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Abstract

In this paper we study the reduction of a nonholonomic system by a group of symmetries in two steps.
Using the so-called vertical-symmetry condition, we first perform a compression of the nonholonomic
system leading to an almost symplectic manifold. Second, we perform an (almost) symplectic reduction,
relying on the existence of a momentum map. In this case, we verify that the resulting (almost) symplectic
reduced spaces are the leaves of the characteristic foliation of the reduced nonholonomic bracket. On each
leaf we study the (Lagrangian) equations of motion, obtaining a nonholonomic version of the Lagrange-
Routh equations, and we analyze the existence of a conformal factor for the reduced bracket in terms of
the existence of conformal factors for the almost symplectic leaves. We also relate the conditions for the
existence of a momentum map for the compressed system with gauge transformations by 2-forms. The
results are illustrated in two different examples.
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1 Introduction

In mechanics, a central role is played by the so-called nonholonomic systems, i.e., mechanical systems subject
to non-integrable constraints on their velocities (see e.g. [4, 5, 3, 19]). From a mathematical standpoint,
nonholonomic contraints are encoded in non-integrable geometrical structures, e.g., 2-forms which fail to
be closed, or bivector fields which fail to be Poisson [3, 17]. It has been observed that, in the presence of
symmetries, it is often possible to control, or even eliminate, the non-integrable nature of a non-holonomic
system by means of reduction. In other words, in many situations, reduced systems are closer to being
Hamiltonian than the original ones. When the reduced system can actually be brought to Hamiltonian form
(possibly after a time reparametrization), one speaks of the Hamiltonization of the nonholonomic system, see
e.g. [7, 9, 11, 18] (other references will be given throughout the paper).

This paper is concerned with the integrability properties of reduced nonholonomic brackets, particularly
the existence of leaves integrating their characteristic distributions, as well as geometric ways to describe them.
The main ingredient in our approach to these issues is the observation that, under suitable assumptions on
the symmetries, the procedure of reduction by symmetries can be split in two steps, the first being a partial
reduction by a smaller group of symmetries (a Chaplygin reduction, or compression [20, 11]), while the second
is a Marsden-Weinstein type reduction with respect to the remaining symmetries. This second step depends
on the existence of a momentum map, and we explain how this condition provides information about the
integrability of reduced brackets. We also give a description of the reduced nonholonomic dynamics on
reduced spaces corresponding to different momentum levels. This leads to a unified viewpoint for various
previous works on the subject [1, 14, 16].

The paper is organized as follows. In Section 2 we recall the setup for nonholonomic systems. In the
Hamiltonian framework one has a submanifold M of T ∗Q equipped with an almost Poisson bracket {·, ·}nh—
called the nonholonomic bracket [17, 24, 32]—and a Hamiltonian function HM. The nonholonomic dynamics
on M is given by the integral curves of the nonholonomic vector field, defined by Xnh = {·,HM}nh. We
note that nonholonomic brackets have an associated characteristic distribution that is non-integrable. If G
is a group of symmetries, that is, G acts on Q preserving all additional structures, then the nonholonomic
system can be reduced to the quotient manifold M/G. The reduced dynamics is then described by a reduced
Hamiltonian function Hred and a reduced almost Poisson bracket {·, ·}red on M/G. We will be particularly
interested in reduced brackets {·, ·}red that are twisted Poisson [31]; such brackets may not satisfy the Jacobi
identity, but admit an almost symplectic foliation integrating the characteristic distribution.

Assuming an additional condition on the symmetries (referred to as vertical-symmetry condition in [1]),
we show in Section 3 how the reduction process from M to M/G can be split into two steps. First, we
observe that there is an action on M of a normal subgroup GW of G with respect to which the system is
Chaplygin. Carrying out Chaplygin reduction is the first step in our reduction procedure, and it leads to
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an almost symplectic form Ω̄ on M/GW . The second step of the process consists of reducing this almost
symplectic manifold (à la Marsden-Weinstein [28]) by the remaining symmetries G/GW . At this point, we
need conditions to guarantee the existence of a momentum map for Ω̄, which is closely related to the existence
of conserved quantities for the (G/GW)-symmetry. Whenever this second reduction can be performed, it leads
to an almost symplectic foliation integrating the characteristic distribution of {·, ·}red, see Theorem 3.12.

Since the 2-form Ω̄ at the compressed level may not admit a momentum map, in Section 4 we explore
the possibility of circumventing this problem by introducing a 2-form B̄ in such a way that Ω̄ + B̄ still
describes the compressed dynamics and admits a momentum map (c.f. [16]). This procedure is related with
the dynamical gauge transformations by 2-forms of the nonholonomic bracket {·, ·}nh studied in [1, 2]. By
considering reduction in two steps, we obtain a description of the almost symplectic leaves of reduced brackets
arising from these more general gauge-transformed brackets.

An important point in having a description of the almost symplectic foliation associated to reduced
nonholonomic brackets is that we can study the dynamics on each leaf independently. In this paper we consider
two key aspects of the dynamics on a leaf: the local version of the equations of motion and the existence of
a conformal factor for the almost symplectic form. In Section 5 we consider the classical Lagrange-Routh
equations [27, 23] and explain how they express the equations of motion with respect to a canonical Poisson
bracket on the reduced space. Then, we show that the equations of motion on each almost symplectic leaf
of the reduced nonholonomic bracket are given by a suitable modification of the Lagrange-Routh equations.
Such nonholonomic Lagrange-Routh equations rely on the conservation of the momentum map studied in
Sec. 3. The modifications relating the classical and nonholonomic Lagrange-Routh equations can be naturally
understood in terms of gauge transformations.

In Section 6 we study conformal factors for reduced nonholonomic brackets by considering conformal
factors on each almost symplectic leaf. Recall that a conformal factor for {·, ·}red is a real-valued function
g with the property that g{·, ·}red is a Poisson bracket; the existence of a conformal factor guarantees that
the reduced system can be transformed into a Hamiltonian system via a reparameterization of time [12].
Using the almost symplectic foliation associated to {·, ·}red, the problem of Hamiltonization is stated as the
problem of finding a conformal factor for each almost symplectic leaf. If the leaves are diffeomorphic to a
cotangent bundle we can generalize the so-called Stanchenko and Chaplygin approaches [33, 9, 30] to each
leaf by including gauge transformations.

Our results are illustrated in Section 7 with two examples: the snakeboard and the Chaplygin ball. For
the snakeboard one obtains a reduced nonholonomic bracket {·, ·}red that is twisted Poisson, while for the
Chaplygin ball one needs to consider the addition of a 2-form B̄ at the compressed level in order to obtain
a similar result. In both examples we derive the equations of motion and the differential equations for the
conformal factors on each almost symplectic leaf. In the case of the Chaplygin ball, this leads to a simple
way to obtain the conformal factor previously found in [7].

Acknowledgements: P.B. would like to thank CNPq (Brazil) for financial support and David Iglesias-Ponte
for useful conversations. O.F. wishes to thank the Woodrow Wilson National Fellowship Foundation for their
support through the Career Enhancement Fellowship. We thank IMPA for its hospitality in the initial stage
of this project.

2 Nonholonomic systems and the full reduction

2.1 Nonholonomic systems

A nonholonomic system on a configuration manifold Q is a mechanical system with non-integrable constraints
on the velocities. It is described by a Lagrangian function L : TQ→ R of mechanical type, i.e., L = 1

2κ−U ,
where κ is a metric and U ∈ C∞(Q), and a non-integrable subbundle D ⊂ TQ (i.e., D is not involutive).
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Since L is of mechanical type, the Legendre transformation FL : TQ → T ∗Q is an isomorphism such
that FL = κ♭, where κ♭ : TQ → T ∗Q is defined by κ♭(X)(Y ) = κ(X,Y ), for X,Y ∈ TQ. The constraint
momentum space M is the submanifold of T ∗Q given by M := κ♭(D). Since κ♭ is linear on the fibers, it
induces a well-defined subbundle τ : M → Q of the cotangent bundle T ∗Q→ Q.

Using local canonical coordinates (q, q̇) on TQ, the Hamiltonian function is defined byH = ( ∂L∂q̇i q̇
i−L)◦κ♭ :

T ∗Q→ R. If ι : M → T ∗Q is the natural inclusion, we denote by HM := ι∗H : M → R the restriction of H
to M and by ΩM := ι∗ΩQ the pull back of the canonical 2-form ΩQ on T ∗Q to M.

The distribution D on Q defines a non-integrable distribution C on M by

C := {v ∈ TM : τ(v) ∈ D}, (2.1)

and, since ΩM|C is non-degenerate [3], the dynamics is described by the (unique) vector field Xnh on M that
takes values in C and satisfies the Hamilton equations for nonholonomic systems,

iXnh
ΩM|C = dHM|C , (2.2)

where |C represents the restriction to C. Moreover, there is a related R-bilinear bracket {·, ·}nh : C∞(M)×
C∞(M) → C∞(M) defined by

{·, f}nh = Xf if and only if iXfΩM|C = df |C ,

for f ∈ C∞(M). The bracket {·, ·}nh is known as the nonholonomic bracket ([17, 24, 32]), and {f, g}nh =
ΩM(Xf , Xg). The nonholonomic bracket is an almost Poisson bracket: it is skew-symmetric and satisfies the
Leibniz condition,

{fg, h}nh = f{g, h}nh + {f, h}nhg, for all f, g, h ∈ C∞(M).

In general, we say that a bracket {·, ·} on a manifold is Poisson if it is an almost Poisson bracket that also
satisfies the Jacobi identity,

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0,

for f, g, h smooth functions on the manifold. The characteristic distribution of an almost Poisson bracket is
the distribution generated by the Hamiltonian vector fields. If the bracket is Poisson then its characteristic
distribution is integrable and each leaf carries a symplectic form. Observe that the distribution C defined in
(2.1) is the characteristic distribution of {·, ·}nh, and it is not integrable since D is not integrable, [3, 2].

We say that an almost Poisson bracket {·, ·} describes the nonholonomic dynamics if Xnh = {·,HM}. In
particular, the nonholonomic bracket describes the nonholonomic dynamics.

2.2 Reduction by symmetries

Consider a nonholonomic system on the manifold Q given by a Lagrangian L of mechanical type and a
non-integrable (regular) distribution D. Let G be a Lie group acting on Q such that the lifted action to TQ
leaves L and D invariant. Then the constraint momentum space M = κ♭(D) is an invariant submanifold of
T ∗Q by the cotangent lift of the G-action, so we have a well defined action on M.

The nonholonomic bracket {·, ·}nh and the Hamiltonian HM are also invariant by the G-action on M.
Thus, the orbit projection ρ : M → M/G induces a reduced bracket {·, ·}red on M/G given by

{f ◦ ρ, g ◦ ρ}nh = {f, g}red ◦ ρ, for f, g ∈ C∞(M/G). (2.3)

If Hred : M/G → R denotes the reduced Hamiltonian function, ρ∗Hred = HM, then the (reduced) dynamics
is given by the vector field Xred on M/G such that

{·,Hred}red = Xred.
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The bracket {·, ·}red is an almost Poisson bracket on M/G whose characteristic distribution might also be
nonintegrable. In this paper we will study a particular situation where the bracket {·, ·}red has an integrable
characteristic distribution (even though the Jacobi identity might not be satisfied), namely when the bracket
is twisted Poisson.

More precisely, a twisted Poisson bracket [31] on a manifold P is an almost Poisson bracket for which
there exists a closed 3-form φ on P such that

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = φ(Xf , Xg, Xg), (2.4)

where f, g, h ∈ C∞(P ) and Xf , Xg, Xh are the Hamiltonian vector fields defined by the bracket. The charac-
teristic distribution of a twisted Poisson bracket is integrable and its associated leaves are almost symplectic
manifolds. Twisted Poisson brackets can be seen as an intermediate case between a bracket that has a non-
integrable characteristic distribution (e.g. the nonholonomic bracket) and a Poisson bracket. Moreover, if a
regular bracket admits a conformal factor (i.e., there is a function f such that f{·, ·} is Poisson), then the
bracket is twisted Poisson. Searching for twisted Poisson brackets describing the (reduced) dynamics can
thus be seen as a first step toward the Hamiltonization process.

Next, following [1] we introduce the necessary objects to state the conditions under which the reduced
bracket {·, ·}red is twisted Poisson.

The dimension assumption and complements of the constraints. Let G be a Lie group acting on Q
leaving L and D invariant. In this paper, we assume, at each q ∈ Q,

TqQ = Dq + Vq, (2.5)

where Vq is the tangent to the orbit at q of the G-action. Condition (2.5) is called the dimension assumption
(see e.g. [4]). Let us denote by S the distribution defined on Q, at each q ∈ Q, by

Sq = Dq ∩ Vq. (2.6)

A distribution W on Q is said to be a vertical complement of the constraints [1] if, at each q ∈ Q,

TqQ = Dq ⊕Wq, and Wq ⊆ Vq. (2.7)

Consider the G-action on M and denote by V ⊂ TM the tangent distribution to the orbits. Observe
that Tτ |V : V → V is an isomorphism (recall that τ : M → Q is the canonical projection). The dimension
assumption can be stated in terms of the distribution C defined in (2.1): at each m ∈ M, the dimension
assumption (2.5) guarantees that

TmM = Cm + Vm.

