is as in the statement of
the theorem), then let Ny = co. Otherwise, let N be the least stage
greater than [ at which we find that this condition does not hold. Let
r; p be type obtained from r, p by replacing each ¢; of the form ¢;; such
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that I’ > N, or I' = co by ¢; n,. Note that r;, is obtained effectively
from r; p and s. (Note also that we are not claiming that the function
s+ N exists.)

For a type rp of T with t = (to,...,tx_1), let by p be the number
of i < k such that ¢; is of the form ¢ o, for some [ and =D(i, j) for all
j <. Let X be an effective listing of all types r; ,(Z), where

(1) t ranges over all lists of 1-types,

(2) D ranges over all equivalence relations compatible with ¢,

(3) s ranges over all sequences with first element z such that |s| >
log, by p, and

(4) z ranges over all tuples of variables of length |¢|.

(The use of the logarithm here might seem mysterious, but is important
in showing that X is closed under pairwise full type amalgamation.) We
verify that X satisfies the pairwise full amalgamation closure conditions
and has an extension function.

The 0-type is in X, and X is clearly closed under variable substitu-
tions. Closure under taking subtypes is straightforward to verify. We
now verify that X satisfies the extension condition, and in fact has an
extension function.

Fix 7f p(zo, ..., 2)-1) € X and a (xo, ..., Tjg—1, Tygfs - - -, Tp—1) cON-
sistent with this type. By effective quantifier elimination (and the fact
that if a type includes a formula, then it includes any disjunction in-
volving that formula), we may assume that 1 is a conjunction of literals.
We may also assume that if ¢ contains v = v, then it contains v = w,
and similarly with other literals involving equality and E.

We first extend D to ¢ with || < ¢ < k as follows. If ¢ includes
x; = xz;, or both z; = ¢,, and x; = ¢, then let D(7,7) hold. If ¢
includes z; = ¢, and t; = s, for some j < |¢|, then let D(4, j) hold.
Then close D to make it an equivalence relation.

Now let d be least such that no P; appears in ¢ for ¢ > d. We
can check effectively whether N, > d. If so, then proceed as follows.
First define a sequence t' = (t{,...,t,_,). For i < [t|, let t; =t;. Now
proceed by recursion starting with ¢ = |t|. If ¢ includes x; = x; for j < i
then let t; = t’, and if ¢ includes z; = ¢, then let t; = s,,,. Otherwise,
let m be such that ¢ includes F(z;,¢,,), if there is such an m, and
otherwise let m be least such that ¢ does not include =F(z;, ¢,,). Let
[ be the largest number such that ¢ includes P(x;), or —1 if there is
no such number. Let t; = gn 1. Now it is easy to check that rj
amalgamates r; , and 1.

Now suppose that N, < d. Then we can effectively find a u such
that 7, p = r; p. Define ¢’ as in the previous paragraph, but using u in
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place of t. Let s’ be a sequence of natural numbers starting with z with
length greater than d. Then it is easy to check that rts,: p amalgamates
rip and .

Thus X satisfies the extension condition. Since the above procedure
for obtaining extensions is effective, X in fact has an extension function.

Finally, we verify that X satisfies the pairwise full type amalgama-
tion condition. Let rf,D(:fgj),rf,:D,(fE) € X be basically consistent,
where § and z are disjoint. If Ny € N then rip is a principal type,
so the existence of a type amalgamating r; , and rf,:D, follows from
the fact that X satisfies the extension condition. The same is true if
Ny € N, so we may assume that Ny = Ny = oco. Without loss of
generality, assume that |s| > |s’|. By the hypothesis on ¢, we can
extend s by one element to obtain a sequence s of length |s| + 1 such
that Ng = oco. Since D and D’ must bAe equal on the variables in Zz,
there is a minimal equivalence relation D on the variables zyz extend-
ing DU D’. Since t and t' agree on the variables in Z, there is a t that
agrees with ¢ on the variables in Zy and with ¢’ on the variables in Zz.
Then %5 < by,p + by pr, and hence

8] = |s[+1 > max(logy by,4, l0gs by ) +1 = logy (br,p+by,pr) = log, by 5,

SO rgﬁ(fgé) is in X and amalgamates T;D(fgj) and Tf//’D, (z2).

We are now ready to prove the theorem in cases 3(a) and 3(c).

For 3(a), suppose that X satisfies the finite free amalgamation clo-
sure conditions, and let (zo, ..., xen_1) be a tuple of variables. The se-
quence of types qo oo(Z0), - - -, Gan—1.00(an_1) is in X, so there is a type
i p(Zo, ..., Tan 1) in X amalgamating these types. Since logy by p =
n, the sequence s = (z = myg,...,my_;) has length at least n, and
cp(mi,miﬂ) forall s <1l —1.

For 3(c), suppose there is a listing Y = {h;};en of the types of X
satisfying the finite free amalgamation closure conditions, and BX
holds. Let (zg,...,2zon_1) be a tuple of variables. Each ¢; o (z;) is in
Y, and the property P(i,7) that holds if and only if h; = ¢ o0(2;)
is I1Y, so by the finite axiom of choice for II{ properties, the whole
sequence of types qooo(%0), - - -, @an—1,00(T2n—1) isin Y. So Y has a type
amalgamating these types, and hence so does X. Now the argument is
as in the previous paragraph.

For 3(b), we modify our example by removing the constants. That
is, our language now has only the P; and E, and our axioms consist of
A1, the first part of A3, and A4. Effective quantifier elimination and
consistency follow by arguments much like the ones above. Our theory
T now has only two kinds of 1-types, gx(x), which includes P,,(z) for
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m < k and =P, (x) for m > k; and ¢o(x), which includes P,,(z) for
all m € N.

Our k-types are now of the form r; p p, where ¢ and D are as before
and F is an equivalence relation on [0, |t|) such that if D(7,j) then
F(i,7). The type r¢p r(zo,...,Tr_1) is specified as follows.

(1) ryp r includes the O-type, and for each i < |¢|, it includes ¢;(x;).
(2) If F(i,7) then r,pp includes E(z;,x;). Otherwise it includes
_|E(ZEZ', IL‘j) .
(3) If D(i,j) then r pp includes x; = z;. Otherwise it includes
L = Ty
The types rip  and the list of types X are defined much as before.
The proof that X is closed under the pairwise full amalgamation clo-
sure conditions and has an extension function is also a straightforward
modification of the previous case.

Now suppose there is a listing of the types in X satisfying the finite
full amalgamation closure conditions. By Proposition 6.6, this listing
has an extension function approximation. By Theorem 6.10, there is a
homogeneous model A such that X is an enumeration of T(A). Let ¢
be an element of A satisfying ¢, which must exists since g, € X, and
let a be an element of the same E* equivalence class as ¢ such that

ﬁP(;“(a). Let by, ...,ban_1 be a sequence consisting of representatives
of each of the E* equivalence classes, such that =P (b;) for all i < 2.
Then a = b; for each i < 2", so, by homogeneity, there are dy, . .., don_1

such that, for each i < 2", we have ac = b;d;, which implies that
d; is in the same E4 equivalence class as b; and has type ¢s. The
type of (do,...,dsn 1) is in X, and is of the form r{p (Z). Then
s = (z = mo,...,my_1) has length at least n, and p(m;, m;;1) holds
forall i < —1. O

Theorem 6.12. The following is provable in RCAy. Let ¢ be a 19
formula defining a total function. For each n and z, there is a theory
T and a list X of types of T such that the following hold.

(1) X satisfies the 1-point full amalgamation closure conditions.

(2) X has an extension function.

(3) If X satisfies the pairwise free amalgamation closure conditions,
then there is a sequence (mg, my,...,m,_1) such that mg = z
and @(m;, miy1) holds for all i < n — 1.

Proof. We argue in RCAq. Fix n and z. Assume without loss of gen-
erality that n is even. We use the same theory 7' as in the proof of
Theorem 6.11 (in its original version, with constants), except that we
now have n many equivalence classes, rather than 2" many. We also
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adopt the notation of that proof for naming our types, except that r;
is now defined as the type obtained from r,p by replacing each t; of
the form g;; such that [ > N, or [ = oo by ¢; n,, as long as there is no
j < % for which D(7,j) holds. Thus, the difference between this defi-
nition and the old one is that we do not alter the 1-types of the first
5 many variables in r; p (or any other variable that r; p declares to be
equal to one of the first § many variables). The effect of this change is
that our list X now includes all §-types of T" but not all n-types unless
a sequence My, . .., My,_1 as above exists.
Let X be an effective listing of all types 7 ,(Z), where

(1) t ranges over all lists of 1-types,

(2) D ranges over all equivalence relations compatible with ¢,

(3) s ranges over all sequences with first element z such that |s| >
bi,p (where b p is as in the proof of Theorem 6.11), and

(4) T ranges over all tuples of variables of length |¢].

As before, the O-type is in X, and X is closed under variable substi-
tutions and taking subtypes. The proof that X satisfies the extension
condition, and in fact has an extension function, is also as before.

