SOME NEW HOMOGENEOUS EINSTEIN METRICS
ON SYMMETRIC SPACES

MEGAN M. KERR

ABSTRACT. We classify homogeneous Einstein metrics on compact irreducible symmetric
spaces. In particular, we consider symmetric spaces with rank(M) > 1, not isometric to a
compact Lie group. Whenever there exists a closed proper subgroup G of Isom(M) acting

transitively on M we find all G-homogeneous (non-symmetric) Einstein metrics on M.

1. INTRODUCTION

In this paper we look at compact symmetric spaces presented homogeneously, i.e. as
M = G/H, where G = Isomgy(M) is simple, and we consider the cases where there exists a
closed subgroup G’ C G which acts transitively on M. Denote by H' the isotropy subgroup
in G, then M = G'/H'. Since G’ is smaller than G, we expect more G’-invariant metrics on
M than G-invariant metrics, and thus we can hope for non-symmetric G’-invariant Einstein

metrics on our symmetric space M. We find the following.

Lemma 1.1. Let M be a compact irreducible symmetric space of rank > 1, M not isometric
to a compact Lie group with biinvariant metric. Let G = Isomo(M), and M = G/H. Then
there exists a subgroup G' C G acting transitively on M <

1. G=S0(2n), H=U(n), G'=S0(2n—1), H =U(n —1) (n > 4);
2. G=SU(2n), H=Sp(n), G'=SU((2n—1), H = Sp(n—1) ( > 3);
3. G =S0(7), H=250(2)S0(5), G' =Gy, H' =TU(2) (U(2) C SU(3));
4. G =150(8), H=1S0(3)S0(5), G' = Spin(7), H' = SO(4) (SO(4) C Gy).

Theorem 1.2. Among the compact irreducible symmetric spaces of rank > 1, not isometric
to a Lie group with a biinvariant metric, only G5 (R"), G5 (R®), and SO(2n)/U(n), for
n > 4, carry non-symmetric homogeneous Einstein metrics. The Grassmannians G5 (R")
and G5 (R®) each carry two and SO(2n)/U(n) carries one; the only homogeneous Einstein
metric on SU(2n)/ Sp(n) is the symmetric metric.

Let Mg denote the space of G'-invariant metrics of volume one. Our results are sum-
marized in the following table.
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The analogous results for symmetric spaces of rank 1 were studied in [Z] and for compact

Lie groups with biinvariant metrics in [DA-Z].

Remark 1.3. The following result should be true for all compact irreducible symmetric
spaces M, up to diffeomorphism: If G is a compact connected Lie group acting transitively
and effectively on M, then G is conjugate to a subgroup of Isomg(M). This would imply that
Theorem 1.2 classifies all homogeneous Einstein metrics on compact irreducible symmetric
spaces of rank > 1, not isometric to a Lie group. Such a result is well known for rank 1
symmetric spaces, but does not seem to be known for all symmetric spaces of rank > 1.
Partial results can be found in [02], [03], [S], [T].

For example, in [O3, Thm. 1] Onisé¢ik showed that if M is diffeomorphic to Go(R™) for
neven, n >5, 1 <k < "772, or for n odd, 2 < k < "Tf?’, and if a compact connected
Lie group G acts transitively and effectively on M, then G is conjugate to SO(n) with the
standard action. Tsukada proved in [T] that if M is diffeomorphic to Goyy1(R?"), and G
is compact, connected, and simple, then if G acts transitively and effectively, the action of

G is conjugate to the standard action.

2. PRELIMINARIES

A Riemannian manifold (M, g) is Einstein if Ric(X,Y) = Ag(X,Y) for some constant A,
for all vector fields X,Y. We say a Riemannian manifold (M, g) is a symmetric space if for
all p € M there exists an isometry o, : M — M such that o,(p) = p and (dop), = —Id.
Symmetric spaces make up a class of manifolds which includes spheres, projective spaces,
and Grassmannians; their geometry is well understood. In fact, every symmetric space is
homogeneous.

A manifold M is defined to be G-homogeneous if we have a Riemannian metric g and a
closed subgroup G C Isom(M, g) such that for any p and ¢ € M, there exists a g € G with
g9(p) = q. We write H, = {g € G | g(p) = p}, called the isotropy subgroup corresponding to
p. Notice H, is compact, since H, C O(T,M). Via the map g — g¢(p) we identify the two
manifolds G/H, and M. Any two isotropy subgroups H, and H, are conjugate: if ¢ = g(p),
then gilHqg = Hp, hence we will usually suppress the point p.

Given a homogeneous manifold G/H, where G is compact and H is closed, what metrics

can we put on G/H so that G acts by isometries?

‘ G/H ‘ G'/H' ’ dim M¢r | no. Einstein
SO(2n)/ U(n) SO(2n —1)/U(n —1) 1 2
SU(2n)/ Sp(n) SU(2n —1)/Sp(n — 1) 2 1

SO(7)/SO(2) SO(5) G2/U(2) 2 3
SO(8)/SO(3) SO(5) Spin(7)/ SO(4) 2 3
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Just as a left-invariant metric on a Lie group is determined by any inner product on
its Lie algebra, a G-invariant metric on G/H is determined by an inner product on g/h =
Tig)(G/H), with the additional requirement that the inner product be Ad(H)-invariant.
We identify the quotient g/h with an Ad(H)-invariant complement p to b in g; compactness
of H guarantees such a p exists. If g is semisimple then the Killing form is Ad(H )-invariant
and we can use it to define p = h-. We want to consider all Ad(H)-invariant inner products
on p.

A homogeneous space M = G/H is said to be isotropy irreducible if the isotropy action,
denoted x : H — GL(T,M), or equivalently Ad : H — GL(p), is an irreducible representa-
tion of H. When this is the case, the G-invariant metric on G/H is unique, up to scaling,
and it is Einstein. When G/H is a symmetric space with G simple and G = Isomy(G/H),
then G/H is an irreducible symmetric space. (In fact, the only irreducible symmetric space
with G not simple is (K x K)/AK, for K a compact simple Lie group, and (K x K)/AK
is isometric to K with a biinvariant metric.)

In 1962 A.L. Oniscik classified all simple compact Lie algebras g with subalgebras g’ and
g”, such that g = g’ +¢”. In terms of transitive group actions, let G' be the simply connected
compact Lie group corresponding to g and let G’, G” be subgroups corresponding to g, g”,
respectively, then G/G' = G"/(G'NG") and G/G" = G'/(G'NG"). When G/G' or G/G"
is a symmetric space, Oniscik’s list tells us when a subgroup of G still acts transitively.
Here are the symmetric spaces on his list [O1]: (See the appendix of this paper for the
non-symmetric homogeneous spaces on his list.)

SO(2n)/SO(2n — 1) = U(n)/ U(n — 1) = gl
SO(2n)/SO(2n — 1) = SU(n)/ SU(n — 1) = g1
SO(4n)/SO(4n — 1) = Sp(n)/ Sp(n — 1) = gin-1
SO(4n)/SO(4n — 1) = Sp(n) U(1)/Sp(n — 1) U(1) = & !