Analogously to (2.6), we denote by S the distribution on M such that, for m ∈ M, Sm = Cm ∩ Vm. The
decomposition (2.7) also induces a decomposition on TM, such that, for each m ∈ M, we have

TmM = Cm ⊕Wm and Wm ⊆ Vm, (2.8)

where
W = (Tτ |V)

−1(W ). (2.9)

Remark 2.1. A G-invariant vertical complement ofD always exists since it can be chosen to beW = V ∩D⊥,
where D⊥ is the orthogonal complement of D with respect to the G-invariant kinetic energy metric κ.
However, as it was observed in [1], this choice of W is not in general the most convenient when working
with particular examples. In fact, in Sec. 7 we study two different examples where the choice of W is not
κ-orthogonal to the constraints. ⋄
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The nonholonomic momentum map. Following [5], define the subbundle gS → M of the trivial bundle
gM = M× g → M by

ξ ∈ gS|m ⇔ ξM(m) ∈ Sm.

The nonholonomic momentum map is a map J nh : M → g∗
S
given, at each m ∈ M, by

〈J nh(m), ξ〉 = iξMΘM, for ξ ∈ gS , (2.10)

where ΘM = ι∗ΘQ and ΘQ is the canonical 1-form on T ∗Q. Note that J nh : M → g∗
S
satisfies

iξMΩM|C = d〈J nh, ξ〉|C −£ξMΘM|C ,

where ξ is a (not necessarily constant) section of gS . Note that 〈J nh, ξ〉 is not necessarily conserved by the
nonholonomic motion, since £ξMΘM(Xnh) might be different from zero.

The 2-form 〈J ,KW〉. Denote by PD : TQ → D and PW : TQ → W the projections associated with the
decomposition (2.7) for a G-invariant W . Following [5], consider the map AW : TQ → g such that, for
vq ∈ TqQ, AW (vq) = ξ if and only if PW (vq) = ξQ(q). We define the g-valued 2-form KW on Q given at each
X,Y ∈ TQ by

KW (X,Y ) = dAW (PD(X), PD(Y )). (2.11)

The projection τ : M → Q induces the W-curvature KW , which is the g-valued 2-form on M defined by

KW(X,Y ) = KW (Tτ(X), T τ(Y )) for X,Y ∈ TM.

This definition coincides with the one given in [1]: KW(X,Y ) = dAW(PC(X), PC(Y )), where AW = τ∗AW :
TM → g, i.e., for vm ∈ TmM,

AW(vm) = ξ if and only if PW(vm) = ξM(m), (2.12)

with PC : TM → C and PW : TM → W the projections associated with the decomposition (2.8).

Therefore, if J : M → g∗ is the restriction to M of the canonical momentum map J : T ∗Q → g∗ (i.e.,
J = ι∗J) then there is a well defined G-invariant 2-form on M given by

〈J ,KW〉, (2.13)

where 〈·, ·〉 is the natural pairing between g∗ and g, see [1].

The vertical-symmetry condition. Following [1], we say thatW satisfies the vertical-symmetry condition
if there is a subalgebra gW ⊆ g such that

Wq = {ηQ(q) : η ∈ gW}. (2.14)

If W satisfies the vertical-symmetry condition then the vertical complement W of C, defined in (2.9), will
satisfy this condition as well, since for the Lie algebra gW ,

Wm = {ηM(m) : η ∈ gW}.

When it is possible to choose a vertical complement W of the constraints such that the vertical-symmetry
condition is satisfied, several facts are simplified:

Proposition 2.2 ([1]). If the vertical complement W of the constraints D satisfies the vertical-symmetry
condition (2.14) then
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(i) The Jacobi identity of the reduced bracket {·, ·}red on M/G becomes

{f, {g, h}red}red ◦ ρ+ cyclic = −d〈J ,KW〉(Xρ∗f , Xρ∗g, Xρ∗h),

where f, g, h ∈ C∞(M/G) and Xρ∗f = {·, ρ∗f}nh (analogously with Xρ∗g, Xρ∗h).

(ii) At each m ∈ M, the Lie algebra g splits as follows:

g = gS |m ⊕ gW . (2.15)

(iii) For each η ∈ g, let us denote by Xη = (PgS
(η))

M
the infinitesimal generator on M associated to

PgS
(η) ∈ gS where PgS

: gM → gS is the projection defined in (2.15). Then

iXη (ΩM + 〈J ,KW〉)|C = d〈J nh, PgS
(η)〉|C .

The Reduction Theorem. From Prop. 2.2 we observe that the reduced bracket {·, ·}red is not necessarily
twisted Poisson (2.4) since d〈J,KW〉 might not be a well defined 3-form on M/G.

Recall that a form α on a manifold P is basic with respect to the projection ρM : P → M if there is a
form ᾱ on M such that ρ∗M ᾱ = α.

Theorem 2.3 ([1]). Let (M, {·, ·}nh,HM) be a nonholonomic system with a G-symmetry, and assume that the
G-invariant vertical complement W verifies the vertical-symmetry condition (2.14). If the 3-form d〈J ,KW〉,
defined in (2.13), is basic with respect to the orbit projection ρ : M → M/G, then the reduced bracket {·, ·}red

is twisted Poisson.

Corollary 2.4. ([1, Corollary 6.9]) If 〈J ,KW〉 is basic with respect to the orbit projection ρ : M → M/G,
then at each η ∈ g the function fη on M defined by

fη(m) = 〈J nh(m), PgS
(η)〉

is conserved by the nonholonomic motion, where PgS
: g → gS is the projection associated to the decomposition

(2.15).

Remark 2.5. In [1] there is a description of the almost symplectic leaves in terms of the nonholonomic
momentum map. The 2-form on each leaf involves the symplectic form of the Marsden-Weinstein reduction
of the canonical symplectic manifold (T ∗Q,ΩQ) and a diffeomorphism between M and the annihilator W ◦ of
the vertical complement W of D. In this paper, we will study these leaves from another viewpoint, involving
conserved quantities. As a consequence it will be possible to see the equations of motion as a nonholonomic
version of the Lagrange-Routh equations on each almost symplectic leaf. ⋄

3 Reduction in two steps: compression and reduction

In this section we will perform, assuming the vertical-symmetry condition, the reduction of a nonholonomic
system in two steps, unifying previous works [1, 11, 16, 30].

Consider a nonholonomic system on a manifold Q given by the mechanical-type Lagrangian L and the
non-integrable distribution D with a G-symmetry. On the manifold M the nonholonomic bracket {·, ·}nh and
the Hamiltonian HM are invariant by the G-action on M, denoted by

ϕ : G×M → M.

Let us choose a G-invariant vertical complement W of D in TQ satisfying the vertical-symmetry condition
(2.14) and define the complement W of C in TM as in (2.9). The Lie subalgebra gW defined in (2.14) is an
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ideal, due to the G-invariance of W : if η ∈ g and η̃ ∈ gW , then [η, η̃]M = [ηM, η̃M] ∈ W and thus [η, η̃] ∈ gW .
Therefore, the connected integration of gW is a normal subgroup GW of G that acts naturally on M by
restricting the action:

ϕW : GW ×M → M such that ϕW(g,m) = ϕ(g,m) for g ∈ GW , m ∈ M. (3.16)

Hence, we can consider the orbit projection ρW : M → M/GW . On the other hand, H := G/GW is a Lie
group and the natural projection ̺G : G → H is a smooth group homomorphism. The Lie group H acts on
M/GW with the action ϕH : H ×M/GW → M/GW such that

ϕH(̺G(g), ρW(m)) = ρWϕ(g,m) for g ∈ G, m ∈ M. (3.17)

We denote by h := g/gW the Lie algebra of H (for more details see e.g. [10]).

Our goal is to realize the reduced almost symplectic leaves associated to {·, ·}red in a two-step procedure:
first we compress by GW and then, under certain conditions, we perform an almost symplectic reduction by
the Lie group H .

Remark 3.1. Since G acts originally on Q (the action on M is the restriction of the lifted action to T ∗Q)
then GW acts naturally on Q as in (3.16) and H acts on Q/GW as in (3.17). ⋄

From now on, we fix a vertical complement W of D with the vertical-symmetry condition (2.14), so that
the Lie group GW acts on Q and on M.

3.1 Compression

Since G is a symmetry of the nonholonomic system, so is the normal subgroup GW [25]. The vertical space
associated to the GW-action on Q is W , which is a complement of the constraints by (2.7). Thus the
nonholonomic system is GW-Chaplygin [19]. Let us denote by Q̄ := Q/GW the reduced manifold, and recall
that M/GW ≃ T ∗Q̄, so that ρW : M → T ∗Q̄ denotes the orbit projection induced by the GW-action on M.
After compression, the dynamics takes place on T ∗Q̄ (see e.g., [19, 4]).

In this case, note that the map AW : TQ→ gW defined in (2.12) is a principal connection, and thus KW

can be viewed as a gW-valued 2-form that is just its associated curvature.

Lemma 3.2. The 2-form 〈J ,KW〉 on M defined in (2.13) is basic with respect to the orbit projection
ρW : M → T ∗Q̄.

Proof. Denote by JW : M → g∗
W

the restriction to M of the canonical momentum map associated to the
GW-action on T ∗Q; then 〈J , ξ〉 = 〈JW , ξ〉 for all ξ ∈ gW . Viewing KW as a gW-valued 2-form one can define
the 2-form 〈JW ,KW〉gW

, where 〈·, ·〉gW
is the natural pairing on gW . It was shown in [20] that 〈JW ,KW〉gW

is basic with respect to the orbit projection ρW : M → M/GW . Finally, observe that 〈J ,KW〉 defined in
(2.13) coincides with 〈JW ,KW〉gW

.

We denote by 〈J ,KW〉 the 2-form on T ∗Q̄ such that ρ∗
W
〈J ,KW〉 = 〈J ,KW〉. If HT∗Q̄ denotes the Hamil-

tonian function on T ∗Q̄ so that ρ∗
W
HT∗Q̄ = HM, then the compressed Hamilton equations are given by

iX̄nh
Ω̄ = dHT∗Q̄, (3.18)

where
Ω̄ := ΩQ̄ − 〈J ,KW〉, (3.19)

with ΩQ̄ the canonical 2-form on T ∗Q̄, [20]. The compressed dynamics is described by the integral curves of
the vector field X̄nh on T ∗Q̄ (see [19, 16, 3]).
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Remark 3.3. In [13] the particular case when d〈J ,KW〉 vanishes was studied. In this case, Ω̄ is a genuine
symplectic 2-form and the compressed system (3.18) is Hamiltonian. However, in general dΩ̄ 6= 0, and so Ω̄
is only an almost symplectic 2-form. ⋄

Recall that h := g/gW is the Lie algebra associated to the Lie group H .

Proposition 3.4. Let W be a G-invariant complement of the constraints (2.7) that satisfies the vertical-
symmetry condition (2.14), and denote by ̺ : g → h the natural projection. Then:

(i) For each η ∈ g the function fη defined in Corollary 2.4 is basic with respect to the orbit projection
ρW : M → M/GW ≃ T ∗Q̄.

(ii) For all η, η̃ ∈ g for which ̺(η) = ̺(η̃) holds, fη = fη̃ .

Proof. To show (i) it is sufficient to prove that dfη(ξM) = 0 for all ξ ∈ gW . First, observe that since the
annihilator W ◦ ⊂ T ∗Q of W is G-invariant we can consider J0 := J ◦ ι0 : W ◦ → g∗, the restriction of
the canonical momentum map J : T ∗Q → g∗ to W ◦. It was observed in [1, Theorem 6.5] that, at each
m ∈ M, η ∈ g,

〈J nh(m), PgS
(η)〉 = 〈J0 ◦Ψ(m), η〉,

where Ψ : M →W ◦ is the G-invariant isomorphism Ψ : M →W ◦ given by Ψ = (κ♭0|D)◦ (κ|
♭
D)

−1 : M → W ◦,
for κ0 a metric on Q such that D and W are κ0-orthogonal and PgS

: g → gS is the projection associated to
decomposition (2.15). Now, for η and ξ ∈ g,

dfη(ξM) = d〈J0 ◦Ψ, η〉(ξM) = Ψ∗d〈J0, η〉(ξM) = d〈J0, η〉(TΨ(ξM)).

Observe that the map J0 : W ◦ → g∗ is a momentum map for the presymplectic manifold (W ◦,ΩW◦), where
ΩW◦ = ι∗0ΩQ and ι0 : W ◦ → T ∗Q is the natural inclusion. Moreover, it was shown in [1, Lemma 5.6] that
KerΩW◦ = TΨ(W). Therefore, we see that d〈J0, η〉(TΨ(ξM)) = ΩW◦(ηW◦ , TΨ(ξM)) = 0 and we conclude
that dfη(ξM) = 0.