To verify that X satisfies the 1-point full type amalgamation condi-
tion, let 17 ,(Zy), rf,: 1 (Zz) € X be basically consistent, where y and z
are different variables. As before, we may assume that N, = Ny = oo,
as otherwise the existence of an amalgamator for these types follows
from the fact that X satisfies the extension condition. Without loss
of generality, assume that |s| > |s'|. By the hypothesis on ¢, we can
extend s by one element to obtain a sequence § of length |s| + 1 such
that Nz = oo. Since D and D’ must bAe equal on the variables in Zz,
there is a minimal equivalence relation D on the variables Zyz extend-
ing DU D'. Since t and ¢’ agree on the variables in Z, there is a ¢ that
agrees with ¢ on the variables in Zy and with ¢’ on the variables in Zz.
Then b;5 < bi,p + 1, so rgﬁ(iyz) is in X and amalgamates 7} ,(Zy)
and 1y, (22).

Now suppose that X satisfies the pairwise free type amalgamation

condition, and let (xg,...,z,-1) be a tuple of variables. Let t =
(Goos - -+ qa-1.00), let D = {(3,9) 17 < 2}, let ' = (q200,- -+, Gn-1.00),
and let D' = {(i,4) : § <i <n}. Then rjp = ryp and 1} py = 1y pr
for all s, so 7 p(wo,...,x2_1), 7w p(rn,...,2,-1) € X. Thus, there
is a type 72 5(2o, ..., ¥y—1) € X amalgamating them. Then s = (2 =
mo, . . . ,ml_yl) has length at least n, and ¢(m;, m;y1) foralli < —1. O

We can now give our justifications of the correctness of Figure 1.

Theorem 6.13. The implications described in Figure 1 hold.
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Proof. We begin by recalling Figure 1 and its key for convenience.

p’wise | finite | 1-pt. | p’wise | finite
free free full full full
amalg. | amalg. | amalg. | amalg. | amalg.
X has pairwise amalg. Vv V 2 Vv Vv
X has finite amalg. 2 vV 2 2 v
3 listing w/ finite amalg. 3 v/ 2 2 v
3 model 3 1 2 3 1
3 1-pt. homogeneous model X X 2 3 1
3 1-homogeneous model X X 2 3 1
3 homogeneous model X X 2 2 1
3 listing w/ EF 4 1 D 4 1
3 listing w/ EF + p’wise am. 4 1 2 4 1
3 listing w/ EF + fin. am. 3 1 2 2 1

FIGURE 1. Versions of Theorem 6.4

e A 1 means that the principle is true in RCA,.

e A 2 means that the principle is equivalent to IX9 over RCA,.

e A 3 means that the principle is provable from ITYGA over RCAq
and is equivalent to IX9 over RCA( + BX) (and hence not prov-
able in RCAy, or even RCA, + BX)).

e A 4 means that the principle is provable from ITIYGA over RCAy,

but its strength is otherwise unknown.

e A 5 means that the principle is provable from 139 over RCAy,

but its strength is otherwise unknown.

We now arrange our justifications into two charts on the next two
pages, the first showing in which systems our principles are provable,
and the second showing what they imply.
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p’wise | finite | 1-pt. | p’wise | finite
free free full full full
amalg. | amalg. | amalg. | amalg. | amalg.

X has pairwise amalg. Vv V 2 E Vv Vv
X has finite amalg. 2E V 2E 2E v/

3 listing w/ finite amalg. 3K v/ 2 E 2 E vV
3 model 3J 1C 2 F 3 H 1A

3 1-pt. homogeneous model X X 2 F 3H 1A
3 1-homogeneous model X X 2 F 3H 1A
3 homogeneous model X X 2 F 2 F 1A

3 listing w/ EF 4 L 1D 5G 41 1B
3 listing w/ EF + p’wise am. | 4 L 1D 2 G 41 1B
3 listing w/ EF + fin. am. 3L 1D 2G 2G 1B

F1GURE 3. Justifications of Figure 1: where provable

A: Provable in RCAq by part (1) of Theorem 6.10.

B: Provable in RCA( by part (1) of Theorem 6.10 and Proposition 6.6.
C: Provable in RCAq by part (2) of Theorem 6.10.

D: Provable in RCA( by part (2) of Theorem 6.10 and Proposition 6.6.
E: Provable in RCAq + IX9 by Theorem 5.11.

F: Provable in RCA( + IX9 by part (1) of Theorem 6.10 and Theorem
5.11. (We do not really need Theorem 6.10 here, since the finite injury
construction in the usual proof of Theorem 6.4 can be carried out in
RCA, + Ix9.)

G: Provable in RCAq + IX§ by part (1) of Theorem 6.10, Proposition
6.6, and Theorem 5.11. (As above, we do not really need Theorem 6.10
here.)

H: Provable in RCAg + IIYGA by part (3) of Theorem 6.10.

I: Provable in RCA( + IIYGA by part (3) of Theorem 6.10 and Propo-
sition 6.6.

J: Provable in RCAq + IIYGA by part (4) of Theorem 6.10.

K: Provable in RCA( + II{GA by part (4) of Theorem 6.10 and Propo-
sition 5.13.

L: Provable in RCA( + ITIYGA by part (4) of Theorem 6.10 and Propo-
sition 6.6.
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p’wise | finite | 1-pt. | p’wise | finite
free free full full full
amalg. | amalg. | amalg. | amalg. | amalg.
X has pairwise amalg. Vv V 2P Vv Vv
X has finite amalg. 2M V 2N 2N v/
3 listing w/ finite amalg. 35 v/ 2N 2N vV
3 model 37T 1 2 R 3T 1
3 1-pt. homogeneous model X X 2 R 37T 1
3 1-homogeneous model X X 2 R 37T 1
3 homogeneous model X X 2R 20 1
3 listing w/ EF 4 1 D 4 1
3 listing w/ EF + p’wise am. 4 1 2Q 4 1
3 listing w/ EF + fin. am. 35 1 2N 2N 1

FIGURE 4. Justifications of Figure 1: implications

M: Implies 129 over RCAg by Theorem 6.11, applied with hypothesis
(3)(a).

N: Tmplies 129 over RCAg by Theorem 6.11, applied with hypothesis
(3)(b).

O: Implies IX9 over RCAg by Theorem 6.11, applied with hypothesis
(3)(b), and Proposition 5.13.

P: Implies IX9 over RCAq by Theorem 6.12.
Q: Tmplies 129 over RCAg by Theorem 6.12 and Proposition 5.10.

R: Implies IX9 over RCAg by Theorem 6.12 and Propositions 5.10 and
5.13.

S: Implies IXY over RCAy + BXY by Theorem 6.11, applied with hy-
pothesis (3)(c).

T: Implies 129 over RCAg + BXY by Theorem 6.11, applied with hy-
pothesis (3)(c), and Proposition 5.13. O
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7. THE REVERSE MATHEMATICS OF MODEL EXISTENCE THEOREMS

In this section, we compare the principles discussed in Sections 3
and 5.5. We can think of each of HMT, 1-HMT, 1-PHMT, WMT, and
SMT as the combination of a principle asserting the existence of the
desired model given the existence of an extension function approxima-
tion, and a principle asserting the existence of an extension function
approximation given the stated hypothesis. The first kind of principle
was analyzed in the previous section. We now examine the latter. For
a set C of closure conditions, define the following principle.

EFAE. (Extension Function Approximation Existence Under
the Closure Conditions C): Every list of types satisfying the closure
conditions C has an extension function approximation.

Of course, for this principle to hold, C must contain at least the exten-
sion condition, i.e., item (4) in Theorems 5.1 and 5.7.

The five sets of closure conditions considered above are the pairwise
free, finite free, 1-point full, pairwise full, and finite full amalgama-
tion closure conditions, which correspond to SMT, WMT, 1-PHMT,
1-HMT, and HMT, respectively.

We show in Theorem 7.5 that if C denotes the finite full or finite free
amalgamation closure conditions, then EFAE¢ is equivalent to AMT
over RCAq; while if C denotes the pairwise full, pairwise free, or 1-
point full amalgamation closure conditions, then EFAE; is somewhere
between AMT and ATT in strength.

Let P be one of SMT, WMT, 1-PHMT, 1-HMT, or HMT, and let
Cp be the corresponding set of closure conditions. By Proposition 6.6,
P implies EFAE¢, over RCA,.

By the first two parts of Theorem 6.10, it is also provable in RCA,
that if a list of types X satisfies the finite free (finite full) amalgamation
closure conditions and has an extension function approximation, then
there is a (homogeneous) model A such that X is an enumeration of
the type spectrum of A. Thus WMT and HMT are each equivalent to
EFAEc, for the corresponding set of closure conditions, and hence to
AMT.

By the last two parts of Theorem 6.10, it is provable in RCAq +
II9GA that if a list of types X satisfies the pairwise free (pairwise
full) amalgamation closure conditions and has an extension function
approximation, then there is a (1-homogeneous) model A such that X
is an enumeration of the type spectrum of A. Thus SMT and 1-HMT
follow from EFAE(, for the corresponding set of closure conditions over
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RCA( + ITYGA, and hence are somewhere between AMT and ATT +
ITYGA in strength.