)/ SO( ) =

SO(4n)/SO(4n — 1) = Sp(n) Sp(1)/Sp(n — 1) Sp(1) = §** 1

SO(7)/SO(6) = Gy /SU(3) =5

)/ SO(7) = Spin(7)/ Go =97
SO(16)/SO(15) = Spin(9)/ Spin(7) =
SU(2n)/U(2n — 1) = Sp(n)/Sp(n —1)U(1) = Cp™
SO(2n)/ U(n) =S0(2n—1)/U(n—1) = spec. orth. cx. str. on R*"
SU(2n)/ Sp(n) =SU(2n —1)/Sp(n — 1) = spec. orth. quat. str. on C?"
SO(7)/50(2)SO(5) = G2/ U(2) =G5 (R")

(
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(
(
(
(
(
(

)
SO(8)/S0O(3) SO(5) = Spin(7)/SO(4) = GL(RY).
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Each of these symmetric spaces in the left-hand presentation is an irreducible symmetric
space. Up to scaling, each has exactly one Einstein metric, the symmetric metric, homoge-
neous with respect to the left-hand presentation. However, with respect to the right-hand
presentation, only the sixth and seventh symmetric spaces are isotropy irreducible.

The first nine examples are discussed in [Z]. In this paper we consider the last four
examples in the table. Of these, the first is originally described in [W-Z]. On SU(2n)/ Sp(n),
the only homogeneous Einstein metric is the original one. However, the last two spaces each
carry two new Einstein metrics, homogeneous with respect to the right-hand presentation.

For any homogeneous space M = G/H, with g = h @ p on the Lie algebra level, we
parametrize the space of G-invariant metrics on M by decomposing p into its Ad(H)-
irreducible subspaces, p = p1 B p2 B --- D pg. If the p;’s are pairwise inequivalent repre-
sentations, a G-homogeneous metric is determined by an inner product on p of the form
(,)=21Qp; L 22Qlp, L -+ L 24Qlp,, for Q an Ad(H)-invariant inner product and z; > 0
for all 7. If p; and p; are equivalent for some ¢ and j, then (p;, p;) does not necessarily vanish;
however, in each of the examples in this paper we have p; % p; for all 7 # j.

Asume G/H is compact, and let S(g) denote the scalar curvature of g. Einstein metrics

are the critical points of the total scalar curvature functional

T(g) = /M S(g)dvolg

on the space M of Riemannian metrics of volume one [Ber]|, [H]. Let Mg denote the
set of all G-invariant metrics of volume one on M. Notice that on Mg, T(g9) ~ S(g).
Furthermore, critical points of 1’|, are precisely G-invariant Einstein metrics of volume
one [Bes, p.121].

If for our homogeneous space G/H, every homogeneous metric is diagonal, i.e., (, ) =
21Qp, L 22Qlp, L -+ L 2xQlp,, with ; > 0 for all 4, then we use equation (1.3) for the
scalar curvature given in [W-Z].

_1 dibi 1 k Tk
5—§§i: x; _ZZ<¢J’>

ik vi%j

In their formula, for each i, —B|,, = b;Q|y,, where B denotes the Killing form, and d; =
dim(p;); the triple (lkj) =Y Q([Xa, X5], X+)?, summed over {X,}, {Xz}, and {X,}: Q-
orthonormal bases for p;, p;, and pj, respectively. Notice (lkj) is symmetric in all three
entries.

We are now ready to prove the theorem.
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3. SO(2n)/U(N)

We begin with the symmetric space SO(2n)/U(n). Consider the space of orthogonal
complex structures on R?", and let My be the connected component containing Jp, the

0 Id
complex structure represented by 1d On with respect to the standard basis on R?".
- tMn
We will show that My = SO(2n)/ U(n).
Let J € M. Since J is an orthogonal complex structure ||Jv|| = |jv|| and J?> = —Id.

We construct an orthonormal basis {v,} for R?" such that for 1 < i < n, Jv; = Up4i and
Jupyi = —Jv;. Let v = eq, and let v,y 1 = Ju;. We have (vy, Jv1) = (Juy, J?v1) =
—(v1, Jv1), hence {v1,v,11} is an orthonormal basis for a J-invariant subspace. Let vy be
any unit vector in span{vl,vnH}L, and let vy12 = Jve. Continue up to vy, vs,. With

0 1d,,
-Id, O
from the standard basis to {v,}, then J = PJyP~!. The hypothesis that J be in the

connected component containing Jy corresponds exactly to the fact that P must be in

respect to the basis {vy}, J = < ) Let P be the change of basis transformation

SO(2n). Via conjugation, SO(2n) acts transitively on Mj.

The isotropy subgroup of Jy is the set of all P € SO(2n) such that PJy = JoP. If
we identify R" @ R* = C" via (u,v) + w + v then Jy is multiplication by ¢ and hence
PJy = JoP implies P € SO(2n) N GL(n,C) = U(n). Thus My = SO(2n)/U(n), where

A -B
we have U(n) embedded in SO(2n) in the following way: A + B — (B 4 ) . It is well

known that SO(2n)/ U(n) is an irreducible symmetric space [W, p.287]. Let p, denote
the standard complex n-dimensional representation of U(n); the isotropy representation of
U(n) is [A2un]r. Since A%y, is unitary, [A2u,]g is the irreducible real representation whose
complexification is isomorphic to the direct sum of A%y, and its dual.

If we look at the low dimensional examples, for n < 4, we find SO(4)/U(2) = S?,
SO(6)/U(3) = CP3, and SO(8)/U(4) = G5 (R®). For n > 4 the rank of the symmetric
space is greater than one.

Notice that in our description above we let v; = e, so the subgroup SO(2n — 1) C
SO(2n) fixing span{e; } also acts transitively on Mjy. The isotropy subgroup of SO(2n — 1)
corresponding to Jy is U(n — 1) C SO(2n — 2), where SO(2n — 2) is the subgroup fixing e;
and ey 1.
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On the Lie algebra we have, for X,Y € gl(n — 1,R),

X 0 -Y
un—-1)=10 0 0 ‘X:—Xt, Y =YY"} Cso(2n —1);
Y 0 X
X wv Y
therefore, p = vt 0 —w! ‘X =X YV =-Y! vweR*!
Y w —-X

We find that p decomposes into the sum of two irreducible representations. In fact U(n—1) C
SO(2n — 2) € SO(2n — 1) gives rise to the following fibration:

SO(2n —2)/U(n —1) = SO(2n — 1)/ U(n — 1) = SO(2n — 1)/ SO(2n — 2) = §27~2,

Both base and fibre are irreducible symmetric spaces. Let p; denote the Ad SO(2n — 2)-
invariant complement to so(2n — 2) in so(2n — 1); in our fibration p; corresponds to the
tangent space of the base. The representation of U(n — 1) on p; is the restriction of the
standard representation of SO(2n — 2) on p; = R?"~2 to U(n — 1), which is [u, 1], again
irreducible. Let pa denote the Ad U(n — 1)-invariant complement to u(n — 1) in so(2n — 2);
p2 corresponds to the tangent space of the fibre. This representation of U(n — 1) on ps is
the irreducible isotropy representation of the fibre symmetric space, [A2u,_1]r [W, p.287].
We have p = p; @ po.