Finally, to prove (ii) observe that PgS
(η̃) = PgS

(η) when ̺(η) = ̺(η̃). Thus, for all m ∈ M, fη̃(m) =
〈J nh(m), PgS

(η̃)〉 = 〈J nh(m), PgS
(η)〉 = fη(m).

Therefore, for each ξ ∈ h there is a well-defined function gξ ∈ C∞(T ∗Q̄) such that

ρ∗
W
gξ = fη = 〈J nh, PgS

(η)〉. (3.20)

where η is any element in g such that ̺(η) = ξ. If the function fη is conserved by Xnh then gξ is conserved
by the compressed motion X̄nh defined in (3.18).

3.2 Almost symplectic reduction

Since the Lie group G acts on Q, there is an induced action of the Lie group H = G/GW on Q̄ as in (3.17).
The lifted H-action to T ∗Q̄ is a symmetry of the compressed system (3.18), that is, the Hamiltonian HT∗Q̄

and the 2-form Ω̄ given in (3.19) areH-invariant. As a consequence, we have that 〈J ,KW〉 is alsoH-invariant.

A momentum map for (T ∗Q̄, Ω̄). Recall that the lifted H-action to T ∗Q̄, denoted by ϕH , is Hamiltonian
with respect to the canonical symplectic form, and thus the canonical momentum map J̄ : T ∗Q̄→ h∗ satisfies

iξT∗Q̄
ΩQ̄ = d〈J̄ , ξ〉, for ξ ∈ h.

Proposition 3.5. For each ξ ∈ h the function gξ defined in (3.20) is the canonical momentum map on T ∗Q̄;
that is,

gξ(m̄) = 〈J̄(m̄), ξ〉 for all m̄ ∈ T ∗Q̄.
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Proof. First, observe that by Prop. 2.2(ii) and recalling that W is the vertical space associated to the
GW-action, TρW ((PgS

(η))M) = TρW(ηM) for η ∈ g. In addition, if ξ ∈ h is such that ̺(η) = ξ, then
TρW(ηM) = ξT∗Q̄ since, at each m ∈ M, we have

ξT∗Q̄(ρW(m)) =
d

dt
ϕH(exp(t̺(η)), ρW(m))|t=0 =

d

dt
ρWϕ(exp(tη),m)|t=0 = TρW(ηM(m)),

where in the second equality we are using that ̺G : G → H is the homomorphism of Lie groups and that
̺ = T̺G : g → h (see [26, Prop. 9.1.5]). Hence, letting Xη = (PgS

(η))M, we obtain that TρW(Xη) = ξT∗Q̄.
On the other hand, Prop. 2.2(iii) implies that iXηΩM|C = dfη|C − iXη 〈J ,KW〉|C , and using (3.20) and Lemma
3.2 we get

iXηΩM|C = ρ∗
W
dgξ|C − ρ∗

W

(

iξT∗Q̄
〈J ,KW〉

)

|C . (3.21)

Using that ρ∗
W
Ω̄|C = ΩM|C [20], then ρ∗

W

(

iξT∗Q̄
[ΩQ̄ − 〈J ,KW〉]

)

|C = iXηΩM|C , and thus, by (3.21), we obtain

that iξT∗Q̄
ΩQ̄ = dgξ. Finally, since iξT∗Q̄

ΩQ̄ = d〈J̄ , ξ〉, we obtain the desired result.

Note that J̄ : T ∗Q̄ → h∗ is not necessarily a momentum map for the (almost symplectic) manifold
(T ∗Q̄, Ω̄ = ΩQ̄ − 〈J ,KW〉) since

iξT∗Q̄
Ω̄ = d〈J̄ , ξ〉 − iξT∗Q̄

〈J ,KW〉. (3.22)

The next Proposition shows that J̄ : T ∗Q̄ → h∗ may be conserved by the nonholonomic dynamics even if it
is not a momentum map of (T ∗Q̄, Ω̄).

Proposition 3.6. For each ξ ∈ h, the function gξ ∈ C∞(T ∗Q̄) is conserved by the compressed nonholonomic
motion X̄nh on T ∗Q̄ (respectively fη ∈ C∞(M) is conserved by the nonholonomic motion Xnh for η ∈ g such

that ξ = ̺(η) ) if and only if 〈J ,KW〉(X̄nh, ξT∗Q̄) = 0.

Proof. If gξ is conserved then, by Prop. 3.5, dJ̄ξ(X̄nh) = 0 for J̄ : T ∗Q̄ → h∗ the canonical momentum map,
that is, 0 = ΩQ̄(X̄nh, ξT∗Q̄). On the other hand, by the H-invariance of the Hamiltonian HT∗Q̄, we have
that 0 = dHT∗Q̄(ξT∗Q̄) = Ω̄(X̄nh, ξT∗Q̄) and thus by (3.19) 〈J ,KW〉(X̄nh, ξT∗Q̄) = 0. Conversely, again by the
H-invariance of the Hamiltonian HT∗Q̄ and (3.19), we have that

0 = dHT∗Q̄(ξT∗Q̄) = Ω̄(X̄nh, ξT∗Q̄) = ΩQ̄(X̄nh, ξT∗Q̄) = −dJ̄ξ(X̄nh).

Finally, by Prop. 3.5 we conclude that gξ is conserved and thus by Prop. 3.4 fη is conserved by Xnh for η ∈ gW

such that ξ = ̺(η).

Proposition 3.6 derives a necessary but not sufficient condition for J̄ : T ∗Q̄→ h∗ to be a momentum map
of Ω̄. In fact, we have

Corollary 3.7. The canonical momentum map J̄ : T ∗Q̄ → h∗ is a momentum map for the manifold
(T ∗Q̄, Ω̄ = ΩQ̄ − 〈J ,KW〉) if and only if 〈J ,KW〉 is basic with respect to the orbit projection ρH : T ∗Q̄ →
T ∗Q̄/H.

Proof. If J̄ : T ∗Q̄ → h∗ satisfies that iξT∗Q̄
Ω̄ = dJ̄ξ and iξT∗Q̄

ΩQ̄ = dJ̄ξ, then 〈J ,KW〉 is semi-basic with

respect to ρH : T ∗Q̄ → T ∗Q̄/H . Therefore 〈J ,KW〉 is basic because it is H-invariant. The converse is a
direct consequence of (3.22) and the H-invariance of 〈J ,KW〉.

Notation 3.8. By Lemma 3.2, the 2-form 〈J ,KW〉 defined on M/GW ≃ T ∗Q̄ is basic with respect to the
orbit projection ρH : T ∗Q̄ → T ∗Q̄/H if and only if the 2-form 〈J ,KW〉 on M is basic with respect to
ρ : M → M/G. If we assume that 〈J ,KW〉 is basic with respect to ρ : M → M/G then we denote by
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(i) 〈J ,KW〉red the 2-form on M/G such that ρ∗〈J ,KW〉red = 〈J ,KW〉.

(ii) 〈J ,KW〉
red

the 2-form on T ∗Q̄/H such that ρ∗H〈J ,KW〉
red

= 〈J ,KW〉.

It is clear that 〈J ,KW〉
red

= 〈J ,KW〉red.

(Almost) symplectic reduction. Let us assume that the 2-form 〈J ,KW〉 on M/GW ≃ T ∗Q̄ defined
in Lemma 3.2 is basic with respect to the orbit projection ρH : T ∗Q̄ → T ∗Q̄/H . Then by Corollary 3.7
J̄ : T ∗Q̄ → h∗ is a momentum map for the (not necessarily closed) 2-form Ω̄ = ΩQ̄ − 〈J ,KW〉, and thus we
can perform an (almost) symplectic reduction on (T ∗Q̄, Ω̄). Let us denote by Hµ̄ the coadjoint isotropy group
at µ̄ ∈ h∗. Then, performing an (almost) symplectic reduction [28], we obtain, at each µ̄ ∈ h∗, an almost
symplectic form ω̄µ̄ on J̄−1(µ̄)/Hµ̄ such that

π∗
µ̄(ω̄µ̄) = ι∗µ̄(Ω̄), (3.23)

where πµ̄ : J̄−1(µ̄) → J̄−1(µ̄)/Hµ̄ is the projection to the quotient and ιµ̄ : J̄−1(µ̄) → M/G ≃ T ∗Q̄ is the
inclusion.

Therefore, the reduced dynamics is restricted to the level set (J̄−1(µ̄)/Hµ̄, ω̄µ̄), and is described by the
vector field X µ̄

red ∈ X(J̄−1(µ̄)) given by
iXµ̄red

ω̄µ̄ = d(Hµ̄), (3.24)

where Hµ̄ : J̄−1(µ̄)/Hµ̄ → R is the Hamiltonian function such that π∗
µ̄Hµ̄ = ι∗µ̄HT∗Q̄.

Now, we analyze the 2-form ω̄µ̄ given in (3.23). First, observe that since J̄ : T ∗Q̄ → h∗ is the canonical
momentum map, then the Marsden-Weinstein reduction of the canonical symplectic manifold (T ∗Q̄,ΩQ̄),
gives the symplectic leaves

(J̄−1(µ̄)/Hµ̄,Ωµ̄), (3.25)

where π∗
µ̄(Ωµ̄) = ι∗µ̄(ΩQ̄). Second, since the 2-form 〈J,KW〉 on T ∗Q̄ is basic with respect to the projection

ρH : T ∗Q̄→ T ∗Q̄/H , we can consider the pull back of the 2-form 〈J,KW〉
red

to the submanifold J̄−1(µ̄)/Hµ̄,

denoted by [〈J,KW〉
red
]µ̄. Then, observe that ι∗µ̄〈J,KW〉 = π∗

µ̄

(

[〈J,KW〉
red
]µ̄

)

. Hence,

Proposition 3.9. If the 2-form 〈J,KW〉 is basic with respect to the projection ρH : T ∗Q̄→ T ∗Q̄/H, then at
each µ̄ ∈ h∗ the (almost symplectic) reduction of (T ∗Q̄,ΩQ̄ − 〈J,KW〉) gives the almost symplectic manifold
(J̄−1(µ̄)/Hµ̄, ω̄µ̄), where

ω̄µ̄ = Ωµ̄ − [〈J,KW〉
red
]µ̄. (3.26)

For each µ̄ ∈ h∗, let us denote by Õµ̄ the associated coadjoint bundle Õµ̄ = (Q̄ ×Oµ̄)/H over Q̄/H with
standard fiber the coadjoint orbit Oµ̄. Following [25], consider the symplectic manifold

(

T ∗(Q̄/H)×Q̄/H Õµ̄,ΩQ̄/H − βµ̄

)

, (3.27)

where ΩQ̄/H is the canonical 2-form on T ∗(Q̄/H) and βµ̄ ∈ Ω2(Õµ̄) such that

π∗
Hβµ̄ = dαA + π∗

2ωOµ̄, (3.28)

where πH : Q̄×Oµ̄ → Õµ̄, αA ∈ Ω1(Q̄×Oµ̄) is such that αA(q̄, µ̄) = 〈µ̄, A〉, where A : T Q̄→ h is a connection,
π2 : Q̄×Oµ̄ → Oµ̄ and ωOµ̄ is the canonical 2-form on Oµ̄.

Next, following [25], we identify the quotients (3.25) with (3.27) and consequently we will obtain an
identification of (3.26) with a corresponding almost symplectic manifold.
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Lemma 3.10 ([27, 25]). For each µ̄ ∈ h∗, consider the bundles J̄−1(µ̄)/Hµ̄ → Q̄/H, T (Q̄/H) → Q̄/H and
ρµ̄ : Q̄/Hµ̄ → Q̄/H. Then

(i) There is a bundle symplectomorphism Υµ̄ : (T ∗(Q̄/H)×Q̄/H Q̄/Hµ̄,ΩQ̄/G−βµ) → (J̄−1(µ̄)/Hµ̄,Ωµ̄) over
the identity.

(ii) There is a global diffeomorphism ψµ̄ : Q̄/Hµ̄ → Õµ̄ covering the identity on Q̄/H.

When the level µ̄ is clear, we will write Υ instead of Υµ̄.

Since ω̄µ̄ satisfies (3.26) we conclude that

Proposition 3.11. If 〈J ,KW〉 is basic with respect to the orbit projection ρH : T ∗Q̄ → T ∗Q̄/H, then, at
each µ̄ ∈ h∗, the almost symplectic quotient (J̄−1(µ̄)/Hµ̄, ω̄µ̄) given in (3.23) is symplectomorphic to

(

T ∗(Q̄/H)×Q̄/H Õµ̄,ΩQ̄/H − βµ̄ −Υ∗[〈J ,KW〉
red
]µ̄

)

. (3.29)

3.3 Almost symplectic leaves of the reduced bracket

Consider the nonholonomic system on a manifold Q given by a Lagrangian L and a nonintegrable distribution
D with a G-symmetry. Let W be a G-invariant vertical complement of D in TQ satisfying the vertical-
symmetry condition (2.14). Define the Lie subgroup GW of G as in (3.16) and the quotient Lie group
H = G/GW .