We also show, in Theorem 7.7, that 1-PHMT is equivalent to AMT +
>9.

7.1. Extension function approximations, AMT, and ATT. The
following theorems compare our EFAE principles with AMT and ATT.

Theorem 7.1. (1) LetC denote the finite free amalgamation closure
conditions. Then AMT implies EFAEc over RCA,.
(2) Let C be any set of closure conditions containing the extension
condition. Then ATT implies EFAE: over RCAj.

Proof. The proofs of the two parts of the theorem are almost identical.
We first prove part 1, then indicate the changes necessary to prove part
2. As mentioned in Section 3, we can take AMT as stating that for
every strongly atomic extendible tree T, there is a listing of the paths
of T. Let T be a theory and X = {p;}ien a list of elements of S(7T)
satisfying the finite free amalgamation closure conditions. Arguing
in RCA,, we define a family of trees 7;;, and put them together to
form a strongly atomic extendible tree 7 so that any enumeration of
the isolated paths of T can be used to define an extension function
approximation for X.

Given an n-type p;, an (n + [)-ary formula v consistent with p;, and
an s, we say that the (n + [)-type p; amalgamates p; and v at stage s
if the conjunction of 1 and the formulas in p; [ s is consistent with p;.
Such a p; always exists, since X satisfies the extension condition.

Let 6y, 01, ... be the formulas in the language of T'. If p; and 6; are
inconsistent, or not of the form p;(z) and 6;(zy), then let 7;,;, = {1*:
k € N}. Otherwise, let T;; = (U, oy 77, where T% is defined in stages

4,57
as follows.

Stage 0. Let ¢y = 0;. Let T, = {1* : k € N}. We associate with each

node 7 = 1¥ in '7;0] a pair s; = k and t; = 0, and a formula ¢, = 0,.

We label all the nodes 7 in 7;03 as active.

S
2,77

S

and for each 7 € 7%, we have

Stage s + 1. We are given the tree
defined

(1) s,  (the guide amalgamator being followed),

(2) t,  (the length of time s, has been followed), and

(3) 1, consistent with p; U{6;}  (the guide formula),
where ps_ amalgamates p; and 1. at stage ..

We obtain 7;3“ by adding nodes to 7;%. For every active 7 € T,
check whether p,_ amalgamates p; and v, at stage t. + 1. If so, add 70
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to 7;3“, let s.0 = s,, let t.o =1t + 1, let ¥,9 = ¢, deactivate 7, and
activate 70.

If p,. does not amalgamate p; and 1, at stage t, + 1, add 71¥! to
7;?“1 for all K € N. For each 7/ = 71**! let s,» = k and t,» = 0, and let
1, be the conjunction of the formulas in ps_ | ¢, and .. Deactivate
7, and activate each such 7.

Let T ={0":n € N}U{0%1o : 0 € T;,;}. It is easy to see that
the existence of 7 can be established in RCA,.

Lemma 7.2. The tree T is extendible and strongly atomic.

Proof. Extendibility is clear from the definition. Now let py,...,p, €
T. By extending py if necessary, we may assume that each pj, is of the
form 00%J% 17, for some 74 € T;, j, -

Let P be the property that holds of £ < n if and only if p;, and
6, are inconsistent or not of the form p;(z) and 6;(zy), and let @ be
the property that holds of & < n if and only if ps—amalgamates p;,
and v, . These properties are AJ and 1, respectively, so by bounded
[19-comprehension, we can split our sequence of p’s into three subse-
quences, one consisting of the p;’s such that P(k) holds, another of the
pr’s such that Q(k) holds, and the last of all other pi’s. It is enough to
find atoms extending the p’s in each of these sequences independently.

If P(k) holds then py is itself an atom of 7. If Q(k) holds then it
follows easily by induction that the extensions of 73 in 7, ;, are exactly
those of the form 7,0, so again py, is an atom of 7.

Thus we may assume that we have a sequence py, ..., p, as above
such that for each k < n, the type Ps,, does not amalgamate p;, and
¥.. Let i, be the stage at which 7, is declared active and let ¢, > 7y
be least such that Ps., does not amalgamate p;, and 1), at stage 5+ 1.
Then v, = 7,0%" "™ € T, j,, and we have s,, = s, t,, = t, and
Yy, = ;. Furthermore, for each [, we have o;; = v 1t ¢ T
All the formulas v, , are the same formula ¢, which by induction is

consistent with p;,. As noted in Remark 5.9, there are my, ..., m,, such
that p,,, amalgamates p;, and ¢j. Then 0%%3%) 15y, is an atom of T
extending p; for each k < n. 0

Lemma 7.3. An extension function approzimation for X can be con-
structed from any enumeration of the isolated paths of T .

Proof. Let fo, f1,... be an enumeration of the isolated paths of 7. Let
¢ and j be such that §; is consistent with p;. Since 7T is atomic, there
is a least n such that f, extends 0%71. Let f(k) = f.(k + (i,7) + 1).
Then f is an isolated path of 7;;. By the construction of 7;;, any



INDUCTION, BOUNDING, WEAK COMBINATORIAL PRINCIPLES & HMT 92

7 € T such that 7(|7| — 1) = 1 has more than one extension in 7T, so
f = 70" for some 7 € 2<N,

Let m be such that f extends 1™0. Let 7o = 1™0 and let g(,7,0) =
m. Given ¢g(1, j, s) and 7s, proceed as follows. If f extends 7,0 then let
Top1 = 70 and ¢(i,5,5 + 1) = s, = s.,,. Otherwise, let 7,41 be the
shortest string extended by f of the form »01¥05"!, where & > 1 and
lv| > |7s] — 2. Tt is easy to see that such a string must exist, and that
S =k Let g(i,7,s+1) =k =s,,.

There are only finitely many s such that f extends 71, and hence
lim; g(4, 7, s) exists. It follows from the construction of 7; ; that ¢ is an
extension function approximation. U

This concludes the proof of part 1 of the theorem. The only place in
this proof where any property of C other than containing the extension
condition is used is at the end of the proof of Lemma 7.2, to justify the
existence of my, ..., m,. Thus, if we restrict ourselves to the n = 0 case
of this lemma, all we need is for C to contain the extension condition.
This case is enough to conclude that 7 is atomic, which gives us part
2 of the theorem. O

Theorem 7.4. Let C denote the finite full amalgamation closure con-
ditions. Then EFAE: implies AMT over RCAj.

Proof. We argue in RCAg. Let T be a strongly atomic extendible tree.
We define a set of axioms A whose deductive closure A is a theory. Then
we define a list X of types of A satisfying the finite full amalgamation
closure conditions, so that from an extension function approximation
for X, we can construct a listing of the isolated paths of T .

Azioms. We work in the language with unary relation symbols U, R;
for i € N, and D, for o € T; and binary relation symbols P and E. We
first define the following set A of axioms and then discuss the intuition

behind them.
Al. P(z,y) — —U(z) AU(y).
A2. =U(z) = (37Y)P(z, y).
A3. (V)[U(y) — (37*2)P(z,y)] for all k € N.
Ad. E(xo,11) ¢ (3y)[P(z0,y) A P(x1,y)].
A5. Dy(z) = —U(z) for all o € T

A6. Dy(z) — D,(x) forall T <o € T.
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A7. D,(z) — =D, (z) for all o,7 € T such that || = |7| and 0 # T.
A8. R;(y) — U(y) for all : € N.

A9. R,(y) = Ri41(y) for all ¢ € N,
A10. (37*y)Ry(y) for all k € N.
A1l (FPFy)[Riyi(y) A —Ri(y)] for all i,k € N.

A12. =R, (y) — (F7*2)[Dy(x) AP(z,y)] for alln,k € Nand all o € T
such that |o| = n.

A13. [2U(z) A N,eq, 7 Do()] < (3y)[Ru(y) A P(x,y)] for all n € N,
where 5, is the set of elements of 7 of length n.

Axiom groups Al, A2, and A3 tell us that we can divide our universe
into two disjoint parts, D = {z : =U(z)} and R = {z : U(x)}, and
that P determines a function with domain D and range R such that
the preimage of any y € R is infinite. Axiom A4 tells us that E is the
equivalence relation on D wherein two elements are equivalent if they
have the same image under P. (Having a symbol for this relation is
needed in establishing effective quantifier elimination.)

Axiom groups A5, A6, and A7 tell us that the D, hold only of
elements of D, and that for each x € D, the set of ¢ such that D,(z)
holds is either empty, of the form {o : 0 < 7} for some 7 € T, or of
the form {o : 0 < f} for some f € [T].

Axiom groups A8, A9, A10, and A11 tell us that the R; hold only of
elements of R; that for each y € R, the set of i such that R;(x) holds
is either empty or consists of all ¢ > j for some j; and that for each j
there are infinitely many y such that this set is of the latter form.