The dimensions of p; and pa are 2(n — 1) and (n — 1)(n — 2), respectively. We see that p;
and py are clearly inequivalent representations of U(n — 1) for n # 4, and for n = 4, while
ps and A?u3 are equivalent representations on SU(3), they are inequivalent on the center
of U(3). We apply Schur’s lemma to know that (p1,p2) and Ric(p1, p2) must vanish. Thus
any SO(2n — 1)-homogeneous metric on Mo must be of the form (, ) = z1Qly, L 2Qp,,
where Q(X,Y) = —5tr(XY) and z1,z2 > 0. We express the scalar curvature in terms of
x1 and z9 using [W-Z, (1.3)]. The equation is

Cldiby 1 k\ z
S_Ezi:xi_iz(z‘g)

i,k v

Since for so(k), —B(X,Y) = (k — 2)tr(XY), we have by = by = 2(2n — 3). From the
fibration it follows that [p1,p1] C u(n — 1) @ p2, [p2, p2] C u(n — 1), hence the only nonzero
triple (up to rearrangements) is (2).

Let E;; denote the skew-symmetric matrix in so(2n — 1) with 1 in the ij'* entry and —1
in the jit® entry, and zeros everywhere else.

p1 =span{—Ejp, Eppii | 1 <i<n-—1}

p2 = span{Eij — Entintj, Bintj — Ejnti | 1<i<j<n-—1}
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We find (121) = 2(n — 1)(n — 2), and then we substitute into the scalar curvature equation
to find S. Let S be the equation for § with the boundary constraint that volume = 1:
2(n —1)(2n — 3) N 2(n—1)(n—2)2 (n—1)(n—2)zs
1 ) 222
S =8 — May 20 Vg, (n=D(n=2) _ )y,

S =

We find the partial derivatives of S:

89S  —2(n—1)(2n - 3) N (n—1)(n — 2)xy

—2(n— 1))\5(}%"_3.%%”_1)(”_2)

oy 2 3
aS _ 2n—-1)(n-2)2 (n—1)(n—2) 2(n—1) (n—1)(n—2)—1
9oy p - 222 —(n—1)(n —2)Ax] T .

Setting both equations equal to zero is equivalent to the following equation:

-1 2
z x2+2(n—2)ﬁ=(2n—3)x1.
2 )
We find that the solutions are x1 = %azg, and x1 = %mg. The second solution is a

(non-symmetric) SO(2n — 1)-invariant Einstein metric, discovered earlier in [W-Z, §3,Ex.6].
The first solution is the SO(2n)-invariant symmetric metric, but this is not obvious until
we see how to compare them.

Let p denote the Q-orthogonal complement to u(n) in so(2n):
p=span{E;; — Entintj, Bintj — Ejnyi | 1 <0< j <n}.

We must project p to p. We take a basis element of p;: —FE;,. Under the embedding of
s0(2n—1) in so(2n), —E;, — —Ej11 n41. Next we write —FE; 11 41 as the sum of an element

in u(n) and an element in p:

1
—Litin1 = —§(Ei+1,n+1 + By nyiv1) — §(Ei+l,n+1 — E1nyit1).
. _ . _ 1
This shows that an element of norm = .,/r; is sent to an element of norm = 75 A

basis element of po is %(EZ — Entinyj), which the embedding sends to %(Eiﬂ,jﬂ —
Entit1n+j+1), already in p; hence an element of norm = \/T2 is sent to an element of norm
= 1. The symmetric metric on SO(2n)/ U(n) is given by the restriction of @ to p. Hence it
corresponds to % = 2—?, ie., x1 = %.’1}2.

To see that these metrics are distinct, we can compare the scale-invariant product
(S)%(V)%, where S is the scalar curvature, V is the volume, and d is the dimension of

M. The first metric has S = W and V = x%(n_l)xgn_l)(n_2), so that

n(n—1) (n—=1)(n—2) n(n—1)

($) T (V)r=2""2""(n(n-1)%)"3
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The second metric has S = %&n_l)? and V = (2&112))2(”_1&;(”71), hence
on(n =2t —n -1\ 7 [ n—1 \r-!
n(n-1) 1 nn—2)(n” —n— n — n-
(5)> (V)2_< n—1 ) <2(n—2)> '

4. SU(2N)/Sp(N)

Our next example is the symmetric space M = SU(2n)/Sp(n), an analogue of the pre-
vious example. This is the set of special orthogonal quaternionic structures on C2". We
identify R*"* = C?" via a fixed orthogonal complex structure I on R**. An orthogonal
quaternionic structure on C?" is given by J € SO(4n) such that J2 = —Id and IJ = —J1I.
As a map from C?" to itself, J is complex anti-linear, i.e., J(Av) = AJ(v). We show that the
set of all orthogonal quaternionic structures can be written homogeneously as U(2n)/ Sp(n),
and we call the submanifold M = SU(2n)/ Sp(n) the set of special orthogonal quaternionic

0 Idsy,
—Ido,, O
(u,v) + u + jv, then multiplication by j on C?* = R** becomes

structures. We first observe that if I = ( ) and if we identify C" @ C" = H via

0 Id, O 0
—1d,
Jo = 0 0 0 ’
0 0 0 -Id,

0 0 Id, 0

which is the standard orthogonal quaternionic structure. We want to show that U(2n) acts
transitively on {J € SO(4n) | J?> = —Id and IJ = —JI}, and the isotropy subgroup is
Sp(n). Since U(2n) = GL(2n,C) NSO(4n), A is unitary when A € SO(4n) and Al = I A,
and for A unitary, AJA~! is a quaternionic structure if J is: (AJA1)(AJA™!) = —Id and
(AJA™N)I = AJTA™' = —~ATJA!' = —I(AJA™'). Furthermore, I.J is also a quaternionic
structure:

(IJ)(1J) = —I(1J)J = —(—1d)?, and (IJ)I = —I(1J).

Given an orthogonal quaternionic structure J, we construct a unitary basis of C?" in
which J is represented by the matrix Jy. Let vy = ej, the first element of the standard
basis. Let vp41 = Jui, vopt1 = Ivy, and vspy1 = [Juy. Clearly {vq, Juy, [vy, IJvi} is
an orthonormal basis for a 4-plane invariant under I, J, and IJ. Choose vy to be any
unit vector in the orthogonal complement, and repeat the process above, continuing up to
Un, U2n, U3n, U4n. Notice this is a unitary basis for R4", since vop+i = Iv; for all 1 <4 < 2n.

The isotropy subgroup of U(2n) corresponding to Jy is all A € U(2n) such that AJy =
JoA. Le., A commutes with I, J, and IJ: A is quaternionic linear. We embed Sp(n) C
U(2n) via A+ jB — (g _ZB> . The image of this embedding is contained in SU(2n),
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and we now restrict ourselves to the orbit of SU(2n), which is the symmetric space of
special orthogonal quaternionic structures on R**, or SU(2n)/ Sp(n). This symmetric space
is irreducible; up to scaling the symmetric metric is the unique SU(2n)-invariant metric,
and it is Einstein. Notice that when n = 2, SU(4)/Sp(2) = S%; for n > 3 the rank of the
symmetric space is greater than one.

Let p be the orthogonal complement to sp(n) in su(2n) with respect to the inner product
Q(X,Y) = —-1tr(XY).

X Y
We have su(2n) = {( 7 Z) ‘X,Z cu(n), Y €gl(n,C), trZ = —trX}

X -Y
and sp(n) = {(Y Y) ‘Xeu(n), Y:Yteg[(n,(C)},
hence p = {(if Y7> ‘ X €su(n), Y =Y"€ gl(n,C), and tr X = 0}.