Theorem 3.12. If 〈J,KW〉 is basic with respect to ρH : T ∗Q̄→ T ∗Q̄/H, then

(i) The reduced nonholonomic bracket {·, ·}red on M/G given in (2.3) is twisted Poisson.

(ii) The connected components of (J̄−1(µ̄)/Hµ̄, ω̄µ̄), given in (3.26), are the almost symplectic leaves of
{·, ·}red. In other words, the leaves of {·, ·}red are identified with the (connected components of) (3.29).

Proof. By Notation 3.8, item (i) is a consequence of Theorem 2.3. To show (ii), first note that the nonholo-
nomic bracket {·, ·}nh is GW-invariant (because it is G-invariant). Then, the reduction of {·, ·}nh by GW in the
sense of (2.3) gives an almost Poisson manifold denoted by (M/GW , {·, ·}Ω̄). Since {·, ·}Ω̄ is H-invariant, there
is a reduced bracket {·, ·} induced on (M/GW)/H . Using an argument of reduction by stages, it is straight-
forward to see that {·, ·}red and {·, ·} are diffeomorphic and thus their leaves are symplectomorphic. Recall
from Theorem 2.3 that if 〈J,KW〉 is basic with respect to ρ : M → M/G then the reduced nonholonomic
bracket {·, ·}red is twisted Poisson.

On the other hand, the almost Poisson bracket {·, ·}Ω̄ on M/GW ≃ T ∗Q̄ is non-degenerate and given by
the 2-form Ω̄ = ΩQ̄ − 〈J,KW〉 on T ∗Q̄. The reduction by H of the canonical symplectic manifold (T ∗Q̄,ΩQ̄)
gives a Poisson bracket whose symplectic leaves are the Marsden-Weinstein quotients (3.25). Hence, the
reduction of (T ∗Q̄,ΩQ̄ − 〈J,KW〉) gives the almost Poisson bracket {·, ·} that has almost symplectic leaves
given by (J̄−1(µ̄)/Hµ̄, Ω̄µ̄−[〈J,KW〉

red
]µ̄). Therefore the µ-leaves of {·, ·}red are symplectomorphic to connected

components of (J̄−1(µ̄)/Hµ̄, ω̄µ̄) for µ̄ ∈ h∗ such that ̺∗(µ̄) = µ.

In [30, Sec. 6] and [16] the authors also propose an almost symplectic reduction at the compressed level.
In the present section we explain when it is possible to perform such a reduction, the existence for the
extra symmetry H and the connection with the nonholonomic momentum map (and as a consequence the
connection with the conserved quantities of the system). This viewpoint allows us to unify the results in [1]
and [16, 30] and to describe the almost symplectic foliation of {·, ·}red in terms of (3.29).

In general, the 2-form 〈J ,KW〉 might not be basic with respect to ρH : T ∗Q̄ → T ∗Q̄/H ; this is the case
of the Chaplygin ball (discussed in Section 7.2). In Section 4 we explore the possibility of describing the

12



compressed dynamics using a modified 2-form that admits the canonical momentum map J̄ : T ∗Q̄ → h∗ as
a momentum map. We relate this modification with a dynamical gauge transformation by a 2-form of the
nonholonomic bracket, as was done in [1, 2].

4 Gauge transformations

A gauge transformation is a process by which one deforms a bracket using a 2-form yet retains some of the
original geometric properties, such as the characteristic distribution (even though the Hamiltonian vector
fields may have changed) [31]. In this paper we are interested in considering gauge transformations of the
nonholonomic bracket by a 2-form B, since the failure of the Jacobi identity can be controlled using the
2-form B [2].

Gauge transformation of a bracket. To begin, recall that a regular almost Poisson manifold (P, {·, ·})
is given by a distribution F on P and a 2-form Ω on P such that Ω|F is non-degenerate:

iXfΩ|F = df |F if and only if {·, f} = Xf for f, g,∈ C∞(P ).

Consider now a 2-form B such that (Ω− B)|F is still non-degenerate. Then a gauge transformation of {·, ·}
by a 2-form B, [31], gives a new bracket {·, ·}B on P defined by

iYf (ΩF −B)|F = df |F if and only if {·, f}B = Yf for f, g,∈ C∞(P ).

In this case, we say that the brackets {·, ·} and {·, ·}B are gauge-related by the 2-form B.

Remark 4.1. The gauge transformation by a 2-form B of a nondegenerate bracket {·, ·} given by the 2-form
Ω defines a new nondegenerate bracket given by Ω − B (recall that, in this case, Ω − B is nondegenerate).
In this sense, a gauge transformation by B of a 2-form Ω gives the new 2-form Ω−B. In the same way, if a
Poisson bracket {·, ·} has the symplectic foliation (Pµ, ωµ), then a gauge transformation of {·, ·} by the 2-form
B gives a bracket {·, ·}B that has the almost symplectic foliation (Pµ, ωµ − Bµ) where Bµ is the restriction
of B to leaf Pµ; if B is closed then the bracket {·, ·}B is still Poisson. ⋄

Remark 4.2. A gauge transformation by a 2-form B of a (regular) bracket given by the 2-form Ω and the
distribution F is defined in [31] without asking for (Ω−B)|F to be nondegenerate since the definition is given
on more general structures called Dirac structures.

On the other hand, a gauge transformation of an almost Poisson manifold (P, {·, ·}) can be defined even
in the non-regular case using the bivector field π on P associated to the bracket {·, ·}. In this case, if the
endomorphism Id +B♭ ◦ π♯ on T ∗P is invertible, then the gauge transformation of π by the 2-form B is the
new bivector field πB on P defined by π♯B = π♯ ◦ (Id +B♭ ◦ π♯) (see [31]). ⋄

As in [1, 2] we want to consider a gauge transformation of the almost Poisson manifold (M, {·, ·}nh) such
that the new bracket {·, ·}B describes the same dynamics. If the 2-form B on M is such that (ΩM − B)|C is
non-degenerate and iXnh

B = 0, then we say that B induces a dynamical gauge transformation of {·, ·}nh [2].
The new dynamically-gauge related bracket {·, ·}B describes the same dynamics in the sense that

{·,HM}B = Xnh.

If the nonholonomic system (M, {·, ·}nh,HM) has a G-symmetry, then any dynamically-gauge related
bracket {·, ·}B to {·, ·}nh is G-invariant if the 2-form B is invariant. In this case, there is also a reduced
bracket {·, ·}B

red
on M/G given by

{f, g}B
red

◦ ρ = {f ◦ ρ, g ◦ ρ}B for f, g ∈ C∞(M/G),
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that also describes the reduced dynamics: {·,Hred}
B
red

= Xred.

Observe that a gauge transformation of the nonholonomic bracket {·, ·}nh is determined by the values
of B on C. Therefore, following [1], once we fix a decomposition of (2.8), we can then consider gauge
transformations by 2-forms B such that

iZB ≡ 0 for all Z ∈ W . (4.30)

The interesting consequence of having the freedom to choose such a 2-form B is that the reduced bivector
{·, ·}B

red
might have more desirable properties than {·, ·}red—as we have discussed in [1, 2]—since the Jacobi

identity changes by B. More precisely, it was shown in [1] that if the vertical complement W (2.7) has the
vertical symmetry condition (2.14), then

{f, {g, h}Bred}
B

red ◦ ρ+ cyclic = −d(〈J ,KW〉+B)(Yρ∗f , Yρ∗g, Yρ∗h), (4.31)

where f, g, h ∈ C∞(M/G), and Yρ∗f is the Hamiltonian vector field with respect to the nonholonomic bracket
{·, ·}B

nh
. Therefore, if the 3-form d(〈J ,KW〉 + B) defined on M is basic with respect to the orbit projection

ρ : M → M/G then the Jacobi identity of {·, ·}Bred becomes

{f, {g, h}B
red
}B

red
+ cyclic = Φ(Yf ,Yg,Yh),

where Φ is a 3-form on M/G such that ρ∗Φ = −d(〈J ,KW〉 + B), and Yf is the Hamiltonian vector field
associated to {·, ·}B

red
; that is, {·, ·}B

red
is a twisted Poisson bracket and thus it admits an (almost) symplectic

foliation.

We can now restate Theorem 2.3 considering the whole family of brackets {·, ·}B
red
.

Theorem 2.3’ [1] Suppose that B is a G-invariant 2-form on M satisfying (4.30) defining a dynamical gauge
transformation of {·, ·}nh. If W verifies the vertical-symmetry condition (2.14) and d(〈J ,KW〉 + B) is basic
with respect to the orbit projection ρ : M → M/G, then {·, ·}Bred is a twisted Poisson bracket.

4.1 Reduction in two stages

Analogously to what we did in Section 3, let us now perform a reduction of (M, {·, ·}B) in two stages.

Consider the nonholonomic system (M, {·, ·}nh,HM) with a G-symmetry. Suppose that the vertical com-
plement W of C satisfies the vertical-symmetry condition (2.14), so that GW is a symmetry of the system.

Lemma 4.3. Let {·, ·}B be the dynamically-gauge related bracket to {·, ·}nh by a G-invariant 2-form B that
satisfies (4.30). Then,

(i) The nonholonomic system described by {·, ·}B and Hamiltonian HM is GW-Chaplygin.

(ii) The compression by GW of {·, ·}B induces the almost symplectic manifold

(T ∗Q̄,ΩQ̄ − 〈J ,KW〉 − B̄), (4.32)

where B̄ is the 2-form on T ∗Q̄ such that ρ∗
W
B̄ = B.

Proof. (i) Since GW is a normal subgroup of G, then {·, ·}nh and the 2-form B are also GW-invariant because
they are alreadyG-invariant. Therefore, the bracket {·, ·}B is GW-invariant. Moreover, since the characteristic
distribution of {·, ·}B is still C then we have the splitting (2.8) where W is the vertical space with respect to
the GW-action; that is why the system is still GW-Chaplygin.

To see (ii) observe that B is GW-invariant and satisfies (4.30), hence B is basic with respect to ρW : M →
M/GW . Since {·, ·}nh and {·, ·}B are gauge related by the GW-basic 2-form B then, following [1, Prop 4.8],
the reductions of {·, ·}nh and {·, ·}B by GW will be also gauge-related by B̄, where B̄ is the 2-form on T ∗Q̄
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such that ρ∗
W
B̄ = B. Moreover, by item (i) the reduction by GW of {·, ·}B gives a nondegenerate bracket

described by a 2-form Ω̄B, and recalling that the GW-reduction of {·, ·}nh gives a nondegenerate bracket
described by Ω̄ (3.19), from Remark 4.1 the 2-forms Ω̄B and Ω̄ are gauge-related by B̄ and thus we obtain
that Ω̄B = Ω̄− B̄.

In other words, a dynamical gauge transformation of {·, ·}nh by a G-invariant 2-form B verifying (4.30)
is equivalent to a dynamical gauge transformation of Ω̄ by the H-invariant 2-form B̄ on T ∗Q̄ such that
ρ∗

W
B̄ = B.

To clarify the role of B̄, recall that the obstruction to performing an almost symplectic reduction of
(T ∗Q̄, Ω̄ = ΩQ̄ − 〈J ,KW〉) as done in Sec. 3.3 is that the canonical momentum map J̄ : T ∗Q̄→ h∗ might not
be a momentum map for Ω̄ (since 〈J ,KW〉 might not be basic). However, if we find a 2-form B̄ on T ∗Q̄ such
that 〈J ,KW〉+ B̄ is basic with respect to ρH : T ∗Q̄ → T ∗Q̄/H and such that iX̄nh

B̄ = 0 for X̄nh the vector
field on T ∗Q̄ describing the compressed dynamics (3.18), then the compressed equations of motion become

iX̄nh
(Ω̄− B̄) = dHT∗Q̄, (4.33)

which is equivalent to (3.18), but now J̄ : T ∗Q̄→ h∗ is a momentum map for ΩQ̄ − (〈J ,KW〉+ B̄).

Analogously to Corollary 3.7 we obtain:

Corollary 4.4. If there is a 2-form B̄ on T ∗Q̄ such that iX̄nh
B̄ = 0 and 〈J ,KW〉 + B̄ is basic with respect

to ρH : T ∗Q̄→ T ∗Q̄/H then,

(i) J̄ : T ∗Q̄→ h∗ is a momentum map for the manifold (T ∗Q̄,ΩQ̄ − (〈J ,KW〉+ B̄)).

(ii) The function gξ ∈ C∞(Q̄) defined in (3.20) is conserved by the compressed motion X̄nh.

Proof. (i) is straightforward. To show (ii), if B̄ is a 2-form on T ∗Q̄ for which J̄ : T ∗Q̄ → h∗ is a momen-
tum map of Ω̄ − B̄, then dJ̄ξ(X̄nh) = (Ω̄ − B̄)(ξT∗Q̄, X̄nh) = dHT∗Q̄(ξT∗Q̄) = 0 by the H-invariance of the
Hamiltonian. Using Prop. 3.5 we obtain that gξ is conserved.