Finally, axiom groups A12 and A13 connect the set of ¢ such that
D, (z) holds with the set of i such that R;(y) holds, for x and y such
that P(z,y) holds. They say that if R,,(y) holds then thereisno o € T
of length n and no z in the P-preimage of y such that D,(x) holds,
while if R,(y) fails, then for every x in the P-preimage of y, some
D, (x) with o of length n holds (because in this case, by A2, the right
hand side of A13 fails, and hence so does the left hand side), and for
every o € T of length n there are infinitely many x in the P-preimage
of y such that D,(z) holds.

We show that A is consistent and admits effective quantifier elim-
ination, so that its deductive closure A exists and is a theory. We
then give a list of types X of A satisfying the finite full amalgamation
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closure conditions, and use the existence of an extension function ap-
proximation for X to obtain a listing of the isolated paths of 7. The
idea is to ensure the following two properties. Every 1-type in X con-
taining —U(z) contains D, (x) either for only finitely many o or for all
o < f for an isolated path f of T; and there is a 1-type p(y) in X
containing U(y) and =R, (y) for all n. Then for any 7 € T, we can use
the given extension function approximation for X to obtain an amal-
gamator ¢(z,y) € X for p(y) and the formula D, (x) A P(z,y). By the
axioms and the properties of X, the set of o such that D,(z) € q(z,y)
must determine an isolated path of 7 extending 7.

Quantifier elimination. We begin by showing that A admits effective
quantifier elimination, as discussed at the end of Section 2.2. Fix an
existential formula (Jy)¢(Zy), where p(Zy) is a conjunction of literals.
Let m be such that no R; with ¢ > m or D, with |o| > m occurs in ¢,
and let £’ be the language consisting of U, P, E, all R; with i < m,
and all D, with o € T and |o| < m. As mentioned in Remark 2.3, we
may assume that ¢ is an £'-atomic diagram that includes —u = v for
all distinct u,v € zy. By a similar argument to the one mentioned at
the end of that section, we may also assume that ¢ is consistent with
the assertion that E is an equivalence relation on the set of u such that
U (u) holds.
Suppose that at least one of the following conditions holds.

(1) P(u,v) occurs in ¢, and either U(u) or =U(v) occurs in ¢.

;(u) and —U (u) both occur in .

(u) and = R;(u) with ¢ < j both occur in ¢.

D,(u), P(u,v), and Rj,(v) all occur in ¢.

E(u,v), Dy(u), and =D, (v) for all 7 such that || = |o|, all occur

Then A - (Jy)p(zy) <> F. (For (1)—(12), this fact is easy to see from
the axioms. For (13), assume that E(u,v) and D,(u) occurs in p. We
may assume that =U(u) and =U(v) both occur in ¢, as otherwise ¢
satisfies (5). Then T'U{p} implies the negation of the left hand side of
A13 for x = w and n = |o|, and hence the negation of the right hand
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side of A13 for x = uw and n = |o|. By A4, TU{¢} implies the negation
of the right hand side of A13 for x = v and n = |o|, hence the negation
of the left hand side of A13 for = v and n = |o|, and hence D, (v) for
some 7 such that |7| = |o].)

Otherwise, let D be the set of variables u such that —U(u) occurs in
¢ and let R be the set of variables v such that U(v) occurs in ¢. For
each v € R, let D, be the set of variables u such that P(u,v) occurs
in ¢. Note that the sets D, are pairwise disjoint. Let Dy be the set
of all elements of D that are not in any D,. Let 6(z) be the result of
removing all literals mentioning y from .

If y € R then the only positive literals in ¢ involving y and another
variable are the ones of the form P(z,y) for z € D,. If z,2’ € D,, then
E(x,2") occurs in ¢, and if = € D,, then R;(y) occurs in ¢ if and only
if =D, (x) occurs in ¢ for all ¢ € T of length i. Combining A2, A4,
and A13, we see that A F (Jy)p(zy) <> 0(Z).

If y € D,, where v is either a variable or (), then the only positive
literals in ¢ involving y and another variable are ones of the form
E(x,y) or E(y,z) with z € D,, and P(y,v) if v is a variable. Let
x € D, and i < m. Then D,(z) occurs in ¢ for some o of length 7 if
and only if D, (y) occurs in ¢ for some 7 of length i. Thus, by A2, A3,
A4, A12, and A13, we again have A (Jy)p(zy) < 0(z).

We have completed the quantifier elimination process, and hence
conclude that the deductive closure A of A exists and is a theory.

Consistency. We now establish the consistency of A by providing a
model M. By effective quantifier elimination, to define M, it suffices
to specify the interpretations of the symbols of our language in M. Let
09,01, - .. be a listing of the elements of T .

(1) Let M = N.
(2) Let UM be the odd numbers.
(3) Let DM ={2(i,j,m) : 7 < 0;}.
(4) Let RM = {2(k,j) +1:n > k}.
(5) Let PM = {(2(i,7,m),2(k, ) + 1) : |oy] = k — 1}.
(6) Let EM = {(2(i,4,m),2(i,5,n)) : m,n € N}.
It is easy to check that A1-A13 hold in this model. (Indeed, M is an

atomic model of the theory induced by these axioms, though this fact
is not needed in our proof.)

Defining the list of types X. We now proceed to define a list X of types
of A. By effective quantifier elimination, we can identify types of A
with atomic types. Notice that the O-type A corresponds to the empty



INDUCTION, BOUNDING, WEAK COMBINATORIAL PRINCIPLES & HMT 96

atomic O-type. From now on, we refer to an atomic type as simply a
type.

We define a few particular 1-types in a given variable x. Each 1-type
in x includes x = x and = P(z, z). If it includes =U(z), then it includes
E(z,z) and = R;(x) for all ¢« € N. If it includes U(x), then it includes
—FE(z,z) and =D, (x) for all o0 € T.

Let i € N. Let r;(z) be the principal type generated by —R;_1(x) A
R;(x), or just Ry(z) if i = 0. Let s(z) be the nonprincipal type that
includes U(z) and —~R;(z) for all j € N,

Let o € T. If o is not the empty string A, let 0~ be o [ |o| — 1. Let
ds(z) be the principal type generated by D,-(x) A =D, (z). Let dy(x)
be the principal type generated by —U(z) A =D,(z).

Let e,(z) be the type defined as follows. First, e,(x) includes U (),
D, (z) for every 7 < o, and =D, (z) for every 7 € T incompatible with
o. Next, for each 7 € T extending o, if 7 is the only extension of ¢ of
length |7| in 7, then e,(z) includes D, (z). Otherwise, e,(x) includes
—D,(x) for every extension p of ¢ of length |7| in 7T, including 7 itself.
Notice that if ¢ is not an atom, then e, (z) is equal to d.(z) for some 7.
Otherwise, the set of 7 such that D, (z) € e,(x) determines an isolated
path of T.

Let B be the set of 1-types described above. These types (where x
ranges over all variables) are exactly the 1-types in X. Notice that they
include every principal 1-type of A, and every 1-type of A extending
U(x). To describe the n-types in X for n > 1, we first define a few
operators. It is straightforward to check from the axioms that operators
with the stated properties exist.

Our first operator gives us a way to extend a formula to a type
in a safe way, i.e., without introducing any unwanted 1-types. For a
conjunction of literals 6 consistent with A, let 7 () be a type containing
the literals in 0 such that for each variable x, there are at most finitely
many o for which D,(x) € J(f). Notice that the 1-subtypes of J(0)
must be of the form d,, r;, or s.

Our second operator gives us a way to transform a possibly incon-
sistent complete set of literals into a type. Let ¢(z) be a set of literals
that, for every atomic formula ¢ with free variables in Z, includes ei-
ther ¢ or ¢ (and possibly both). Let g, ¢1,... be the elements of
q (ordered according to a standard fixed ordering of literals). If there
is an n such that {pg,...,@,} is not consistent with A, then for the
least such n, let P(q) = J (.., ¢i). Otherwise, let P(¢q) = ¢q. Note
that this operator is effective, since to know whether a given literal
¢ is in P(q), we need only find an m such that ¢, is either ¢ or its
negation. If {¢g,..., @} is consistent with A then ¢ € P(q) if and
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only in ¢,, = ¢. Otherwise we check whether ¢ is in J(A,_,, ¢i) for
the least n such that {¢y, ..., @, } is not consistent with A, which must
exist.

Our third operator performs amalgamation. Let qo(Zo), .- ., qn(Zn)
be types, let & be a tuple such that * = xoU--- U Z,, and let ¢ =
qoU---Ugq,. Let 6(Z) be a conjunction of literals such that for each
pair of distinct variables u,v € Z, either P(u,v) or =P(u,v) is in 0,

either F(u,v) or =F(u,v) is in 0§, and either u = v or ~u = v is
in . Let r be the union of ¢ with the literals in #. Note that if r is
consistent with A, then it is in fact a type, and amalgamates qq, . . . , ¢,-

Let A(QO? -5 Qn, 9) = P(T)

Our fourth operator extracts subtypes and performs variable sub-
stitutions. Let V be the set of variables in our language. By a finite
injective partial function on variables we mean a finite subset f of V2
that satisfies the properties of an injective function. We use the usual
functional notation when discussing f, and in particular write f(z)J
to mean that x is in the domain of f. Let ¢(xo,...,x,) be a type and
let f be an finite injective partial function on variables. Let S be the
set of x; with ¢ < n such that f(z;)]. If x; € S then let g(z;) = f(x;).
Define g on all other x; with ¢ < n so that ¢ is a finite injective partial
function on variables. Let S(q, f) = qlg(xo),-..,g9(xn)] [ S (using the
notation introduced in Remark 5.9).