The isotropy representation of Sp(n) on p is [A%v, — Id|r, where v, is the standard rep-
resentation of Sp(n) on H"® = C?". (The representation A%y, is the sum of a complex
(2n + 1)(n — 1)-dimensional irreducible representation and a one-dimensional trivial repre-
sentation. We denote by A%y, — Id the non-trivial summand.) We write [A%v, — Id]g for
the real representation whose complexification is A%v, — Id.

The subgroup SU(2n — 1) C SU(2n) fixing e; acts transitively on M, just as in the
previous example. The isotropy subgroup of SU(2n — 1) corresponding to Jy is

A 0 -B
H = 01 0 |eSU@2n—-1) | A+jBeSp(n—1,C)
B 0 A

= Sp(n — 1) C SU(2n — 2) fixing egp41. In su(2n — 1), for X, Y € gl(n — 1,C),

X 0 -Y
h=sp(n—1)= 0 0 0 Xeun—1),Y=Y"
Y 0 X

We denote by p the Q-orthogonal complement to sp(n — 1) in su(2n — 1):

X -@ Y
p= u oz vt ‘XEu(n—l), Y =-Y' uoeC! 2= 2trX
Y —-v —-X

We have the following fibration of our symmetric space, which tells us how to decompose p
into irreducible Ad Sp(n — 1)-invariant subrepresentations:

SU(2n —2)/Sp(n — 1) — SU(2n — 1)/ Sp(n — 1) — SU(2n — 1)/ SU(2n — 2) = S 3.
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From the fibration we see that p = p; @ p’, where p; is tangent to the fibre and the
Ad Sp(n—1) action on pq is [A%v, 1 —Id]g, and dim(p;) = (2n—1)(n—2). The subspace p’
is tangent to the base, and Ad SU(2n —2) acts on p’ by [pu2n—2]r ®Id, which when restricted
to Sp(n—1) is [vp—1]r @ Id. That is, p’ = po @ p3; dim(p2) = 4(n — 1) and dim(pg) = 1 (the
Ad Sp(n — 1) action on p3 is trivial). The set of elements listed below gives a Q-orthogonal
basis for p. We write E;; for the skew-symmetric (2n — 1) x (2n — 1) matrix with 1 in the
i entry and —1 in the jit" entry, and zeros elsewhere. We denote by F;; the symmetric
(2n — 1) x (2n — 1) matrix with 1 in both the 75" and jit" entries.

p1 = span{(Ex — Entrntt), 1(Fri + Fotkntt),
(Brptt — Einin) i(Frpnst — Finge) | 1< k<l <n-—1}
®span{i(Frr — Fn1n-1+ Frgknsk — Fon-12n-1) | L<E<n -1}
P2 = Span{Enka 1Fg, En,n+k:a iFn,nqu | 1<k<n-— 1}
)
2n—1)(n—-1)

p3 = span{diag(n,...,n, —2(n — 1)n,n,...,n)}, where n = 7

Since pj, p2, and p3 are inequivalent irreducible representations of Sp(n—1), any SU(2n—

1)-invariant metric on M must take the form
(,)=21Qlp, L 22Q|p, L 23Q|p,, with z; >0 for ¢ =1,2,3.

To find all SU(2n — 1)-invariant Einstein metrics on M, we solve for the critical points of
the scalar curvature equation in terms of x;, z2, and z3 (restricting to unit volume). As in

the previous case we use the formula given in [W-Z, (1.3)]:

_1 dibi_l k Tk
5_2; i 4%(2])36%

X

In our example we have b; = 4(2n — 1) for all ¢, since for su(k), —B(X,Y) = 2ktr(XY).
And d; = (2n—1)(n—1), d2 = 4(n — 1), d3 = 1. We find that

[p1,p1] C sp(n — 1), [p1,p2] C po2,
[p27p2] C5p(n_ 1)+p1+p37 [pl:p?»] :07
[p3,p3] =0, [p2, 3] C pa.

Therefore (212), (232) (and rearrangements) are the only nonzero triples. We compute (212) =
4(2n —1)(n — 2) and (232) = 4(2n — 1). We now have the equation for the scalar curvature

of M in terms of x1,z2, and x3.

S=(2n—1) (4(n—1)(n—2) +8(n—1) _l‘_g_ (n—22)x1>

I T2 x5 x5
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We normalize for volume 1 metrics: $ = S — Az 29223 — 1).

05 _ 4@2n-1)(n-1)(n-2) (2n-1)(n-2) (2 — 1)(n — 2Lty

9 pe 22
95  8(2n—1)(n—1) 22n-1)((n—2
95 8(2n g(n ), 2@n )((n3 )T + T3) ~ 4(n — D)tz g
Oxo x5 x5
08 (2n —1) & d
a—$3 = —T% — )\./1)11.7/'22.

Setting 88—51 = 675; = 87‘%3 = 0 simultaneously is equivalent to

2n —1
2n —2

4(n —1D)azd + 22 = (2n — Dayaz = 2(2n — 1)z120 — (n — 2)22 + z123).

There is only one solution; it is xo = %ayl and x3 = 551, unique up to scaling. This is not
a new metric, rather it is the symmetric metric, which we knew must solve our equations.
(It is SU(2n)-invariant, hence SU(2n — 1)-invariant.) Thus the only homogeneous Einstein
metric on M = SU(2n — 1)/ Sp(n — 1) =2 SU(2n)/ Sp(n) is the symmetric metric.

5. GF (R7)

The Grassmann manifold of oriented two-planes through the origin in R” is generally
written homogeneously G3 (R7) = SO(7)/SO(2) SO(5). It is irreducible: the symmetric
metric is not only Einstein, it is the only SO(7)-invariant metric. We will show that this
Grassmannian manifold can also be written homogeneously as Ga/U(2) and we find it
carries two non-symmetric Go-invariant FEinstein metrics.

First we must see how Gy C SO(7), following [M, p.190]. We identify R® with the
Cayley numbers, or Octonians, the normed division algebra O = H @ He. Then Go is
the set of automorphisms of @. Any automorphism of the Cayley numbers must take 1
to itself and must preserve the inner product, so elements of Gy also preserve Im(Q), the
space of imaginary Cayley numbers, the orthogonal complement to 1. In this way we see
G2 C SO(7). To see that Gy acts transitively on G5 (R”), we use the following observation
[M, p.186].

Lemma 5.1. Given three imaginary orthogonal unit octonians: vy, ve, and vy € {vy, va, viva}*,

there exists a unique automorphism A of O with A(i) = vi, A(j) = ve, and A(e) = vs.

Using the lemma we take any P = span{v,w} to the oriented two-plane Py = span{i, j},
where we take v and w an orthonormal basis for P. We must find the isotropy subgroup
fixing Py. It will be useful to recall the following well known fact.

Lemma 5.2. The quotient Go / SU(3) = S°.
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Proof. By the previous lemma, Gz acts transitively on S%(1) C Im(0Q). We need to show
that the isotropy subgroup H, of Go corresponding to any v € S% is SU(3). We observe first
that A(v) = v implies the map L, is a complex structure on Q and on V = span{l,v}*.
This shows that H, C U(V) = U(3). Furthermore, dim(H,) = 8. Since Gz and S° are
connected and simply connected, H, is connected.