Remark 4.5. If there is a B̄ satisfying the hypotheses of Corollary 4.4 then, for each ξ ∈ h∗, by Prop. 3.6,
〈J ,KW〉(X̄nh, ξT∗Q̄) = 0. ⋄

Assume now that there is a 2-form B̄ on T ∗Q̄ such that iX̄nh
B̄ = 0 and 〈J ,KW〉+ B̄ is basic with respect

to ρH : T ∗Q̄ → T ∗Q̄/H . Then the subsequent steps are equivalent to those carried out in Section 3, but
now using the 2-form 〈J ,KW〉+ B̄ instead of simply 〈J ,KW〉. That is, since the canonical momentum map
J̄ : T ∗Q̄ → h∗ is a momentum map for the 2-form (4.32), we can perform an (almost) symplectic reduction
on the (almost) symplectic manifold (4.32). For each µ̄ ∈ h∗, we obtain an almost symplectic form ω̄B̄µ̄ on

J̄−1(µ̄)/Hµ̄ such that

π∗
µ̄(ω̄

B̄

µ̄ ) = ι∗µ̄(ΩQ̄ − (〈J ,KW〉+ B̄)),

where πµ̄ : J̄−1(µ̄) → J̄−1(µ̄)/Hµ̄ is the projection to the quotient and ιµ̄ : J̄−1(µ̄) → M/G ≃ T ∗Q̄ is the

inclusion. Analogously to Prop. 3.9, if we denote by B the 2-form on T ∗Q̄/H such that ρ∗HB = 〈J ,KW〉+ B̄,
then

ω̄B̄µ̄ = Ωµ̄ −Bµ̄, (4.34)

where Ωµ̄ is the 2-form defined in (3.25) and Bµ̄ is the pullback of B to the submanifold J̄−1(µ̄)/Hµ̄. As in
(3.24), the reduced dynamics is given, on each leaf, by

iXµ̄red
(Ωµ̄ −Bµ̄) = d(Hµ̄). (4.35)

Moreover, following Prop. 3.11, the almost symplectic manifold (J̄−1(µ̄)/Hµ̄, ω̄
B̄
µ̄ ) is symplectomorphic to

(

T ∗(Q̄/H)×Q̄/H Õµ̄,ΩQ̄/H − βµ̄ −Υ∗Bµ̄

)

. (4.36)
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Therefore, following the same steps as the proof of Theorem 3.12 we obtain the following Theorem.

Theorem 4.6. Suppose that a 2-form B̄ on T ∗Q̄ satisfies iX̄nh
B̄ = 0 and that 〈J ,KW〉+B̄ is basic with respect

to ρH : T ∗Q̄→ T ∗Q̄/H. Then the connected components of the almost symplectic manifolds (J̄−1(µ̄)/Hµ̄, ω̄
B̄
µ̄ )

given in (4.34) are the almost symplectic leaves of the twisted Poisson bracket {·, ·}B
red

on M/G given in
Theorem 2.3’ for B the 2-form on M such that ρ∗

W
(B̄) = B.

Observe that under the hypotheses of Theorem 4.6 the almost symplectic leaves associated to the twisted
Poisson bracket {·, ·}Bred are identified with (the connected components of) the almost symplectic manifolds
(4.36).

The canonical bracket. Let {·, ·}Λ be the Poisson bracket on T ∗Q̄/H induced by the reduction (in the
sense of (2.3)) of the canonical Poisson bracket on T ∗Q̄ given by ΩQ̄. That is, for f, g ∈ C∞(T ∗Q̄/H),

{f, g}Λ ◦ ρH = ΩQ̄(Xρ∗Hf
, Xρ∗Hg

), (4.37)

where Xρ∗Hf
, Xρ∗Hg

are the hamiltonian vector fields associated to the 2-form ΩQ̄.

The symplectic leaves of the Poisson bracket {·, ·}Λ are (the connected components of) the Marsden-
Weinstein quotients (J−1(µ̄)/Hµ̄,Ωµ̄).

Proposition 4.7. Under the hypothesis of Theorem 4.6 the reduced bracket {·, ·}Bred is gauge related with the
Poisson bracket {·, ·}Λ by the 2-form B, where B is the 2-form on T ∗Q̄/H such that ρ∗HB = 〈J ,KW〉+ B̄.

Proof. The reduction of the almost Poisson bracket {·, ·}B by the GW-action gives the almost symplectic
manifold (4.32). Observe also that ΩQ̄ is gauge related with Ω̄− B̄ by the 2-form 〈J ,KW〉+ B̄ which is basic
with respect to ρH : T ∗Q̄→ T ∗Q̄/H . Therefore, by [1, Prop 4.8], the reduced brackets {·, ·}Λ and {·, ·}Bred are
gauge related by B.

Remark 4.8. The Poisson bracket {·, ·}Λ is the Poisson bracket Λ considered in [1]. In fact, {·, ·}Λ can be
seen as the reduction by the G-action of the almost Poisson bracket given by the gauge transformation of
{·, ·}nh by the 2-form 〈J ,KW〉. ⋄

5 Nonholonomic Lagrange-Routh equations

In this section we study a version of the Lagrange-Routh equations for nonholonomic systems that depends
on the form 〈J ,KW〉. We will see that if 〈J ,KW〉 is basic with respect to the projection ρH : T ∗Q̄→ T ∗Q̄/H ,
then the Lagrangian equations of motion on each almost symplectic leaf (3.29) are a nonholonomic version
of the Lagrange-Routh equations. Therefore, the equations of motion of the twisted Poisson bracket {·, ·}red

are related to the nonholonomic Lagrange-Routh equations.

We consider a nonholonomic system on the manifold Q given by a Lagrangian L and a distribution D
with a G-symmetry. Let W be a G-invariant vertical complement W of D on TQ as in (2.7) and assume that
it satisfies the vertical-symmetry condition (2.14). Thus the nonholonomic system is GW-Chaplygin and the
compressed equations of motion take place in T ∗Q̄ or T Q̄, depending on whether we work in the Hamiltonian
or Lagrangian formalism. The Lagrange-Routh equations are defined on the tangent bundle (i.e., using the
Lagrangian formalism) and thus we start by discussing the Lagrangian formalism of nonholonomic systems.

5.1 Lagrangian formulation and reduction

As we have seen in Section 2.1, the Legendre transformation (FL) : TQ→ T ∗Q is an isomorphism linear on
the fibers, and thus the moment map J : M → g∗ induces a function JL : D → g∗ given by

JL := J ◦ (FL)|D.
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In order to express a 2-form as in (2.13) we start by denoting also by KW the g-valued 2-form on D given by
KW = τ∗

W
(KW ), where τD : D → Q is the canonical projection and KW is the g-valued 2-form on Q defined

in (2.11). Therefore, we have a well defined 2-form on D given by 〈JL,KW〉 that is basic with respect to the
orbit projection φW : D → D/GW ≃ T Q̄ (analogous to Lemma 3.2). As before, we denote by 〈JL,KW〉 the
2-form on T Q̄ such that φ∗

W
〈JL,KW〉 = 〈JL,KW〉.

On the manifold Q̄ := Q/GW , we have the compressed Lagrangian l : T Q̄ → R induced by L, i.e.,
φ∗

W
l = L|D, that is also of mechanical type: l = 1

2 κ̄ − V where κ̄ is the (partially reduced) kinetic energy
and V is the (partially reduced) potential on Q̄. Denote by (Fl) : T Q̄ → T ∗Q̄ the associated Legendre
transformation. Observe also that 〈JL,KW〉 = (Fl)∗〈J ,KW〉. It follows that the compressed equations of
motion on T Q̄ are given by the integral curves of the vector field X̄ l

nh on T Q̄ such that

iX̄lnh(Ωl − 〈JL,KW〉) = dEl, (5.38)

where Ωl = (Fl)∗ΩQ̄ and El : T Q̄→ R is the Lagrangian energy associated to the Lagrangian l : T Q̄→ R.

Expression in coordinates. Following [29], let us consider local coordinates (rα, sA) on the manifold Q
adapted to a local trivialization U ×GW of the principal bundle Q → Q/GW for α = 1, ...,m = n− dimGW

and A = 1, ..., dimGW . Let {eA} be a basis of gW ; then (by left trivialization TGW ≃ GW × gW) an element
v ∈ T(r,s)(U ×GW) can be represented by v(r,s) = (ṙ, η), where η = ηAeA ∈ gW .

Recall that TQ = D⊕W andW is also the vertical space associated to the GW-action. Let us first denote
by AW : TQ→ gW the principal connection for which the horizontal space is the distribution D. If we denote
by ZA the infinitesimal generator of the element eA ∈ gW , i.e., ZA := (eA)Q, then AW( ∂

∂rα ) = AA
α (r, s)eA

and A(ZA) = eA, and so

D = span{Xα :=
∂

∂rα
−AA

α (r, s)ZA} and W = span{ZA}. (5.39)

If (ṙα, vA) are the coordinates associated to local the basis {Xα, ZA} then the orbit projection φW : D →
D/GW ≃ T Q̄ is given by φW(rα, sA, ṙα) = (rα, ṙα), and thus the reduced equations of motion on T Q̄ are
given by:

∂l

∂rα
−
d

dt

∂l

∂ṙα
=

(

∂L

∂vB

)∗

KB
αβ ṙ

β , (5.40)

where the star indicates that we have substituted the constraints vB = 0 after differentiation (or equivalently,

we can write
(

∂L
∂ηB

)∗

and substitute ηA = AA
α ṙ

α), and where

KB
αβ = CBαβ − CBβα, for CBαβ =

∂AB
α

∂rβ
+AA

α

∂AB
β

∂sA
(5.41)

are the components of the W-curvature (or equivalently the curvature associated to the principal connection
AW) in the basis {Xα, ZA}, i.e., KW(Xα, Xβ) = dAW(Xα, Xβ) = KA

αβeA (see [4] and [29]).

Remark 5.1. The functions
(

∂L
∂vB

)∗
KB
αβ are well defined on T Q̄ because they are the coefficients of the

2-form 〈JL,KW〉. ⋄

Further reduction and the nonholonomic Euler-Poincaré equations. From Section 3.2 and by (5.38)
we see that the Lie group H = G/GW is a symmetry of the nonholonomic system given on the almost
symplectic manifold (T Q̄,Ωl − 〈JL,KW〉) with Lagrangian energy El.

We endow the manifold Q̄ with local coordinates (xi, ya) for i = 1, ...,m − dimH and a = 1, ..., dimH ,
associated to the local trivialization Ū × H of the principal bundle τ̄ : Q̄ → Q̄/H . Let {ēa} be a basis of
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the Lie algebra h; then (by left trivialization TH ≃ H × h) an element v ∈ T(x,y)(Ū ×H) is represented by
v(x,y) = (ẋ, w), where w = waēa ∈ h. A principal connection Ā : T Q̄→ h induces a (local) basis on T Q̄ given
by

B = {X̄i :=
∂

∂xi
− Āa

i Z̄a , Z̄a}, (5.42)

where Z̄a is the infinitesimal generator of the element ēa ∈ h, i.e., Z̄a := (ēa)Q̄ and Āa
i = Āa

i (x
i, ya) such that

Ā( ∂
∂xi ) = Āa

i ēa. We denote by (ẋi, ξa) the (local) coordinates on T Q̄ associated to this basis. Therefore in
local coordinates, the orbit projection φH : T Q̄→ T Q̄/H is given by φH(xi, ya; ẋi, ξa) = (xi; ẋi, ξa).

Following [27] we consider Ā to be the mechanical connection with respect to the metric given by the
kinetic energy κ̄ of the reduced Lagrangian l : T Q̄ → R. In this case, the Lagrangian written in the local
coordinates (xi, ya, ẋi, ξa) is

l(x, y, ẋ, ξ) =
1

2
κ̄ij(x, y)ẋ

iẋj +
1

2
κ̄ab(x, y)ξ

aξb − V (x, y). (5.43)

By the H-invariance of l : T Q̄→ R, the Euler-Lagrange equations given by iXΩl = dEl can be reduced to
T Q̄/H and we obtain the Lagrange-Poincaré equations, [8, 4]. In our case, the Lagrange-Poincaré equations
are modified by the presence of the H-invariant 2-form 〈JL,KW〉 in (5.38). More precisely, let us assume
that 〈JL,KW〉 is basic with respect to the orbit projection φH : T Q̄→ T Q̄/H and denote by 〈JL,KW〉

red
the

2-form on T Q̄/H such that 〈JL,KW〉 = φ∗H〈JL,KW〉
red

.

Lemma 5.2. In the local coordinates (xi, ẋi, ξA) on T Q̄/H the 2-form 〈JL,KW〉
red

has the form

〈JL,KW〉
red

=
∂l

∂ẋi
Di
jkdx

j ∧ dxk +
∂l

∂ξa
Da
jkdx

j ∧ dxk,

where Di
jk and Da

jk are functions on Q̄/H defined in (5.45).