We define X recursively. Even if we can ensure that we do not
introduce any unwanted 1-types at each step, we do not have sufficient
induction to conclude that no unwanted 1-types ever appear. Our final
operator allows us to ensure that this is indeed the case by transforming
an arbitrary type into one whose 1-subtypes are all of the desired form.
Let q(xg,...,xx—1) be a type and oy, ...,06_1 € T. Let @, ¢1,... be
the elements of ¢ (ordered according to a standard fixed ordering of
literals). If there are an n and a j < k such that ¢, = D,(x;) and
either 7 is incompatible with o; or there is more than one extension of
o; of length 7 in 7, then for the least such n, let N'(q, 09,...,06-1) =
T (N, i). Otherwise, let N(q,09,...,0,-1) = ¢. Notice that, in
either case, the 1-subtypes of N'(q, 0q,...,0,_1) are all in B.

We are now ready to define X = {p;}ien. Let por = 0 for all
k € N. Let tg, t1, ... be a listing of B, let 0¢, 01, ... be a listing of T, let
Tg, X1, . . . be the variables in our language, and let pjy gy = N (ti(x;), o)
where k = (i,j,m). (While we do not need to apply the N operator
here, it is helpful for uniformity of definition. Notice that for each ¢;,
there is a o such that N (t;,0) = t;.)
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Having defined the types p(, ) for m < n, we define the types of the
form py;, 1y to consist of all possible amalgamations of previously defined
types, together with all types obtained from these amalgamations by
permuting variables or taking subtypes. We use the A operator to
ensure that we do not create any unwanted 1-types.

Let F be the set of 4-tuples consisting of a finite set G of numbers
of the form (m, k) with m < n, a conjunction of literals in the vari-
ables  appearing in the union of the types p. for ¢ € G, a sequence
0, ..., 0z—1 of elements of T, and a finite injective partial function on
variables. Fix a listing of F, and let Gy, G, ... be the corresponding
finite sets, 6y, 01, ... the corresponding formulas, sq, s1,... the corre-
sponding sequences of strings, and fy, fi,... the corresponding partial
functions. For each i, let qq,...,q be the types p. such that ¢ € G,
and let pi = SV (Alqos - - - @1, 0:), 5:), fi)-

Let X = {p;}ien. Then X is a list of types of A, and, because of our
application of the N operator, every 1-type in X is in B. We claim
that X satisfies the finite full amalgamation closure conditions.

First, ) € X. Closure under sequences of variable substitutions, and
hence closure under variable substitutions and under subtypes, follows
from the fact that each time a type is added to X, so are all the types
obtained from it by applications of the S operator, in an effective way.

It is also easy to see that for a finite set of elements qqo, ..., q, of
X, if there is a type of A containing gy U --- U g,, then there is a
conjunction of literals  such that A(qo,. .., q,, ) amalgamates these
types. Furthermore, since the 1-subtypes of ¢o U --- U g, are all in B,
the fact that 7T is strongly atomic means that there is a sequence t of
elements of T such that N (A(qo, ..., ¢, 0),t) = Alqo, - . -, ¢, 0). Thus
finite full type amalgamation holds.

To verify that the extension condition is satisfied, it is enough to fix
a p(z) € X and a conjunction of literals 6(zy) consistent with p, and
show that there is a ¢(zy) € X containing both. We do so by defining
a type t(u) for each u € g, and then applying the A operator to p, the
types t(u), and 6.

By extending 6 if needed, we may assume that pU {6} decides every
atomic formula in its free variables involving P, F, or U (i.e., it includes
either the formula or its negation). We may also assume that if it
includes R;(u) then it decides R;(u) for all j < 4, and that if it includes
=D, (u), then it decides D, (u) for all 7 < 0. We may also assume that
u = v does not occur in pU {0} for any distinct variables u and v, and
hence that —u = v occurs in p U {#} for all distinct u and v among its
free variables.
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For each u € g, let o, be the longest string such that D, (u) occurs in
0, if one exists, and let o, = A otherwise. Since 7 is strongly atomic,
for each u € y there is an atom p, of T extending o,.

Let w € y. If R;(u) occurs in 6 for some 4, then, for the least such
i, let t(u) = ri(uw). If =D, (u) and —U(u) both occur in € for some 7
compatible with p,, then for the shortest such 7, let t(u) = d,(u).

If P(v,u) occurs in @ for v € z, and t(u) has not yet been defined,
then let ¢(u) be the 1-type that includes U(u) and includes R;(u) if and
only if p includes =D, (v) for all o € T of length i. Notice that ¢(u)
either is r;j(u) for some j or is s.

If P(u,v) occurs in 6 for v € Z, and t(u) has not yet been defined,
then let ¢(u) be the 1-type defined as follows. The type ¢(u) includes
—U(u). For each n such that =R, (v) € p, it includes D, (u) for the
unique 7 € T of length n that is compatible with p,. If R,(v) € p,
then ¢(u) includes —D, (u) for all 7 of length n. Notice that t(u) either
is d,(u) for some 7 = o, or is d,, (u).

If P(u,v) occurs in 6 for some v € § for which we have defined ¢(v),
and t(u) has not yet been defined, then define ¢(u) as in the previous
paragraph, with ¢(v) in place of p.

If P(v,u) occurs in € for some v € gy for which we have defined
t(v), and t(u) has not yet been defined, then we must have defined
t(v) = ri(v) for some 7. In this case, let t(u) be some d,(u) such that
|o| =i and d,(u) is consistent with the literals of the form D.(u) and
—D,(u) occurring in 6.

If we have not yet defined t(u) for u € g, then no R;(u) or =D, (u)
for 7 compatible with p, occurs in 0. In this case, if U(u) occurs in 0
then let ¢(u) = s, and otherwise let t(u) = d,, (u).

It is straightforward to check that applying the A operator to p, the
types t(u) with u € g, and 6 yields a type ¢ containing both p and 0,
and that there is a sequence of strings ¢ such that N'(¢,t) = ¢. Thus
qge X.

Applying EFAE:. By EFAE., we have an extension function approx-
imation g for X. Recall the type s defined above. Let i be such that
pi = S(xg). Given o € T, let j be such that 0; = D,(x1) A P(z1, o).
Applying ¢ to i and 7, we obtain a 2-type q(zo, x1) of A amalgamating
p; and 6;. Note that this type is obtained effectively from ¢ and j,
as ¢ [ s = Dy | s for all s. Since lim, g(7, 7, s) exists, ¢ € X, so
q | 1 € X. The only 1-types in X are the ones of the form d,, e,,
i, or s. Since = R;(xg) € ¢ for all j, for each m there must be some
7 of length m such that D,(x;) € ¢q. Thus we must have ¢ [ z; = ¢,
for some atom p of A. Then f, = UDT(ml)eq T is an isolated path of T.



INDUCTION, BOUNDING, WEAK COMBINATORIAL PRINCIPLES & HMT 100

The function o — f, exists. Let 0y, 01,... be a listing of the elements
of T and let g; = f,,. Then {g;}ien is a listing of the isolated paths of
T. O

Theorems 7.1 and 7.4 together give us the following results.

Theorem 7.5. (1) Let C denote the finite full or finite free amalga-
mation closure conditions. Then EFAEc is equivalent to AMT
over RCAy.

(2) Let C be any set of closure conditions that includes the exten-
sion condition, in particular the pairwise full, pairwise free, or

1-point full amalgamation closure conditions. Then EFAEq im-
plies AMT and is implied by ATT over RCAg.

Assuming AMT does not imply ATT, the second part of the above
theorem has a gap, which remains open.

7.2. Comparing model existence theorems. As mentioned above,
HMT and WMT are each equivalent to the corresponding EFAE. prin-
ciple over RCAq, so Theorem 7.5 gives us the following result.

Theorem 7.6. Both HMT and WMT are equivalent to AMT over
RCA,.

Now consider the statement that every list of types that satisfies
the 1-point full amalgamation closure conditions and has an extension
function approximation is an enumeration of the type spectrum of some
1-point homogeneous model. By Theorem 6.12, this statement implies
139 over RCAg. Since 1-PHMT implies this statement, it also implies
139 over RCAg. Since 1-PHMT also implies EFAE., where C denotes
the 1-point full amalgamation closure conditions, it follows from The-
orem 7.5 that 1-PHMT also implies AMT over RCAy. On the other
hand, by Theorem 5.11, under RCA( + IX9, satisfying the 1-point full
amalgamation closure conditions implies satisfying the finite full amal-
gamation closure conditions. Thus we have the following result.