Consider the homomorphism det : H, — S'; it must be either trivial or onto. If it is
trivial, H, = SU(3). If it is onto, then let H' denote the kernel. Then H’ is a normal
subgroup of H, of dimension seven, and if H{, is the connected component of the identity,
rank(H(j) < rank(SU(3)) = 2. But the only compact connected seven-dimensional Lie
groups, up to finite cover, are T7, S3 x T#, and S x S3 x S!, and each of these has rank
> 2

rank(T7) =7, rank(S® x T?) =5, rank(S® x S x S')=3.

This shows H' = H,, and thus H, = SU(3). O

We are now ready to describe the isotropy subgroup H corresponding to the oriented
two-plane Py. Since Go and G5 (R”) are connected and simply connected, we know H is
connected. If we have A € Gy such that A(Fy) = Py (with orientation), then A(i) =
icos® — jsinf, A(j) = isinf + jcos6, thus A(k) = A(i)A(j) = k. The isotropy subgroup
H c {A e Gy |A(k) = k} =2 SU(3), and since the ij-plane is a complex line with respect
to our complex structure Li, H must preserve this complex line and the complex two-
plane perpendicular to it. Hence H C S(U(1)U(2)) C SU(3). A dimension count shows
H=5(U(1)U(2)) =U(2).

If we look on the Lie algebra level, and we take {i, j, k, €, i€, je, ke} as our basis for Im(0),

then using the automorphism property we can write g2 C s0(7) in the following way:

g2 = span{E12 + Es6, E47 + Es6, Eas + Ee7, Ea6 — Es7, Eas + Es7 + 2En3,
Eg7 — Ea5 + 2E23, B4 — Eo7 — 2E36, E5 + Eog — 2E37, E1g — Eaos + 2E34,
Ev7 + Eoy + 2E35, E14 + Eo7, —Ei5 + Eos, E16 + Eos, —E17 + E24}.

We use the inner product on go given by Q(X,Y) = —1 tr(XY'), in which the basis for go
above is orthogonal. The subalgebra h corresponds to H = U(2):

w(2) = span{2F12 + Es¢ — Ear, Ea7 + Es6, E45 + Ee7, Eag — Es7}.

The isotropy representation of U(2) is the action of Ad U(2) on p, the Q-orthogonal
complement of u(2) in go. We can use the following fibrations to decompose p into its
irreducible Ad U(2) representations: First,

CP? = SU(3)/U(2) = G2/ U(2) — Gy /SU(3) = S°.
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The tangent space to the base is isomorphic to [us]r; when restricted to U(2) it gives
[(11&®1d) ® (Id ®p2)lr = p1 ® p2. Thus, p1 = [ ® Id]r, p2 = [Id ®uo]r. The tangent space
to the fibre is p3 = [u1®uQ]R. We have p = p1 @ pa D ps.

p1 = span{Euss + Es7 + 2E13, Eg7 — E45 + 2E93},
p2 = span{E14 — FEa7 — 2E3¢, E15 + Eog — 2Es37, E16 — Ea5 + 2E34, E17 + Eos + 2E35},
p3 = span{E14 + Ea7, Eos — E15, E16 + Eos, Eay — Eq7}.

We have a second fibration of our manifold: we claim U(2) C SO(4) C Gjy. Before
showing this, we briefly discuss the embedding SO(4) C G2 and the irreducible symmetric
space G2 /SO(4).

Lemma 5.3. The quotient Go / SO(4) is the space of quaternionic subalgebras of the Cayley
numbers, Q.

Proof. We have SO(4) = (Sp(1) xSp(1))/{(q1,q2) ~ (—q1, —q2)}, and it acts on O = H@He
by

(q1,42) - a + be — qraq1 + (¢2bqQ1)e.
A calculation shows that SO(4) C Gz, and this embedding of SO(4) in G2 can also be

described as the subgroup of Go which leaves the subalgebra H = span{1,i, j, k} invariant.
O

Since U(2) is the subgroup of Gg preserving the plane spanned by ¢ and j, elements of
U(2) take 1 to itself and k to itself, hence they preserve span{l,i,j, k}. This also shows
U(2) € SO(4)NSU(3). We also have SO(4)NSU(3) C U(2): under Gg, 1 — 1; under SO(4),
span{l,1,j,k} + span{l,i,j, k}; under SU(3), k — k. Thus SO(4) N SU(3) = U(2). Our
second fibration is

SO(4)/U(2) - G2/ U(2) = G2 /SO(4).
Here p; is tangent to the fibre, po and p3 are tangent to the base: From the two fibrations we
obtain the following Lie bracket relations among the p;’s: [p1,p1] C u(2), [p1, p2] C p2 @ ps,
[p2, p2] C u(2) ® p1, and [p3, p3] C u(2).

Since p1, p2, and p3 are mutually inequivalent, any Go-invariant metric on our space is
of the form (, ) = z1Q|p, L 22Qlp, L £3Q)|p,, with z; > 0, for i = 1,2, 3. As in the previous
cases we can write the scalar curvature on G5 (R”) as function of z1,xs, and z3 via the
formula given in [W-Z]:

1 dibi 1 k g
S_Eg x; _4”2.’6(ij>mimj'

When we compute the non-zero Lie bracket relations between the p;’s we find that (132) =4
and (212) = 13—6. Also we compute (using the basis elements for go) b; = 8 for each 7, and of
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course di = 2, do = 4, and d3 = 4. This gives us

S:8<i+3+3>_é(ﬂ+3>_2( T, %2 %3 )

T T2 X3 3 :v% T ToTy  T1T3  T1T2

Then S = S — A(x?z424 — 1) includes our boundary condition, volume = 1. Einstein metrics
on G/ U(2) will be critical points of S.

dS 16 4 Ty 3 44
— = — - —2A

01 323 323 (w%azg * zizo x2x3> T1T2Ts
dS 16 8z ! T3 1 2 3 4
—=——=+-——=+2 - — 4

O0xa z3 + 373 + (JZ%JI,?, + T173 .’E1$3) Tt
08 16 1

— = ( x12 x22 - ) — APy,

Oz3 x5 Toxs  T1X5  T1T2

Now we look for all solutions to g—fl — 98 _ 95 _ We solve these using Maple, and we

find the following:

- 1
either x9 = 53:1 and 3 = 5301
7 7 151 , 39 21
_ Apae [t L3 _ 22002 ___>
or o3 = Gz and 3 <120< 60 " 06 t10¢ w0/

where ¢ is a root of 56¢° — 532¢* + 1570¢3 — 1891¢? + 776¢ — 60 = 0.