Proof. From (5.41) we see that

〈JL,KW〉 =

(

∂L

∂vA

)∗

CAαβdr
α ∧ drβ = ṙγκγAC

A
αβdr

α ∧ drβ , (5.44)

where κγA = κ(Xγ , ZA) are the coefficients of the kinetic energy metric κ of L in the basis {Xγ, ZA} in (5.39).

In local coordinates (xi, ya) on Q̄, define the functions λαi and λαa on Q̄ such that drα = λαi dx
i + λαa ǫ

a,
where {dxi, ǫa := Z̄a + Āa

i dx
i} is the dual basis of (5.42). Therefore,

〈JL,KW〉 = ṙγκγAC
A
αβλ

α
i λ

β
j dx

i ∧ dxj + ṙγκγAK
A
αβλ

α
i λ

β
a dx

i ∧ ǫa + ṙγκγAC
A
αβλ

α
aλ

β
b ǫ

a ∧ ǫb,

where ṙγ = ṙγ(x, y) = λγi ẋ
i + λγaξ

a. Finally, if 〈JL,KW〉 is basic with respect to the orbit projection
ρH : T Q̄→ T Q̄/H then it does not have the ǫa-coordinate, that is,

〈JL,KW〉
red

= (ẋkλγkκγAC
A
αβλ

α
i λ

β
j + ξbλγbκγAC

A
αβλ

α
i λ

β
j )dx

i ∧ dxj .

Since we are working with the mechanical connection then ∂l/∂ẋl = ẋkκ̄kl and ∂l/∂ξ
a = κ̄abξ

b . If we denote
by κ̄ij (respectively κ̄ab) the elements of the matrix [κ̄]−1—here [κ̄] is the matrix associated to the kinetic
energy κ̄—then the functions Dl

ij and Da
ij on Q̄/H are given by

Dl
ij = κ̄klλγkκγAC

A
αβλ

α
i λ

β
j and Da

ij = κ̄abλγbκγAC
A
αβλ

α
i λ

β
j . (5.45)

Note that, in principle, the functions Di
jk and Da

jk are functions on Q̄ but since we assume that 〈JL,KW〉 is

basic then Di
jk and Da

jk are well defined functions on Q̄/H .
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Assuming that 〈JL,KW〉 is basic with respect to the orbit projection φH : T Q̄ → T Q̄/H , we denote by
Γjki and Γaki the functions on Q̄/H given by

Γjki = Dj
ki −Dj

ik and Γaki = Da
ki −Da

ik.

Finally, we obtain a nonholonomic version of the Lagrange-Poincaré equations:

∂l

∂xi
−
d

dt

∂l

∂ẋi
=

∂l

∂ξb
(F bij ẋ

j + cbacĀ
c
iξ
a) + (

∂l

∂ẋj
Γjik +

∂l

∂ξa
Γaik)ẋ

k (5.46a)

−
d

dt

∂l

∂ξa
=

∂l

∂ξb
(cbacξ

c + cbacĀ
c
i ẋ
i), (5.46b)

where F bij are the components of the curvature F associated to the mechanical connection Ā (i.e., F(X̄i, X̄j) =

F bij ēb) and ccab are the structure constants of the Lie algebra h.

Observe that these equations are a modification of the Lagrange-Poincaré equations by the extra terms
associated with the 2-form 〈JL,KW〉

red
.

5.2 The Routhian and the reduced equations of motion

The classical Routhian is a function on T Q̄ that involves the Lagrangian l : T Q̄ → R and whose definition
depends on the conservation of the canonical momementum map. If we assume that 〈J ,KW〉 is basic with
respect to ρH : T ∗Q̄ → T ∗Q̄/H , by Corollary 3.7 the canonical momentum map on T ∗Q̄ is conserved and
thus we can define the Routhian on T Q̄.

More precisely, first, Proposition 3.5 asserts that, for each ēa ∈ h, the function gēa on T ∗Q̄ defined in
(3.20) is the canonical momentum map 〈J̄ , ea〉 on T

∗Q̄. Therefore in local coordinates (xi, ya; ẋi, ξa) on T Q̄
defined in (5.42), we obtain that

∂l

∂ξa
= gēa ◦ (Fl), (5.47)

where Fl : T Q̄→ T ∗Q̄ is the Legendre transformation associated to the Lagrangian l : T Q̄→ R.

Second, observe that 〈J ,KW〉 is basic with respect to ρH : T ∗Q̄ → T ∗Q̄/H if and only if 〈JL,KW〉 is
basic with respect to φH : T Q̄ → T Q̄/H . Then, if we assume that 〈JL,KW〉 is basic, by Corollary 3.7 the
function gēa is conserved by the compressed motion. Therefore, using (5.47) we can restrict the system to
the level set µ̄ ∈ h∗ given by

µa =
∂l

∂ξa
(vq̄), (5.48)

where µ̄ = µaē
a and vq̄ ∈ Tq̄Q̄.

For each µ̄ ∈ h∗, the Routhian Rµ̄ : T Q̄→ R is defined by

Rµ̄(vq̄) = l(vq̄)− 〈µ̄, Ā(vq̄)〉. (5.49)

In coordinates, the Routhian can be seen as a partial Legendre transformation in the variables ξa:

Rµ̄(x, y, ẋ) = [l(x, y, ẋ, ξ)− µaξ
a]|ξa=ξa(x,y) ,

where ξ(x, y) is the unique solution for ξ in (5.48) for a particular µa. Also, it can be checked that the
Routhian does not depend on ξa and that the Euler-Lagrange equations coincide for the Lagrangian l and
Rµ̄, [27, 23].

Remark 5.3. The functions ξa(x, y) do not depend on the velocities (ẋi) since we are considering coordinates
adapted to the mechanical connection Ā, in this case, µa = κ̄ab(x, y)ξ

b. ⋄
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The equations of motion on J̄−1
l (µ̄)/Hµ̄ ⊂ T Q̄/H. Analogous to what we did in Section 3.2, the

H-action on Q̄ defines a (Lagrangian) momentum map J̄l : T Q̄→ h∗ given by

〈J̄l(vq̄), ξ〉 =
∂l

∂ξa
(vq̄)ξ

a,

where ξa are the coordinates of ξ ∈ h in the basis ēa. In other words, (Fl)∗J̄ = J̄l, where J̄ : T ∗Q̄ → h∗ is
the canonical momentum map. Note that, by (5.47) we have 〈J̄l(vq̄), ξ〉 = gξ ◦ (Fl) (vq̄).

Observe that we have the same ingredients as in Section 3.3, but now on the Lagrangian side: the
compressed dynamics is defined on the almost symplectic manifold (T Q̄,Ωl−〈JL,KW〉) by the (Lagrangian)
energy El and the canonical momentum map J̄l : T Q̄ → h∗ is a momentum map for Ωl − 〈JL,KW〉. Then,
by (5.48) the dynamics is restricted to J̄−1

l (µ̄). In this section we study the equations of motion in local
coordinates on each reduced level set J̄−1

l (µ̄)/Hµ̄.

Using Lemma 3.10, let us consider the bundle J̄−1
l (µ̄)/Hµ̄ → Q̄/H and denote by

Υµ̄l : T (Q̄/H)×Q̄/H Q̄/Hµ̄ → J̄−1
l (µ̄)/Hµ̄ (5.50)

the bundle diffeomorphism over the identity. Again, if the level µ̄ is clear, we write Υl to denote Υµ̄l .

Since the Routhian Rµ̄ on T Q̄ is Hµ̄-invariant [27], by restriction and reduction there is a well-defined
function

Rµ̄ : T (Q̄/H)×Q̄/H Q̄/Hµ̄ → R

called the reduced Routhian, such that Rµ̄c = (Υ−1
l ◦ πµ̄l )

∗Rµ̄, where Rµ̄c is the restriction of the Routhian Rµ̄

to J̄−1
l (µ̄) and πµ̄l : J̄−1

l (µ̄) → J̄−1
l (µ̄)/Hµ̄ is the orbit projection. In [27] the Hµ̄-invariant function on Q̄

given by

Cµ̄(x, y) =
1

2
〈µ̄, I−1(x, y)µ̄〉, (5.51)

where for each (x, y) ∈ Q̄ the map I(x, y) : h → h∗ is an isomorphism such that 〈I(x, y)ξ, η〉 = κ̄(ξQ̄, ηQ̄), was
introduced to study Rµ̄. On the other hand, the kinetic energy κ̄ on Q̄ induces a metric || · || on Q̄/H so
that, for vx ∈ Tx(Q̄/H), ||vx|| = κ̄((vx)

h
q̄ , (vx)

h
q̄ ) where (vx)

h
q̄ ∈ Tq̄Q̄ is the horizontal lift of vx at q̄ associated

to the mechanical connection Ā (see (5.42)). Therefore, if we denote by τ̄µ̄ : Q̄→ Q̄/Hµ̄ the orbit projection,
then the reduced Routhian can be expressed as

Rµ̄(x, ẋ, τ̄µ̄(x, y)) =
1

2
||ẋ||2 − Vµ̄(τ̄µ̄(x, y)), (5.52)

where Vµ̄ ∈ C∞(Q̄/Hµ̄) such that τ̄∗µ̄Vµ̄ = V (x, y) + Cµ̄. Since the potential V is H-invariant, then there is

a Lagrangian function L defined on Q̄/H :

L(x, ẋ) =
1

2
||ẋ||2 − V(x), (5.53)

where τ̄∗V = V for τ̄ : Q̄ → Q̄/H . However, the function Cµ̄ is only Hµ̄-invariant and thus, using Lemma

3.10(ii), we define the function Cµ̄ on Õµ̄ such that Cµ̄ = (ψµ̄ ◦ τ̄µ̄)
∗Cµ̄. Therefore,

L− Cµ̄ = Rµ̄.

The classical Lagrange-Routh equations (i.e., the reduction of the Euler-Lagrange equation on Q̄ considering
the consevation law (5.48)) are given by [27],

∂L

∂xi
−
d

dt

∂L

∂ẋi
= µbF

b
ij ẋ

j + µbc
b
acĀ

c
i κ̄
adµd (5.54a)

−〈µ, [ξ, ēa]〉 = µbc
b
acĀ

c
i ẋ
i. (5.54b)

Now, we adapt these equations to the nonholonomic case. As a direct consequence of Lemma 5.2 and
(5.48), we obtain the following lemma.
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Lemma 5.4. If 〈JL,KW〉 is basic with respect to φH : T Q̄→ T Q̄/H, then, for each µ = µaea ∈ h∗,

Υ∗
l [〈JL,KW〉

red
]µ̄ =

∂L

∂ẋi
Di
jkdx

j ∧ dxk + µaD
a
jkdx

j ∧ dxk,

where [〈JL,KW〉
red
]µ̄ is the pullback of 〈JL,KW〉

red
to J̄−1

l (µ̄)/Hµ̄.

Hence, from (5.46a)-(5.46b), we obtain the nonholonomic version of the Lagrange-Routh equations:

Proposition 5.5. If the 2-form 〈JL,KW〉 is basic with respect to φH : T Q̄ → T Q̄/H, then the reduced
nonholonomic dynamics is restricted to the leaves T (Q̄/H)×Q̄/H Q̄/Hµ and the equations of motion are given
by

∂L

∂xi
−
d

dt

∂L

∂ẋi
= µbF

b
ij ẋ

j + µbc
b
acĀ

c
i κ̄
adµd + (

∂L

∂ẋj
Γjki − µaΓ

a
ki)ẋ

k (5.55a)

−〈µ, [ξ, ēa]〉 = µbc
b
acĀ

c
i ẋ
i. (5.55b)

Remark 5.6. Equations (5.55a) and (5.55b) are a modification of the Lagrange-Routh equations given in

[27] by the extra term
(

∂L
∂ẋj Γ

j
ki − µaΓ

a
ki

)

ẋk. This extra term carries the nonholonomic information of the

system after the two reductions: first by GW and then by H . ⋄

We conclude that equations (5.55a) and (5.55b) are the equations of motion on the level set J̄−1
l (µ̄)/Hµ̄

when the 2-form 〈JL,KW〉 of the nonholonomic system is basic.

Nonholonomic Lagrange-Routh equations after a gauge transformation. If 〈JL,KW〉 is not basic
but still gξ is conserved for all ξ ∈ h (see Corollary 4.4), then following Sec. 4 we may look for a suitable
gauge transformation. That is, suppose that there is a 2-form B̄l on T Q̄ such that iX̄lnhB̄l = 0 and that

〈JL,KW〉 + B̄l is basic with respect to φH : T Q̄ → T Q̄/H . Since 〈JL,KW〉 = (Fl)∗
(

〈J ,KW〉
)

then the

2-form B̄ on T ∗Q̄ such that B̄l = (Fl)∗B̄ is the dynamical gauge transformation by B̄ considered in Sec. 4.