Theorem 7.7. 1-PHMT is equivalent to AMT + IXY over RCA,.

The situation for I-HMT and SMT is not quite as clear. Since they
each imply the corresponding EFAE. principle over RCAgy, Theorem
7.5 gives us the following result.

Theorem 7.8. Both 1-HMT and SMT imply AMT over RCA,.
By Theorems 6.10 and 7.5, we also have the following result.

Theorem 7.9. Both 1-HMT and SMT are provable in RCAqg+ ATT +
IYGA.



INDUCTION, BOUNDING, WEAK COMBINATORIAL PRINCIPLES & HMT 101

Let P be one of 1-HMT or SMT, and let Cp be the set of closure
conditions mentioned in the statement of P. Consider the statement
that if X is a list of types satisfying Cp and X has an extension function
approximation, then there is a (1-homogeneous, if P is 1-HMT) model
A such that X enumerates the type spectrum of A. By Theorem
6.13 (in particular, item T in the charts justifying that theorem), this
statement implies 129 over RCA( + BXY. Since the statement clearly
follows from P over RCA(, we see that P implies I35 over RCA+BX).
But ATT is ITj-conservative over RCAy+BXY, as mentioned in Section
3, so we have the following result, which in particular implies that
Theorem 7.8 cannot be reversed, even over BXS.

Theorem 7.10. Neither 1-HMT nor SMT are provable in RCAq +
ATT + BX.

We do not know the exact strengths of I-HMT and SMT.

7.3. Computability theoretic equivalences. Theorem 7.6 has a
strong computability theoretic analog. In the computability theoretic
setting, where we work over the standard model of first order arith-
metic, there is no difference between our versions of HMT. There is
also no difference between SMT and WMT, so in this subsection we
refer to this principle as MT. Similarly, in this setting we have only two
versions of EFAE¢, one for full amalgamation, which we call EFAE,,
and one for free amalgamation, which we call EFAEq¢.c.

We may think of a principle of the form VX [O(X) — 3Y V(X,Y)],
where © and V¥ are arithmetic, as a problem. An instance of this
problem is an X such that ©(X) holds and a solution to this instance
is a Y such that U(X,Y) holds. For example, an instance of HMT
consists of a theory T together with a list of types X of T satisfying
the full amalgamation closure conditions, and a solution to this instance
is the elementary diagram of a homogeneous model A of T' such that
X is an enumeration of T(.A).

Let P and () be problems. We say that P is uniformly reducible to
Q, and write P <, @, if there are Turing functionals ® and ¥ such
that, for every instance X of P, the set X = CDXAis an instance of @),
and for every solution Y to X , the set Y = UX®Y ig a solution to X.
We say that P and @) are uniformly equivalent, and write P =, @, if
P <, Q and Q <, P. (As noted by Dorais, Dzhafarov, Hirst, Mileti,
and Shafer [10], uniform reducibility is equivalent to a special case
of the notion of Weihrauch reducibility that has been widely studied
in computable analysis. This notion and other related computability
theoretic reducibilities between problems, many with strong relations
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to reverse mathematics, are presented and analyzed in papers such as
[10] and Hirschfeldt and Jockusch [21].)

Theorem 7.11. HMT =, MT =, AMT.

Proof. 1t is easy to check that the translations between trees and theo-
ries in Section 3 are uniform, so AMT =, ATT. (In this setting, there
is no distinction between atomic and strongly atomic trees.)

The proof of Proposition 6.6 shows that EFAEq; <, HMT and
EFAEqe. <. MT. The proofs of Lemma 6.9 and Theorem 6.10 are
also both uniform, so in fact HMT =, EFAEq; and MT =, EFAE¢..
(These facts can also be obtained from the original proofs of Theorem
6.4 by Goncharov [15] and Peretyat’kin [41].)

The construction of the tree T from the theory T' and list of types
X in the proof of Theorem 7.1 is uniform, as is the construction of an
extension function approximation for X from an enumeration of the
isolated paths of 7. Thus ATT <, EFAEg ..

In the proof of Theorem 7.4, the construction of the theory A and the
list of types X from the tree T is uniform. The construction of a listing
of the isolated paths of 7 from an extension function approximation
for X is also uniform, except for the choice of an i such that p; = s(zg).
We can find such an 7 if we know an atom o of T, since then, given our
listings o, 01, ... of T and tg,t1,... of B (where B is as in the proof of
Theorem 7.4), we can fix m and ¢ such that o,,, = 0 and t; = s, and have
that pi,,0,m)) = Sz, S0 if we let T be the tree consisting of all strings
of the form 0" and all strings of the form 17 for 7 € 7, and apply our
construction to 7 instead of T, we get a fully uniform construction.
From a listing of the isolated paths of ’/7\', we can uniformly obtain one
of the isolated paths of T, so EFAEq; <, ATT.

The above results, together with the obvious fact that EFAEq; <,
EFAE¢.ce, yield the theorem. O

For a problem P, a degree a is P-bounding if every computable
instance of P has an a-computable solution. (The AMT-bounding
degrees have been referred to in the literature as atomic bounding or
prime bounding.) More generally, a is P-bounding relative to b if every
b-computable instance of P has an a-computable solution.

Corollary 7.12. For any degree b, the HMT-bounding degrees relative
to b, the MT-bounding degrees relative to b, and the AMT-bounding
degrees relative to b all coincide.
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8. OPEN QUESTIONS

In this section, we gather some open questions raised in previous
sections.

As mentioned in Section 3, TIG implies AMT+TII{GA, but, although
[I9GA can be seen as an attempt to capture the first order difference
between AMT and ITI%G, the reverse implication remains open.

Question 8.1. Does AMT + IIYGA imply I19G over RCA¢?

In connection with both this question and the following one, recall
from Corollary 3.4 that AMT does not imply ITGA.

As noted following Proposition 3.6, AMT is equivalent to the state-
ment that if 7 is a strongly atomic extendible tree, then there is a
listing of the isolated paths of 7. Weakening the hypothesis of T be-
ing strongly atomic to that of 7 being atomic yields ATT. ATT implies
AMT, and I19G implies ATT. Furthermore, as noted following the def-
inition of ATT in Section 3, AMT implies ATT over BX).

Question 8.2. Does AMT imply ATT over RCAy? Does AMT+II{GA
imply ATT over RCAy? What if we replace ATT by the principle ATT™
defined at the end of Appendix B below?

Note that a positive answer to Question 8.1 implies a positive answer
to the second part of Question 8.2.

By Proposition 4.5, it is provable in RCA, that every saturated
model is 1-homogeneous, and that every strongly saturated model is
homogeneous. As noted following that proposition, the statement that
every saturated model is homogeneous is provable in both BX) and
WKL, (and hence does not imply BX9).

Question 8.3. What is the exact strength of the statement that every
saturated model is homogeneous?

Proposition 4.6 says that the statement that every atomic model is
strongly 1-homogeneous is equivalent to ACAjy. Combining Proposition
4.5 with the fact that ACAy suffices to show that all of our definitions of
homogeneity are equivalent, we see that ACA proves that every prime
model is strongly 1-homogeneous, and so is every saturated model.

Question 8.4. What are the exact strengths of the statements that
every prime model is strongly 1-homogeneous, and that every (strongly)
saturated model is strongly 1-homogeneous?

As noted in Section 6.1, the statement that if X has a weak extension
function approximation then it has an extension function approxima-
tion follows from IX9, and Theorem 7.1 implies that it also follows from
ATT (assuming X in fact satisfies the extension condition).
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Question 8.5. What more can be said about the strength of the above
statement? What about the version of Theorem 6.10 where extension
function approximations are replaced by weak extension function ap-
proximations?

Recall that, in Figure 1, a 3 means that the principle is provable
from IIYGA over RCAq and is equivalent to IX9 over RCAy + BXY; a
4 means that the principle is provable from IIYGA over RCAg, but its
strength is otherwise unknown; and a 5 means that the principle is
provable from IX9 over RCAy, but its strength is otherwise unknown.

Question 8.6. Are the principles marked with a 3 in Figure 1 equiva-
lent to each other? Are they equivalent to II{GA? What more can be
said about the items marked 4 or 5 in Figure 17 Are they equivalent
to IIYGA?

Theorem 7.5 shows that if C denotes the pairwise full, pairwise free,
or 1-point full amalgamation closure conditions, or indeed any set of
closure conditions containing the extension condition, then EFAE; im-
plies AMT and is implied by ATT.

Question 8.7. What is the exact strength of EFAE: in the above
cases?

Note that if the answer to the first part of Question 8.2 is positive
then Theorem 7.5 answers this question.

By Theorem 7.8, both 1-HMT and SMT imply AMT. By Theorems
7.9 and 7.10, both of these principles are implied by ATT +IIYGA, but
not by ATT + BX).

Question 8.8. What are the exact strengths of 1I-HMT and SMT?

In Appendix B below, we define the principle FATT, which follows
from BXY and from ATT, but is not provable in RCA,.