We need both a positive solution to this polynomial in order for z3 > 0, and also
7T 4 7.3 151
(120C “60° 96

There are exactly three real solutions to the quintic polynomial. We give the approximate

39 21
C2+1_OC_E> > 0, so that z3 > 0.

values for z2 and x3, setting z; = 1:

z2 = 0.09953 23 = —.15252
r2 = 0.59713 3 = 1.22554
T2 = 5.35063 x3 = 5.25153

We must eliminate the first of the solutions from the quintic, since it gives a negative value
for z3. The solution zo = %wl and z3 = %a:l is the symmetric metric; that is, we will see
that it is SO(7)-invariant, after projection. If we denote by p the Q-orthogonal complement
to 50(2) @ s0(5) in s0(7), then p = {E;; | 1 <i <2, 3 < j < 7}. When we project p to
p, we see that in p;, the basis element %(QEB + Eu6 + E57) projects to %EL?,, ie., an

element of norm = ,/x; projects to an element of norm = \/g In po, the basis element

%(ZE% — E14 + E»7) projects to %(—EB + E97), so norm = /T3 is projected to norm
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= \/g In p3, basis element %(EM + E97) is already an element of p, so norm = /z3
is projected to norm = 1. This shows that the symmetric metric in our basis satisfies
z2 1 3

e =3 and i—i’ = 3. Thus we end up with two new Go-homogeneous Einstein metrics on

the Grassmannian Gy (R”).

Remark 5.4. Notice none of these is a fibration metric, since a metric of the first fibration
would require £; = z2 and a metric of the second fibration would require zo = x3. Many
examples of Einstein metrics have been obtained by using fibrations over Einstein spaces
and with Einstein fibres [Bes, ch.9]. In our example we have two fibrations; in each the fibre
and base space are isotropy irreducible, so they must be Einstein. However, in each fibration
the isotropy representation of the base, when restricted to U(2), decomposes into the sum of
two irreducible subrepresentations. Recall Q(X,Y) = —% tr XY is our comparison metric.
The Casimir constant corresponding to @ and to the restriction to U(2) of the isotropy
representations for these homogeneous spaces differs on these two subpresentations. This
implies that the O’Neill tensor restricted to horizontal vectors is not a scalar multiple of Q.
Using Besse’s Proposition 9.70 [Bes, p.253] we see that therefore our fibrations cannot give

rise to Einstein metrics.

To see that we have three non-isometric solutions we compare the scale-invariant product:
(S )%(V)%, where S is the scalar curvature and V is the volume, and d is the dimension of
our homogeneous space, for our three metrics. If we let 2o = %xl and x3 = %wl, we obtain
S =20 and v = %41, so ($)5(V)? = £3°. This is approximately 2.3148 x 107. The
second solution gives (5)5(V)% =~ 2.3044 x 107, and the third solution gives (5)5(V)% =
1.5836 x 107.

We note that these have been found previously in [A] and [K]. They observe that one of

the three metrics is Kédhler and the other two are not Kéhler for any complex structure on

M. Neither author observes that the Kahler Einstein metric is the symmetric metric.

6. G5 (R®)

We can write the Grassmannian manifold of oriented three-planes in R® homogeneously
G§ (R®) =2 SO(8)/S0O(3) SO(5), but we can also write it as G5 (R®) = Spin(7)/SO(4). With
respect to SO(8), G5 (R®) is irreducible, and therefore the symmetric metric is Einstein and
it is the unique SO(8)-invariant metric, up to scaling. However, we find there are two more
Spin(7)-invariant Einstein metrics which are not symmetric.

We first describe how Spin(7) sits inside SO(8). We again identify R® with the Cayley
numbers O; from Murakami [M] we know

Spin(7) = {A € SO(8) | 3B € SO(8) such that B(x)A(y) = A(zy) Vx,y € O}.



16 MEGAN M. KERR

In this definition notice B(1) =1, so B € SO(7) and if A corresponds to B, —A corresponds
to B as well, which shows Spin(7) is indeed a double cover of SO(7). We also remark that
that {L, | ¢ € Im(0), |a| = 1} C Spin(7). (The corresponding B is conjugation by
a.) We need to show that C,(x)Ls(y) = Lu(zy) for any z,y € O. Because a is a unit
imaginary octonian, a ! = —a, thus Cu(z)L.(y) = (aza !)(ay) = —(aza)(ay). Then the
first Moufang identity tells us that —(aza)(ay) = —a(z(aay)), and using that aa = —1, we
have —a(z(aay)) = a(zy) = Lq(zy).

It is also convenient to identify two subgroups of Spin(7), they are Gg, the automorphisms
of the Cayley numbers, and SU(4), complex linear maps with respect to L;. We see Go C
Spin(7) by letting B = A in the definition of Spin(7). Murakami shows how to see that
SU(4) C Spin(7) with the following lemma [M].

Lemma 6.1. In SO(8), U(4) = {A € SO(8) | iA(z) = A(iz) Vz,y € O} and U(4) N
Spin(7) = SU(4).

Proof. Let p* : Spin(7) — SO(7) be the homomorphism sending A — B, for A and B in the
definition of Spin(7). For every A € U(4)NSpin(7) we have B(i) = 1, so p(U(4)NSpin(7)) C
SO(6). And for every B € SO(6) (B(i) = i), the corresponding A must be in U(4)NSpin(7),
hence SO(6) C p*(U(4) N Spin(7)). Furthermore, p* is a local isomorphism, thus U(4) N
Spin(7) is a 15-dimensional connected Lie group with a simple Lie algebra. Observe that
SU(4) is the commutator subgroup of U(4). Since its Lie algebra is simple, U(4) N Spin(7)
is its own commutator subgroup, thus U(4) N Spin(7) C SU(4), and a dimension count tells
us that these subgroups are equal. O

A
this way, we want R* ® R* = C* with (u,v) + u + 4v; this restricts our choice of ordered

A
We embed SU(4) C SO(8) via A+ iB — (B > . To embed SU(4) into SO(8) in

bases for Q: we choose {1, j,¢, je, 1, k,ic, —ke}. The intersection of our two subgroups is
G2NSU(4) = SU(3), and this time SU(3) in Gg fixes i instead of k.

We check that Spin(7) acts transitively on G3 (R®): Let Py = span{i, j, k}, an oriented
three-plane through the origin. Let P be given by span{vi,va, v3}, where vy, vy and vz are
ordered orthonormal vectors. Without loss of generality we may assume vy,vy € Im(0),
since P is a three-plane, so dim(P NIm(Q)) > 2. We know from the previous example that
we can find an element A € Gg such that A(7) = vy, A(j) = va. Let = A7!(v3). Observe
that

<w7i> = <A_1(U3),i> = <U3,Ul> =0
(z,5) = (A7 (v3), ) = (v3,v2) = 0.

We claim there exists A" € Spin(7) such that A'(i) = i, A'(j) = j, and A’(k) = z. This
is because the subgroup of Spin(7) fixing one unit octonian is conjugate to Go, and the
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subgroup of Spin(7) fixing two orthonormal octonians is conjugate to SU(3), which acts
transitively on S°(1) C span{i, j}*. The composition Ao A’ € Spin(7) is our map taking
i+ v1, j > v, and k — w3, so that Py goes to P, and this shows Spin(7) acts transitively
on GF (R®).

Next we must determine the isotropy subgroup H of Py. We claim that H C Ga. To
see this, we note that if A(Py) = Py, then if B is the element of SO(7) in the definition
of Spin(7) corresponding to A, since B(i)A(j) = A(k) we know that B(i) € span{i,j, k}.
Thus A(1) = —B(:)A(i) € span{l,1, j, k}, and furthermore A(1) L Py, so A(1) = £1. Since
Spin(7) and G (R®) are connected and simply connected, we know H is connected, hence
A(1) = 1. From the definition of Spin(7) it follows that A = B and this implies H C Ga.
Furthermore, any element of H takes 1 to itself and preserves the standard quaternionic
subalgebra span{1,1, j,k}. Thus H C SO(4) C Gg, and by a dimension count H = SO(4).