As we did in Section 5.1, define the local coordinates (xi, ya) associated to the local trivialization of
Q̄→ Q̄/H and consider the coordinates (ẋi, ξa) on T(x,y)Q̄ associated to the local basis (5.42). From Lemma
5.2, we can consider 2-forms B̄l that locally have the form

B̄l = (
∂l

∂ẋi
B̄ijk +

∂l

∂ξa
B̄ajk)dx

j ∧ dxk + 2(
∂l

∂ẋi
B̄ijb +

∂l

∂ξa
B̄ajb)dx

j ∧ ǫb + (
∂l

∂ẋi
B̄ibc +

∂l

∂ξa
B̄abc)ǫ

b ∧ ǫc,

where Bijk, B
a
jk, B

i
jb, B

a
jb, B

i
bc, B

a
bc ∈ C∞(Q̄). Therefore, if 〈JL,KW〉 + B̄l is basic with respect to the orbit

projection φH : T Q̄→ T Q̄/H there is a 2-form Bl on T Q̄/H such that φ∗HBl = 〈JL,KW〉+ B̄l. If we denote
by [Bl]µ̄ the pullback of Bl to J̄

−1
l (µ̄)/Hµ̄ then we recover Lemma 5.4:

Υ∗
l [Bl]µ̄ =

(

∂L

∂ẋi
(Di

jk + B̄ijk) + µa(D
a
jk + B̄ajk)

)

dxj ∧ dxk, (5.56)

where Di
jk + B̄ijk and Da

jk + B̄ajk are functions on Q̄/H . If we denote by (ΓB̄)
j
ki and (ΓB̄)

a
ki the functions on

Q̄/H given by

(ΓB̄)
i
jk = (Di

jk + B̄ijk)− (Di
kj + B̄ikj) and (ΓB̄)

a
jk = (Da

jk + B̄ajk)− (Da
kj + B̄akj), (5.57)

then the reduced nonholonomic dynamics are restricted to the leaves T (Q̄/H)×Q̄/H Q̄/Hµ and the equations
of motion are given by

∂L

∂xi
−
d

dt

∂L

∂ẋi
= µbF

b
ij ẋ

j + µbc
b
acĀ

c
i κ̄
adµd + (

∂L

∂ẋj
(ΓB̄)

j
ki − µa(ΓB̄)

a
ki)ẋ

k (5.58a)

−〈µ, [ξ, ēa]〉 = µbc
b
acĀ

c
i ẋ
i. (5.58b)
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5.3 Leafwise equations of motion

In this section we show that the nonholonomic Lagrange-Routh eqs. (5.55a) and (5.55b) are the local
Lagrangian version of the equations of motion on each leaf of the reduced nonholonomic bracket {·, ·}red (or
equivalently that (5.58a) and (5.58b) are the Lagrangian version of the equations of motion on each leaf of
{·, ·}B

red
).

We will first study the intrinsic (symplectic) version of the Lagrange-Routh equations (5.54a)-(5.54b).
Then, by studing the almost symplectic leaves of the reduced nonholonomic bracket {·, ·}red defined in (2.3)
from a Lagrangian point of view we will see that the nonholonomic equations (5.55a) and (5.55b) are the
coordinate version of the equations of motion on each almost symplectic leaf of {·, ·}red.

Intrinsic version of the Lagrange-Routh equations. Recall that the lagrangian l : T Q̄ → R given in
(5.43) induces the symplectic manifold (T Q̄,Ωl) where Ωl := (Fl)∗ΩQ̄.

On the other hand, at each µ̄ ∈ h∗, the Lagrangian function L : T (Q̄/H) → R given in (5.53) induces the
isomorphism

(FL)µ̄ : T (Q̄/H)×Q̄/H Õµ̄ → T ∗(Q̄/H)×Q̄/H Õµ̄, (5.59)

given by (FL)µ̄ = (FL) × Idµ̄, where (FL) : T (Q̄/H) → T ∗(Q̄/H) is the Legendre transformation associated

to L and Idµ̄ is the identity over Õµ̄.

Lemma 5.7. Let ΩL be the Lagrangian 2-form on T (Q̄/H) associated to the Lagrangian L. Then

(i) (FL)µ̄ is a symplectomorphism between (T (Q̄/H)×Q̄/H Õµ̄,ΩL−βµ̄) and (T ∗(Q̄/H)×Q̄/H Õµ̄,ΩQ̄/H−βµ̄).

(ii) The manifold (T (Q̄/H) × Õ,ΩL − βµ̄) is symplectormophic to the Lagrangian Marsden-Weinstein
quotients (J̄−1

l (µ̄)/Hµ̄, ω
l
µ̄) such that ι∗l Ωl = π∗

l ω
l
µ̄, where ιl : J̄−1

l (µ̄) → T Q̄ is the inclusion and

πl : J̄
−1
l (µ̄) → J̄−1

l (µ̄)/Hµ̄ is the projection to the quotient.

Proof. (i) First, observe that (FL)∗ΩQ̄/H = ΩL and, since βµ̄ is a 2-form on Õ, it is not affected by the
Legendre transform. Therefore,

(FL)∗µ̄(ΩQ̄/H − βµ̄) = ΩL − βµ̄.

(ii) Using the diffeomorphisms Υ−1 =: Φ : J̄−1(µ̄)/Hµ̄ → T ∗(Q̄/H) × Õµ̄ and Υ−1
l =: Φl : J̄

−1
l (µ̄)/Hµ̄ →

T (Q̄/H)×Õµ̄ defined in Lemma 3.10 and (5.50) and denoting also by (Fl) : J̄−1
l (µ̄) → J̄−1(µ̄) the restriction

of the Legendre transform, the following diagram commutes [23]:

J̄−1(µ̄)
π
//

(Fl)

��

J̄−1(µ̄)/Hµ̄
Φ

// T ∗(Q̄/H)× Õµ̄

(FL)µ̄
��

J̄−1
l (µ̄)

πl
// J̄−1
l (µ̄)/Hµ̄

Φl
// T (Q̄/H)× Õµ̄.

(5.60)

Now, we see that Φ∗
l (ΩL − βµ̄) = ωlµ̄, which is equivalent to π∗

l Φ
∗
l (ΩL − βµ̄) = ι∗l Ωl. Observe that π∗

l Φ
∗
l (ΩL −

βµ̄) = ((FL) ◦ Φl ◦ πl)
∗(ΩQ̄/H − βµ̄). The commuting diagram then gives ((FL) ◦ Φl ◦ πl)

∗(ΩQ̄/H − βµ̄) =
(Φ ◦ π ◦ (Fl))∗(ΩQ̄/H − βµ̄) = (Fl)∗(π∗ωµ̄) = (Fl))∗(ι∗ΩQ̄) = ι∗l Ωl.

Now we study the dynamics on the manifold (T (Q̄/H)×Q̄/H Õµ̄,ΩL−βµ̄). Recall that the Euler-Lagrange
equations are given by the integral curves X̄ l ∈ X(T Q̄) such that iX̄lΩl = dEl, where El is the lagrangian
energy. Using Lemma 5.7, the reduced dynamics at the µ̄-level are given by the integral curves of X ∈
X(T (Q̄/H)×Q̄/H Õµ̄) given by

iX (ΩL − βµ̄) = dEµ̄, (5.61)

where Eµ̄ ∈ C∞(T (Q̄/H)× Õµ̄)) satisfies ι
∗
lEl = ((Υl)

−1 ◦ πl)
∗Eµ̄.
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Lemma 5.8. The energy Eµ̄ in (5.61) is Eµ̄ = EL + Cµ̄, where EL ∈ C∞(T (Q̄/H)) is the Lagrangian energy
associated to the Lagrangian L and Cµ̄ ∈ C∞(Q̄/Hµ̄) is defined in Sec. 5.2.

Proof. Since l is of mechanical type, we observe that for vq ∈ J̄−1
l (µ̄) the energy associated to the Lagrangian

l is

El(vq) =
1

2
κ̄(PH(vq), PH(vq)) +

1

2
κ(PV (vq), PV (vq)) + V (q).

where PH : T Q̄ → H and PV : T Q̄ → V are the horizontal and vertical projections with respect to the
mechanical connection Ā. Since κ̄(PV (vq), PV (vq)) = 〈µ̄, Ā(vq)〉 = 〈µ̄, I−1(q)µ̄〉 = 2Cµ̄ we obtain that the
energy El restricted to J̄−1

l (µ̄) is Hµ̄-invariant. Moreover, as we saw in Sec.5.2, the kinetic energy metric κ̄
and the potential V drop to a metric || · || and a potential V on Q̄/H . However, the function Cµ̄ ∈ C∞(Q̄)
drops to a function on Q̄/Hµ̄. Therefore, we see that the reduced Lagrangian energy Eµ̄ is a function on

T (Q̄/H)× Õµ̄ given by

Eµ̄ =
1

2
|| · ||2 + V + Cµ̄ = EL + Cµ̄.

The energy Eµ̄ satisfies ι∗lEl = (Φl ◦ πl)
∗Eµ̄, and thus the Lemma is proven.

Remark 5.9. The reduced Hamiltonian hµ̄ ∈ C∞(T ∗(Q̄/H)×Õ) is the function such that [(FL)µ̄]
∗hµ̄ = Eµ̄.

⋄

The next step is to see that the Lagrange-Routh equations (5.54a)-(5.54b) are the coordinate version of
(5.61). To do that, let us consider the Ehresmann connection Aµ̄ on the fiber bundle ρµ̄ : Q̄/Hµ̄ → Q̄/H
induced by the mechanical connection Ā : T Q̄ → h. That is, define the horizontal and vertical spaces on
T (Q̄/Hµ̄) as

Hµ̄ = {Tπµ̄(X̄) : X̄ ∈ H} and Vµ̄ = {Tπµ̄(Z̄) : Z̄ ∈ V }, (5.62)

where πµ̄ : Q̄→ Q̄/Hµ̄ is the orbit projection and H and V are the horizontal and vertical spaces with respect
to the mechanical connection Ā given in (5.42).

Proposition 5.10. The equations (5.54a)-(5.54b) are obtained by evaluating equation (5.61) on horizontal
and vertical elements given in (5.62).

Proof. During this proof, we call π1 and π2 the projection to the first and second factor respectively of
T (Q̄/H)×Q̄/H Õµ̄. First, observe that if Yi = TπH(X̄i, 0) ∈ T Õ for X̄i given in (5.42) and πH : Q̄×Oµ̄ → Õµ̄

then Yi ∈ Hµ. Let X ,Yi = (∂/∂xi, Yi) ∈ T (T (Q̄/H)×Õµ̄) and observe that (ΩL−βµ̄)(X ,Yi) = d(EL+Cµ̄)(Yi)
is equivalent to

ΩL(Tπ1(X ), ∂/∂xi)− dEL(X̄i) = βµ̄(Tπ2(X ), Yi) + dCµ̄(Yi). (5.63)

Then we see that the left hand side of (5.63) gives the Euler-Lagrange equations for L, which is the left hand
side of (5.54a). On the other hand, observe that if X̃ ∈ T (Q̄×Oµ̄) is such that TπH(X̃) = Tπ2(X ) then

βµ(Tπ2(X ), Yi) + dCµ(Yi) = dαĀ(X̃, (X̄i, 0)) + ωO(Tπ2(X̃), 0) + dCµ(Tπµ̄(X̄i))

= 〈µ̄, F (X , Yi)〉+ (dCµ̄)i = µbF
b
ij ẋ

j + (dCµ)i.
(5.64)

where we follow [27] and [25] to compute dαĀ(X̃, (X̄i, 0)). Observe that µbc
b
acĀ

c
i κ̄
adµd = dCµ̄(T τ̄µ̄(X̄i)).

To obtain (5.54b), consider Ya = TπH(0, ad∗ēa µ̄) ∈ Vµ and observe that Ya = (0, Ya) ∈ T (T (Q̄/G)× Õµ̄).
Then the evaluation of (5.61) in Ya gives ΩL(Tπ1(X ), 0)−dEL(0) = βµ̄(Tπ2(X ), Ya)+dCµ̄(Ya). Now, taking
into account that Ya = Tπµ̄(Z̄a) for Z̄a in (5.42),

β(Tπ2X , Ya) + dCµ(Ya) = dαĀ(X̃, (0, ad
∗
ēa µ̄)) + ωO(Tπ2(X̃), ad∗ēa µ̄) + dCµ̄(Tπµ̄(Z̄a)) = 〈µ̄, [ξ, ēa]〉+ (dCµ̄)a,

where Tπ2(X̃) = ad∗ξµ and also cbacĀ
c
i ẋ
i = dCµ̄(T τ̄µ̄(Z̄a)).
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Finally we can observe that

Corollary 5.11. The coordinate equations of motion on each leaf of the Poisson bracket {·, ·}Λ given in
(4.37) are related to the Lagrange-Routh equations (5.54a)-(5.54b) via the isomorphism Υµ̄ ◦ (FL)µ̄ defined in
(5.59).

Proof. By Lemma 3.10(i) and Lemma 5.7(i) we have that the leaves of {·, ·}Λ given by the connected com-
ponents of (J̄−1(µ̄)/Hµ̄,Ωµ̄) (eq.(3.25)) are symplectomorphic to (T (Q̄/H) ×Q̄/H Õµ̄,ΩL − βµ̄). Then the
Corollary is a consequence of Prop. 5.10.