Question 8.9. Does ITIYGA imply FATT over RCA(?

APPENDIX A. APPROXIMATING GENERICS

We can define analogs of IIYG for higher levels of the arithmetic
hierarchy. As in the IT{ case, when we say that D is a II° set of strings,
we mean that D is a I1? predicate on 2<N, and write 0 € D to mean

that D holds of o.

I1°G: For any uniformly II° collection of sets of strings Dy, Dy, .. .,
each of which is dense in 2<V, there is a G € 2" such that (Vi)(Im)[G |
m & Dz]
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In Section 3, we introduced the II{-generic approximation principle
ITYGA, and showed that it is equivalent to IS over BX. In the spirit
of the strong form of the limit lemma, we have the following analogous
generic approximation principles. (We use (V*°x) as an abbreviation of

(Fy) (Vx> y).)

TM°GA: For any uniformly I1° collection of sets of strings Dy, Dy, .. .,
each of which is dense in 2<N| there are gy, ,_, € 2" for kg, ..., k,_1 €
N such that

(Vl)(ﬂo‘ & DZ)(VOOIC()) s (mGn_l)[gkomknﬂ b O’].

Clearly, TI2GA follows from II°G. Let M be a countable model of
RCAy. For a subset G of the domain of M, let M|G] be the structure
obtained by adding to the second order part of M all sets definable
over M by A? formulas with G as an added set parameter. If G is
Cohen 1-generic, then adding G to M preserves IXY, which implies
that M[G] is a model of RCA,. (See [47]; for more on the general
structure of arguments establishing conservativity results of the kind we
are discussing, see [20, 22, 47].) It is easy to see that, if G is sufficiently
Cohen generic, then M|G] contains solutions to all instances of TI2G
in M. By iterating this construction, we obtain an extension A of M
that is a model of RCA( + 12 G, which is enough to conclude that TIG
is [I}-conservative over RCAg. In particular, TI°G (and hence TI2GA)
does not imply IX? |, even over IX. (In fact, the same argument as in
23] for TI9G shows that IIYG is restricted I1}-conservative over RCAy.)

We have the following analogs to Theorems 3.2 and 3.3.

Theorem A.1. RCAy + X0, - IIDGA.

Proof. Let Dy, Dy, ... be uniformly IIY sets of strings, each of which is
dense in 2<N. Let © be a AJ predicate such that o € D; if and only
if (Vxg)(3zy) -+ (QTp-1)0O(i, 0,20, ..., Tp_1), where @ is either 3 or V,
depending on the parity of n. Let

Di[k’o, .. ,kn_l] = {O’ : |O'| >k,_1V
(on < ko)(Ele < kl) SR (Qx’n,1 < kn,1)6<i, 0,20, ... ,.Tnfl)}.

Let <j be the length-lexicographic ordering on 2<N. For each tu-
ple (ko,...,kn—1), define og, _x, ,: for i < k,_y by recursion as fol-
lows. Let oy, x, .0 be the <j-least string in Dylko, . .., k,—1]. Given
Okorooin_1,i—15 1€t Oky g, be the <j-least extension of ok, k. ,.i-1

: _ N
m Di[ko’ sy kn—l]' Let Gko,..oskn—1 — O-kOv--vknflaknflo .
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Let ¢(i,0,7) be a II° formula stating that 7 %= o and 7 € D;.
Let ¢ (i,0,7) be a formula stating that ¢(i,0,7) and —p(i,0, p) for
all p <; 7. Note that for each ¢ and o there is a 7 such that ¥ (i, 0, 7),
by I%-induction. Consider the statement

(EI<0-07 s 701>)[¢(0) /\7 00) N (vj < Z)l/](] + ]-7 03, 0j+1)]'
This statement is %0 41, and if it holds of 4, then it holds of ¢ + 1, so by

39 ,;-induction, it holds of all ¢. Fix ¢ and let oy, ...,0; be as in the
statement. We claim that

(vooko) e (vmkn—l)[gko,---,knﬂ - Ui]7
which is enough to establish the theorem, as o; € D;.
For each j < ¢ and each p <; o; such that p = 0,1 (or j = 0), there
is an my, ; such that
_'<E|ZE1) e (an—1>®(j7 PsMyp gy L1y 71;71—1)7

so by IIY_,-bounding, there is an mgo bounding such an m;, for each
such j and p. Fix kg > mg. It is enough to show that

(VK1) - (Y Kn1)[Grohns = Ti-
For each j < 1,
(Vzo < ko)(Fz1) (Vo) - - (Qrn—1)0(4, 05, X0, X1, - - -, Tn—1),
so by ITY_,-bounding, there is an m; such that for all j < i,
(Vo < ko)(Fry < my)(Va2) - - (Qrn—1)O(4, 04, o, T1, . . ., Tn—1)-
Fix ky > my. It is enough to show that
(Vka) - - (Y kn-1)[Gko,...kn_1 > Til.

For each j < i and each p <y 0, such that p = 0,1 (or j = 0),
=(3z1 < k1) (Vao)(Bxs) - - (Qrp—1)O(J, p, My py 1,y - - o, Tpm1),
where m; , is as above, so for each x; < ki, there is an m; , ;, such that
“(Vzo < mype ) (3xs) - (QTp_1)O(F, py My ps T1,y - ooy To1)-

Let mq bound all such m; ,,,. Fix k3 > my. It is enough to show that
(Vk3) - (Y kn-1)[Gko,..kn_1 > il

We continue in this manner until we have defined ko, ..., k,_1, and
established that it is enough to show that gk, x, , > ;. (We make
sure to have k,_; > i.) Our definition ensures that for each j < i, we
have o; € Dj[]{?(), ey kn—l] and P ¢ Dj[ko, ce ,kn_l] for all p<u0j such
that p = 0,1 (or j = 0), whence oy, %, . = 0;. Thus gk, k., > 04,
as desired. ]
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Theorem A.2. RCAy+ BXY |, + I°GA F IXY ,, and hence RCAg +
BSY,, - II0GA « 150,

n+1

Proof. Fix a model of RCAy + BX? | 4+ II2GA with first order part M
and second order part §. Suppose for the sake of a contradiction that
X0, fails in this model. As in the proof of Theorem 3.3, there is a
$0,, cut T in M. As in that proof, let D; be the set of all ¢ € 2<
such that, thinking of ¢ as a finite set, the last two elements of o, in
order, are w and (i, x,y), and

(3 <y)(V2)[p(z, 9, 2) A (VY < w)(3 <y)-e(r,y, 7).

The D; are uniformly I19. There is no bound on the least witnesses
y such that (V2)p(z,y,z) for x € Z, as otherwise Z would be a ITY
cut, which is not possible since IIT holds in our model. Now the same
argument as in the proof of Theorem 3.3 shows that each D; is dense.
k,_, be asin TI2GA and let a be any number above all those

.....

E;={{o,m):0€ D; A
(Vko > m)(3%k1) (V7 ks) - - - (Q%kn—1)Gko, . kn_s = O

where (@ is either 3 or V depending on the parity of n. Note that the E;
are uniformly T1°. For each i < a there is a (o, m) € E;, so by the finite
axiom of choice for IT) properties, which follows from BX |, there is a
function f with domain a that is M-finite and such that for each i < a
there is a (o, m) € E; with the last element of o of the form (i, f(7), y).
Since (o,m) € E; = 0 € D;, every f(i) is in Z.

We claim that f is one-to-one, which gives us a contradiction as in
the proof of Theorem 3.3. So assume for a contradiction that f(i) =
f(j) = = for ¢ # j. Then there are (o0, m) € E; and (0o’,m’) € E;, and
there are v, w, y;,y;, such that the next to last and last elements of o
are v and (i, z,y;), and the next to last and last elements of ¢’ are w
and (j,z,y;). Let | = max(|o|,|0’|), and let 7 € D; be such that

(Vko) (Vka) -+ (V™ hn—1) gio
Note that |7]| > [. Let mg be such that

kpy — T-

77777

(\V/ko > mo)(vo"kl) cee (Vwkn_l)gko 77777 kno1 ™ T,
and let kg > m, mg. Let m; be such that
(\V//ﬁ > ml)(vookfg) o (mGn_l)gko 77777 kno1 ™ T,

and let k; > m; be such that
(Vook&)(aooks) T (kan—l)gko ..... kp_y O
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Let my be such that
(\V//{?Q > m2>(vool{?3) <o (Vookn,l)gkowknfl - T,
and let k9 > mq be such that

(Elook3)(vook3) o (Qookn—l)gko,m,kn—l 0.

Keep defining m; and k; this way, to obtain kg,...,k,_1. Then
Tkorkons = T and Gr,.. k., = 0,50 0 < 7. The same argument shows
that ¢/ < 7. Thus o and ¢’ are compatible. We cannot have o = ¢,
since o and ¢’ have different last elements, so, without loss of general-
ity, we may assume that o < ¢’ and so v < (i,z,y;) < w < (j,z,y;).
We now have a contradiction, as the definitions of D; and D; then
say that (Fy' < v;)(V2)p(z, v, 2) and (VY < w)(32' < y)—o(z, v, 2'),
respectively, but y; < w. O

APPENDIX B. ATOMIC TREES

In this appendix, we discuss a couple of results on atomic trees men-
tioned above. We begin with the following fact.