Now we are ready to find the isotropy representation. On the Lie algebra level we have

spin(7) = span{E;j + Eyyia1j, Biarj + Ejavi | 1 <i<j <4}
®span{F;44; — F4g | 1 <0 < 3}
®span{ Ear — Eys5, E23 + Esg, B2y — Es7, Eog + E35, Esg — Erg
2E95 — E3s + Eur}.

The subalgebra corresponding to the isotropy subgroup is h = su(2) @ su(2):

b = span{Es7 — Eyg, E34 + E7g, E3g + Ey7}
@ span{2Es¢ + E34 — E7g,2FE2 — E48 — E37,2E95 — Esg + Ey47}.

Notice each copy of su(2) is an ideal in h and its basis vectors above are orthogonal with
respect to the inner product on spin(7) given by Q(X,Y) = —3 tr(XY). As usual we denote
by p the Q-orthogonal complement of h) in spin(7).

There are two fibrations of our symmetric space Spin(7)/SO(4). The first is

Gy /SO(4) — Spin(7)/SO(4) — Spin(7)/ Gy = S7.

Let p’ be the subspace tangent to the fibre; let p” be the subspace tangent to the base. Let
01 denote the unique irreducible complex representation of su(2) in k dimensions; the first
fibration tells us that p’ = [fo®04]r, since this is the representation of the symmetric space
G2 /SO(4) [W, p.287]. The isotropy representation of Spin(7)/ Gz is the seven-dimensional
representation of Go C SO(7). We restrict this representation to SO(4), to see that p” =
[p3& 1d] @ [02802]r, where p3 denotes the standard representation of s0(3) on R3. We let
p1 = [p3®1d], and pa = [62&0:]r, and p3 = [#2&04]r. We have dim(p;) = 3, dim(p2) = 4,
and dim(ps) = 8.

For the second fibration, we first need some explanation.
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Lemma 6.2. The compact group (Spin(4) xSpin(3))/{x(Id,1d)} satisfies SO(4) C (Spin(4)x
Spin(3))/{%(Id,Id)} C Spin(7).

Proof. Recall, for any n, Spin(n) is the simply connected double cover of SO(n); let 7 :
Spin(n) — SO(n) denote the two-fold homomorphism. Because 7m1(SO(k)) — 71(SO(n)) is
a surjection, m(Spin(k)) = SO(k) for all k& < n. Observe that ker(m) = {£(Id,Id)
Spin(k) N Spin(n — k), thus it is (Spin(k) x Spin(n — k))/{£(Id,Id)} C Spin(n). In
Spin(7) we can consider the subgroup (Spin(3) x Spin(4))/{%(Id,Id)}. We know Spin(4)
Spin(3) x Spin(3) (and Spin(3) =2 SU(2)). Thus Spin(7) has a subgroup (Spin(3) x Spin(3) x
Spin(3))/{%(Id,1d,Id)}. Our isotropy subgroup SO(4) C Spin(7) is exactly (A Spin(3) x
Spin(3))/{%(Id,Id)}, where A Spin(3) is the diagonal subgroup of Spin(3) x Spin(3) iso-
morphic to Spin(3). This can be seen via the restriction to SO(4) of the homomorphism
from Spin(7) to SO(7) taking A to B (A and B in the definition of Spin(7)). O

1%

We obtain the following fibration:

§3 o Sefpaten() [SeBiotonll— Spin(7)/S0(4) = G (R®)
l

Spin(7) /PG = GI (R,

In the second fibration, it is p; which is the subspace tangent to the fibre, while ps @ p3 is
the subspace tangent to the base.

p1 = span{3E12 — E34 + Es6 + Erg,3E15 — Eag — E37 — Eus, 3E16 + E25 + E3s — Eur}
p2 = span{3E13 + Ez4 + E57 — Egg,3E14 — Ea3 + Ess + Eer,

3E17 — E9s + E35 + Eu6,3E18 + Eor — E36 + Eys5}
p3 = span{E23 + Eg7, E24 + Ees, E27 + E36, E28 + E46,2E57 — E24 + Ees,

2Es58 + Eo3 — Eg7,2E35 + Eog — Ey6,2E45 — Eo7 + E36}.

Since each of the p;’s has a different dimension, they are inequivalent representations. This
means any Spin(7)-invariant metric on G5 (R®) is determined by an inner product on p

satisfying
(, ) =21Qlp;, L 22Qlp, L 23Q|p,, for z1, 2,23 > 0.

From the fibrations we obtain the following Lie bracket relations:

[p1,p1] Ch@p1, [p1,p2] C p2 @ p3,
[p2,p2] Ch@®p1, [p3,p3] Ch.
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Recall the scalar curvature formula from [W-Z]:
d;b

sty dibi Ly~ (k) ok
2 el 41.7].7’6 1j ) T

On Spin(7) we find that b; = 10 for ¢ = 1,2,3, and we know d; = 3, d2 = 4, and d3 = 8.
From the Lie bracket relations we know (111), (212), (213) # 0; all other triples (except

rearrangements) are zero. We find that (111) =2, (212) =4, and (132) = 8.

We now have the scalar curvature function in x1, s, z3:

25 20 40 =« T T T
g_ 25 20 40 _; 4 < LI BN > ‘
2.’E1 T2 I3 x5 o3 Ir1x3 1T

We want the critical points of the scalar curvature function with the constraint equation of
volume 1: § =8 — A(zdzjad — 1).

oS 25 1 4 dzy | dag g

— =——3— —5 — — 3 \zizix
Ox1 202 x3  zoms  xiw3  TITo 1
a8 20 | 2m; 4xq 4 T3 3 38
= 2T +5— - + 5 — 4 \xiTHTy
0S 40  da 4o 4
8— ) + 2 + 2 — 8)\.73%.%%1‘;
3 x5 Towy  T1TF  T1T2
A solution to 85 = 59_5 = B—S = 0 is equivalent to the simultaneous solution of the following

two polynomlals:

10331:10% — 10z 12013 + x%mg + x%mg + 3:10233% — 333% =0

—11z3zy + 11x2x§ + 53 — 253wz + 30z 25 — 203wz = 0.

We obtain three solutions, using Maple. The first is the symmetric solution: z; = %xg, T9 =
1z3. Let p denote the Q-orthogonal complement to s0(3)@so(5) in s0(8); p = span{E;; | i =
2,5,6, j = 1,3,4,7,8}. (Of course we take so(3) @ s0(5) corresponding to Pp.) We must

project p1,p2, and p3 to p. In p;, we take the basis element \/—(3E12 Es4 + Es6 + Erg)

of norm = ,/z;. It is projected to —fElz in p, an element of norm = 4 In py we

ta,ke the basis element \/—(3E13 + Eoyq + Es7 — E6g) of norm = /w2, which projects to
2\/3 (E24 + Es7 — Egg) in p, an element of norm = 5. Finally, the element %(E23 + Eg7) is
already in p, so norm = ,/x3 corresponds to norm = 1. Hence 71 = %56'3, T9 = %%3 is indeed
the symmetric metric.

The second and third solutions are 9 = nz3, and

( 629 5689 3799 5 13559 3 392 4>
xr1 = + — zs3

“7980 T 660" 165" T 495 7 ~ 33"
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for i a positive root of the polynomial
4704t% — 11788t* + 104003 — 3315¢% — 398¢ + 289.

This polynomial has three real roots, of which two are positive and yield two positive values

for 1 and x5 in terms of x3. We give the approximate values, setting x3 = 1:

r1 = —.241854 9 = —4.177304
x1 = .425179 x2 = .902192
1 = 1.100300 z9 = .369813

These are two new Einstein metrics on G5 (R®).

Remark 6.3. None of these is a fibration metric, since the first fibration required z; = z2,
and the second required xo = 3. Just as in the previous example in both fibrations the
fibre and base space are isotropy irreducible, therefore Einstein. However, the isotropy
representation of each base, when restricted to SO(4), again decomposes into the sum of
two irreducible subrepresentations, where the Casimir constant corresponding to () and to
the restriction to SO(4) of the isotropy representations for these homogeneous spaces differs.
Again this implies the O’Neill tensor restricted to horizontal vectors is not a scalar multiple
of Q. Using Besse’s Proposition 9.70 [Bes, p.253] we know our fibrations cannot give rise
to Einstein metrics.

1

We verify that they are all distinct by estimating the (scale-invariant) product: (.5) b (V)z,
where S is the scalar curvature of the metric and V' is the volume of the metric. For the
symmetric metric, S = 2—2 and V = 2%30%5, and so (S)%(V)% = 1.84200 x 10'3. For the two
new metrics, we find that (5)12_5(V)% =~ 1.80936 x 10'3, and (S)%(V)% =~ 1.61159 x 103,
respectively. This shows that they are non-isometric.

7. APPENDIX

Oniscik in fact lists more triples of Lie algebras (g,g’,g”), but the extra triples can
be obtained by combining the information given on page 4. For example, in addition to
SO(2n)/SO(2n — 1) = SU(n)/SU(n — 1) and SO(4n)/SO(4n — 1) = Sp(n)/ Sp(n — 1), he
lists SU(2n)/SU(2n — 1) = Sp(n)/Sp(n — 1), which follows from the inclusions Sp(n) C
SU(2n) C SO(4n). Many of the triples on his list come from the subgroups of SO(8): In
addition to SO(7) C SO(8), we have

Sp(2) € Sp(2) U(1) C Sp(2) Sp(1) € SO(8),
U(2) C SU(3)  SU(4) C U(4) C SO(8),
and SO(4) C Gg C Spin(7) C SO(8).
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We note that SO(8) contains two copies of Spin(7) and that there is an outer auto-
morphism of SO(8) of order three, called the triality automorphism, which interchanges
the Spin(7)’s, and on the Lie algebra level, it interchanges the spin(7)’s and the standard
embedding of s0(7). This yields equalities like the following:

O(8)/ Spin(7) = SO(6)/SU(3) (with double cover SO(8)/SO(7) = SU(4)/SU(3))
O(8)/ Spin(7) = SO(5)/SU(2) (with double cover SO(8)/SO(7) = Sp(2)/Sp(1)).
We include some intersections of subgroups of SO(8) and related equalities:
G2 = SO(7) N Spin(7) implies SO(8)/SO(7) = Spin(7)/ Ga;
Sp(1) Sp(1) = SO(7) N Sp(2) Sp(1) implies SO(8)/SO(7) = Sp(2) Sp(1)/Sp(1) Sp(1);
SU(3) = SO(7) N SU(4) implies SO(8)/SO(7) = SU(4)/SU(3).

Here are the non-symmetric homogeneous spaces on Oniscik’s list [O1]:

SO(7)/S0(5) = Go /SU(2) = V5(R")
SO(8)/SO(6) = Spin(7)/SU(3) = 15(R®)
SO(8)/SO(5) = Spin(7)/ SU(2) = 13(R®)
0(8)/50(2) SO(5) = Spin(7)/ SO(2) SU(2)
SO(16)/ Spin(9) = SO(15)/ Spin(7)
SO(2n)/SU(n) = SO(2n —1)/SU(n —1)
SO(4n)/Sp(n) = SO(4n — 1)/ Sp(n — 1)
SO(4n)/ Sp(n) U(1) = SO(4n — 1)/ Sp(n — 1) U(1)
SO(4n)/ Sp(n) Sp(1) = SO(4n — 1)/ Sp(n — 1) Sp(1).

REFERENCES

[A] A. Arvanitoyeorgos, New Invariant Einstein Metrics on Generalized Flag Manifolds, Transactions of
the Amer. Math. Soc., 337, (1993), 981-995.

[Ber] M. Berger, Quelques formules de variation pour une structure Riemannienne, Ann. Sci. Ec. Norm.
Super. 3, 4° serie, (1970), 285-294.

[Bes| A. Besse, Finstein Manifolds, Springer, 1987.

[DA-Z] J. E. D’Atri and W. Ziller, Naturally Reductive Metrics and Einstein Metrics on Compact Lie Groups,
Memoirs of the Amer. Math. Soc., 18, 215 (1979).

[H] D. Hilbert, Die Grundlagen der Physik, Nachr. Akad. Wiss. Gétt., (1915), 395-407.

[Jel] G. Jensen, The Scalar Curvature of Left Invariant Riemannian Metrics, Indiana J. Math., 20, (1973),
1125-1144.

[Je2] G. Jensen, Einstein Metrics on Principal Fibre Bundles, J. Diff. Geom., 8, (1973), 599-614.



22

(K]

MEGAN M. KERR

M. Kimura, Homogeneous Einstein Metrics on Certain Kdahler Spaces, Adv. Studies in Pure Math,
18-1, (1990), 303-320.

S. Murakami, Ezceptional Simple Lie Groups and Related Topics in Recent Differential Geometry, Diff.
Geom. and Topol. Proceedings, (Tianjin, 1986-87), vol. 1369, Springer, 1989.

A. L. Oniscik, Inclusion Relations Among Transitive Compact Transformation Groups, Trans. Am.
Math. Soc., ser. 2, 50, (1966), 5-58.

A. L. Onis¢ik, Transitive Compact Transformation Groups, Trans. Am. Math. Soc., ser. 2, 55, (1966),
153-194.

A. L. Oniscik, Lie Groups Transitive on Grassmann and Stiefel Manifolds, Math. USSR, Sb., 12,
(1970), 405-427.

A. Shchetinin, On a class of homogeneous spaces I, Ann. Global Anal. Geom., 2, (1988), 119-140.

E. Tsukada, Transitive actions of compact connected Lie groups on symmetric spaces, Sci. Reps. Niigata
Univ., 15, (1978), 1-13.

[W-Z] M. Y. Wang and W. Ziller, Ezistence and Nonezistence of Homogeneous Einstein Metrics, Invent.

(W]
2]

Math. 84, (1986), 177-194.

A. J. Wolf, Spaces of Constant Curvature, 5'" ed., Publish or Perish, Inc., 1984.

W. Ziller, Homogeneous FEinstein Metrics on Spheres and Projective Spaces, Math. Ann. 259, (1982),
351-358.

MATHEMATICS DEPARTMENT, UNIVERSITY OF PENNSYLVANIA, 209 S. 33RD STREET, 19104-6395

E-mail address: megan@math.upenn.edu