Proposition B.1. The statement that every atomic extendible tree is
strongly atomic is equivalent to BXS over RCA,.

Proof. Since being an atom of a tree is a IIY property, the statement
follows from the finite axiom of choice for I1? properties. In the other di-
rection, we assume that every atomic extendible tree is strongly atomic
and argue in RCA( as follows. Let P be a II{ property and m be such
that (Vi < m)(Ju)P(i,u). Let R be a AY property such that P(z,y)
if and only if (Vz)R(z,y, 2), and for i < m, let w(i,s) be the least u
such that (Vz < s)R(i,u,s). We define a tree T in stages. At stage
0 put into T]0] all strings of the forms 0’ and 0°1 for i < m. At
stage s + 1, for each i < m and each leaf o of Ts] extending 01, if
w(i, s+ 1) = w(i, s) then put o0 into T [s+ 1], and otherwise put both
00 and ol into T[s + 1].

It is easy to check that T is a well-defined extendible tree. Let
7 € T. By extending 7 if needed, we may assume that 7 extends 01
for some ¢ < m. Since P(i,u) holds for some u, there is an s > |7|
such that w(i,t) = w(i,s) for all t > s. Let ¢ > 7 be a leaf of
T[s]. Then o is an atom of T extending 7. Thus 7T is atomic, and
hence by hypothesis 7T is strongly atomic. Let 7q,...,7,,_1 be atoms of
T extending 01,001, ...,0™ 1, respectively, and let s be greater than
the length of each 7;. Then w(i,t) = w(i, s) for allt > s, so P(i,w(i, s))
holds for all i@ < m. Letting v be greater than all w(i, s) for i < m, we
have (Vi < m)(Ju < v)P(i,u). Thus BII} holds. O
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Next, we define the “miniaturization” of ATT discussed at the end
of Section 3.

FATT (Finite Atomic Tree Theorem): For each atomic extendible
tree 7 and each finite set of nodes og,...,0, € T, there is a set of
isolated paths Py, ..., P such that P; extends o;.

It is easy to see that FATT follows from BXY. It also follows from
ATT, and hence from TG, so it is strictly weaker than BX9. We do
not know whether FATT follows from TI?GA, but we can show it is not
provable in RCA,.

Theorem B.2. RCAy ¥ FATT.

Proof. Define a k-path list to be a sequence L = (P, ..., B,) € (2N)**!
such that P; extends 0°1. We write L(i) for P;. We assume that BX)
fails and argue in RCA, to build a computable (i.e., Af-definable)
atomic extendible tree T such that, for some k, we have 0°1 € T for
all i < k, but there is no computable k-path list L such that L(7) is an
isolated path of T for all 7 < k. The reason such a construction suffices
to establish the theorem is the following: Let N be a model of ¥9-
PA (i.e., Peano Arithmetic with induction restricted to %¢ formulas) in
which BX§ fails. Let M be the structure in the language of second order
arithmetic with first order part A and second order part consisting of
the subsets of the domain of A/ that are AY%-definable over N. Then
M is a model of RCAy (see [47]), and our construction shows that M
is not a model of FATT.

As shown by Hirst [24], BXY is equivalent over RCAq to RTL , the
statement that for each k£ and each partition Ay,..., A, of N, some
A; is infinite. Thus we may assume there is a £ € N and a partition
Ag, ..., Ag of N such that each A is bounded.

Let Lo, Ly,... list all partial computable k-path lists (i.e., partial
computable sets that could be extended to k-path lists). We construct
T to ensure that if L, is total and j € A;, then L,;(7) is not isolated. Our
construction is a version of the one used by Goncharov and Nurtazin
[16] to build an atomic extendible tree for which there is no computable
listing of the isolated paths.

Begin by putting 0°1 in 7 for all i+ < k. Every other node in T
extends one of these nodes, so it suffices to describe how 7 is built
above a fixed 0'1 with i < k. We proceed in stages. At each stage,
certain strings will be declared to be active. The construction will
ensure that if o is active at the end of stage s, then there is an n such
that the extensions of o put into 7 by the end of stage s are exactly
those of the form o0’ for j < n.
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At stage 0, declare 0°1 to be active.

At stage s + 1, proceed as follows for each active o. Let n be such
that the extensions of o put into T so far are exactly those of the form
o0’ for j < n. If by this stage we have not yet found a j € A; such
that o < L;(i), then put ¢0’*! into 7. Otherwise, put both ¢0’*! and
o0/1 into T, declare both these strings to be active, and declare o to
no longer be active.

It is clear that 7 is an extendible tree. Now suppose that j € A;
and L;(i) is an infinite path of 7. Let S be the set of all 0 < L;(i)
that are active at some point in the construction. If ¢ € S then, at
some point in the construction, ¢ is declared to no longer be active,
and strings 00’™! and 00’1 are declared to be active. These strings
are the only extensions of o of length |o| + 7+ 1in 7, so L;(i) must
extend one of them. Thus we see that S is infinite, which implies that
L;(i) is not isolated, since for every 71 € S other than 0’1, we also have
7(1 —1) € T. So we are left with showing that 7 is atomic.

Fix a p € T. We may assume that p extends some 0°1. Let P be
any path of T extending p (say the leftmost one). If P is isolated then
we are done, so assume otherwise. Then P must go through infinitely
many nodes that are active at some point in the construction, and we
can find a sequence p < g9 < o1 < --- of such nodes. Each oy is of
the form 7,5, for some 7; and j; < 1. If 7;(1 — j;) is permanently active
then there is a unique path of 7 extending 7;(1 — j;). Since 7(1 — j)
extends p, in this case we are done. So assume that for all [, the node
71(1 — j;) is not permanently active. Then there is an n; € A; such
that 7(1 — j;) € Ly, (7). But if [ < !’ then (1 — j;) and 7 (1 — jp)
are incompatible, so n; # ny. Thus we get a computable injective map
from N into the bounded set A;, which is a contradiction. O

The statement of FATT suggests the idea of strengthening the hy-
pothesis of ATT by replacing it with the conclusion of FATT, yielding
a principle intermediate between ATT and AMT (see Question 8.2
above):

ATT*: Let T be an extendible tree with the property that for each
finite set of nodes oy,...,0r € T, there is a set of isolated paths
Py, ..., P, such that P; extends o;. Then there is a listing of the isolated
paths of T.

APPENDIX C. SATURATED MODELS

Recall that A is saturated if for all a C A, each complete type of
Th(A,a) is realized in A; and strongly saturated if for all @ C A, each
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partial type of Th(A,a) is realized in A. In this appendix, we prove
the following result, mentioned in Section 2.2.

Theorem C.1. The statement that every saturated model is strongly
saturated is equivalent to WKLy over RCAj.

Proof. To show that the statement holds in WKLy, it is enough to
fix @ C A and show in WKL, that every partial type of Th(A4,a) is
contained in a complete type of Th(A,a). Let p(Z) be a partial n-type
of Th(A,a). Add an n-tuple of constant symbols ¢ to the language of
(A,a), and let S = Th(A,a) U {p(@) : ¢(z) € p}. It is well-known
that Lindenbaum’s Lemma, which implies that S has a completion 7T,
is provable in WKLy (see for instance [47]). Then {¢(z) : p(c) € T} is
a complete type containing p.

In the other direction, we argue in RCAq as follows. Assume that
every saturated model is strongly saturated. Let f and g be functions
with disjoint ranges, and let T be a tree such that P is an infinite path
of T if and only if n € rng f = P(n) =1 and n € rngg = P(n) = 0.
To show that WKL holds, it is enough to show that a tree of this
form has an infinite path (see [47]). Let S be the set of terminal nodes

~

of T,and let T = TU{c0" : 0 € S, n € N}. Let T = T(T) be
as in Definition 3.5, and let A be a model of 7" (which exists because
the Completeness Theorem for theories holds in RCAy). If 7 has an
infinite path then we are done, so assume otherwise. Let a C A and
let p(xg,...,x,-1) be a complete n-type of Th(A,a). For each i < n,
the induced 1-type on x; corresponds to an infinite path of 7\', which
must be of the form ;0" with o; € S. Since S is a set, we can form the
tuple (oo, ...,0,_1), from which we can define a formula generating p.
So p is principal, and hence realized in A.

Thus A is saturated and hence, by hypothesis, strongly saturated.
Using the notation of Definition 3.5, let ¢, s(z) = P () APy (z) A+ A
P,(z), where P,(z) is repeated s + 1 many times, and let v, (x) =
=P, (z) N=P,(x) A+ NP, (z), where =P, (x) is repeated s + 1 many
times. Let I' = {¢ns : f(s) = n} U {5 : g(s) = n}. Then I' is a
partial 1-type of T, and hence is realized by some a € A. It follows
that {n: AF P,(a)} is a path on T. O
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