Intrinsic version of the nonholonomic Lagrange-Routh equations. Recall that we denote by
〈JL,KW〉

red
the 2-form on (T Q̄)/H such that φ∗H〈JL,KW〉

red
= 〈JL,KW〉 and by [〈JL,KW〉

red
]µ̄ the pullback

of 〈JL,KW〉
red

to J̄−1
l (µ̄)/Hµ̄ ⊂ T Q̄/H .

Lemma 5.12. For each µ̄ ∈ h∗,

(FL)∗µ̄

[

Υ∗[〈J ,KW〉
red
]µ̄

]

= Υ∗
l [〈JL,KW〉

red
]µ̄.

where Υ and Υl are the diffeomorphisms defined in Lemma 3.10 and (5.50) respectively.

Proof. This Lemma is a consequence of the commuting diagrams in (5.60) and Lemma 5.2.

Using the isomorphism (FL)µ̄ given in (5.59) and Lemma 5.12 with Corollary 5.7(i), we obtain that the
almost symplectic manifold (3.29) is symplectomorphic to

(

T (Q̄/H)×Q̄/H Õµ̄,ΩL − βµ̄ −Υ∗
l [〈JL,KW〉

red
]µ̄

)

. (5.65)

where ΩL is the Lagrangian 2-form on T (Q̄/H) associated to L. We conclude that the leaves of the twisted
Poisson bracket {·, ·}red are identified to (the connected components of) (5.65) via the isomorphism Υµ̄◦(FL)µ̄.

Finally, following Proposition 5.10 and Lemma 5.4, we observe that:

Theorem 5.13. If the 2-form 〈JL,KW〉 is basic with respect to φH : T Q̄→ (T Q̄)/H then the nonholonomic
Lagrange-Routh equations (5.55a)-(5.55b) are the coordinate version of the equations of motion given on the
almost symplectic manifold (5.65) with energy Eµ̄ = EL + Cµ̄, where EL is the energy on T (Q̄/H) induced by
the Lagrangian L.

Under the hypothesis of Theorem 5.13 recall that on the one hand, the connected components of
(J̄−1(µ̄)/Hµ̄, ω̄µ̄) given in (3.25) are the leaves of {·, ·}red (Theorem 3.12). On the other hand, (J̄−1(µ̄)/Hµ̄, ω̄µ̄)
is symplectomorphic to (5.65), and thus we also conclude the following:

Corollary 5.14. The coordinate equations of motion on each leaf of the reduced nonholonomic bracket {·, ·}red

given in Theorem 2.3 are related to the nonholonomic Lagrange-Routh equations (5.55a)-(5.55b) via the
isomorphism Υµ̄ ◦ (FL)µ̄ defined in (5.59).

Intrinsic formulation after a gauge transformation. If 〈J ,KW〉 is not basic with respect to ρH : T ∗Q̄→
T ∗Q̄/H then we consider a dynamical gauge transformation of the 2-form Ω̄ by a 2-form B̄ (i.e., iX̄nh

B̄ = 0

and 〈J ,KW〉 + B̄ nondegenerate) such that 〈J ,KW〉 + B̄ is basic. Recall that we denote by B the 2-form
on T ∗Q̄/H such that ρ∗HB = 〈J ,KW〉+ B̄. Then the almost symplectic manifolds (J̄−1(µ̄)/Hµ̄, ω̄

B̄
µ̄ ) given in

(4.34) are symplectomorphic to
(

T (Q̄/H)×Q̄/H Õµ̄,ΩL − βµ̄ − (Υl ◦ (FL)µ̄)
∗Bµ̄

)

, (5.66)

where Bµ̄ is the pull back of B to J̄−1(µ̄)/Hµ̄. Then the nonholonomic Lagrange-Routh equations are the
local equations of motion defined on the almost symplectic manifold (5.66) with energy Eµ̄ given in Lemma
5.8.
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6 The conformal factor

In general (3.18) and (3.24) are not Hamiltonian systems. However, there are several techniques that one
may employ to attempt to make them Hamiltonian systems. The pursuit of this goal is referred to as
Hamiltonization. Let us now discuss the two most popular approaches to Hamiltonization for Chaplygin
systems.

6.1 Approaches to Hamiltonization at the compressed level

In [33] Stanchenko showed that if one can find a function f ∈ C∞(Q̄) such that f Ω̄ is closed then (3.18)
becomes Hamiltonian with respect to the new 2-form f Ω̄ and the new vector field X̄nh/f . He also showed
that a sufficient condition for this to occur is that

df ∧ΘQ̄ = f〈J ,KW〉. (6.67)

Thus, in this approach to Hamiltonization one obtains dynamics with respect to the non-canonical 2-form
f Ω̄.

Much earlier, Chaplygin showed in [9] that in some instances a function f ∈ C∞(Q̄/H) may be found
such that after the reparameterization of time dτ = f(r) dt the local equations of (3.18) become Hamiltonian
in the new time τ , with respect to the canonical form ΩQ̄/H. In [14, eq.(2.17)] the authors derived a set
of coupled first-order partial differential equations for f for G-Chaplygin systems whose shape space has
arbitrary dimension. These conditions, as well as the reparameterization itself, were described from a global
perspective in [30].

In both the Stanchenko and Chaplygin approaches the function f is called the conformal factor or multi-
plier. However, as described above, in Stanchenko Hamiltonization one generally ends up with a non-canonical
2-form, whereas in Chaplygin Hamiltonization one generally ends up with a canonical 2-form. Lastly, we men-
tion that the non-existence of a conformal factor at a certain level of reduction does not preclude the existence
of a conformal factor at a further level of reduction. Indeed, we will discuss in Section 7 two examples where
this happens.

6.2 Further reduction and Hamiltonization.

In order to perform an (almost) symplectic reduction of the compressed system (3.19), we assume that
there is a 2-form B̄ such that iX̄nh

B̄ = 0 and 〈J ,KW〉 + B̄ is basic with respect to the orbit projection
ρH : T ∗Q̄ → T ∗Q̄/H (see Section 4.1). Then, the (almost) symplectic reduction of (4.32) gives the reduced
almost symplectic manifold (J−1(µ̄)/Hµ, ω̄

B̄
µ̄ ) or equivalently (4.36).

Following [30] let us assume that the Lie group H = G/GW is abelian. In this case, (4.36) is the almost
symplectic manifold

(T ∗(Q̄/H),ΩQ̄/H − βµ̄ −Υ∗Bµ̄) (6.68)

where β can be viewed as a 2-form on Q̄/H such that π∗
Hβµ̄ = 〈µ̄, dĀ〉 for πG : Q̄ → Q̄/H (see (3.28)) and

Ā : T Q̄→ h∗ is the (mechanical) connection. We also remind the reader that Bµ̄ is the pullback of B to the

level J̄−1(µ̄)/Hµ̄, where B is the 2-form on T ∗Q̄/H such that ρ∗HB = 〈J ,KW〉 − B̄.

Our goal is now to find a conformal factor fµ ∈ C∞(Q̄/H) of the 2-form ΩQ̄/H−βµ̄−Υ∗Bµ̄ on T ∗(Q̄/H).
We can proceed in a similar way as in the Chaplygin case, and now generalize the Stanchenko approach to
Hamiltonization.

Proposition 6.1. At each µ̄ ∈ h∗, a sufficient condition for the existence of a fµ̄ ∈ C∞(Q̄/H) such that
fµ̄(ΩQ̄/H − βµ̄ −Υ∗Bµ̄) is closed, is that

dfµ̄ ∧ΘQ̄/H − fµ̄(βµ +Υ∗Bµ̄) = 0, (6.69)
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where ΩQ̄/H = −dΘQ̄/H.

Proof. If we differentiate both sides of (6.69), we obtain that d (fµ̄(ΩQ̄/H − βµ̄ −Υ∗Bµ̄)) = 0.

When f satisfies (6.69), the dynamics (4.35) become the Hamiltonian system

i(1/fµ̄)Xµ̄red
(fµ̄(Ωµ̄ −Bµ̄)) = d(Hµ̄), (6.70)

where Ωµ̄ = ΩQ̄/H − βµ̄ given in (3.25). If βµ = 0 and there is no need for a gauge transformation—i.e.,

〈J ,KW〉 is already basic and thus B = 〈J ,KW〉
red
—then (6.69) and (6.70) reproduce the results of [33].

Let us now discuss the generalization of Chaplygin Hamiltonization to our present setting. Specifically, for
each µ̄ ∈ h∗ we are now interested in transforming (4.35) into a Hamiltonian system relative to the standard
symplectic form ΩQ̄/H . We will follow the discussion in [30].

To begin, consider the vector field (1/fµ̄)X
µ̄
red and define the diffeomorphism Ψfµ̄ : T ∗Q̄→ T ∗Q̄ such that

Ψfµ̄(α) = fµ̄α.

Proposition 6.2. The system (4.35) can be transformed into the Hamiltonian system

iX̄µ̄C
ΩQ̄/H = dH̄µ̄

C , (6.71)

where TΨfµ̄ ◦ ((1/fµ̄)X
µ̄
red) = X̄ µ̄

C ◦Ψfµ̄ and H̄µ̄
C = Hµ̄ ◦Ψ1/fµ̄ , if and only if fµ̄ satisfies

iXµ̄red
(dfµ̄ ∧ΘQ̄/H − fµ̄(βµ +Υ∗Bµ̄)) = 0. (6.72)

Proof. Since ρ∗HB = 〈J ,KW〉 + B̄ is merely a shift by B̄ of 〈J ,KW〉, then from the calculations in [30] we
have

iX̄µ̄C
ΩQ̄/H +Ψ∗

1/fµ̄

(

i(1/fµ̄)Xµ̄red
(dfµ̄ ∧ΘQ̄/H − fµ̄(βµ +Υ∗Bµ̄))

)

= dH̄µ̄
C .

Note that condition (6.69) is a sufficient condition for the dynamics to be described as in (6.71).

Remark 6.3. In [30] the necessary and sufficient condition for the Hamiltonization (6.71) is expressed as

iX̄µ̄C

(

dfµ̄ ∧ΘQ̄/H − f2
µ̄(βµ +Ψ∗

1/fµ̄
Υ∗Bµ̄)

)

= 0, which is an equivalent condition to (6.72). ⋄

Following [14] we now give a set of coupled differential equations describing the conformal factor fµ̄ for
each leaf (6.68). These equations are the local version of (6.72).

Observe that the equations of motion on each almost symplectic leaf are given by the nonholonomic
Lagrange-Routh equations (Prop. 5.5 or equivalently by (5.58)). If H is abelian, these equations reduce
to equation (5.55a) (or (5.58a)). Moreover, using the H-invariance of the Lagrangian l : T Q̄ → R in
(5.43) we can write the reduced Lagrangian L : T ∗(Q̄/H) → R defined in (5.53) in local coordinates as
L(x, ẋ) = 1

2 κ̄ij(x)ẋ
iẋj − V(x). By the same argument as in [14] and using that Bµ̄ is given in (5.56), we get

that the conformal factor fµ exists if and only

∂f

∂xi
κ̄jk +

∂f

∂xk
κ̄ij − 2

∂f

∂xj
κ̄ik = f

(

κ̄lk(ΓB̄)
l
ij + κ̄li(ΓB̄)

l
kj

)

(6.73a)

µb
(

F bij − (ΓB̄)
b
ji

)

= 0. (6.73b)

for each triple (i, j, k) and where (ΓB̄)
k
ji and (ΓB̄)

b
ji are defined in (5.57). Observe that if such a conformal

factor exists, then it does not depend on the leaf.
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When βµ and the (ΓB̄)
b
ji are all zero these conditions reduce to those found in [14, Eq. (2.17)]. Those

authors also derive local conditions for f to exist in the general case when H is not abelian (though no gauge
transformations are considered); this results in a much more complicated set of first-order partial differential
equations in f .

Finally, let us discuss Hamiltonization in the context of twisted Poisson brackets. Suppose that f is a
nowhere vanishing function on a manifold P and that {·, ·} is a twisted Poisson bracket on P with almost
symplectic leaves (Oµ, ωµ). Then 1/f is a conformal factor {·, ·} if and only if the restriction of f to Oµ,
denoted by f |Oµ , is a conformal factor of ωµ. In our context, since f is a function on Q̄/H = Q/G then
τ∗G(1/f) ∈ C∞(M/G) is a conformal factor for a twisted Poisson bracket {·, ·}Bred if and only if the restriction
of τ∗Gf to T ∗(Q̄/H)×Q̄/H Õµ̄ is a conformal factor of (4.36), for τG : M/G→ Q/G.

7 Examples

7.1 The Snakeboard

In this section we discuss the snakeboard example. We use the formulation of the problem given in [21] and
subsequently studied in [4, 14, 30].

The system is modeled as a rigid body (the board) with two sets of independent actuated wheels, one on
each end of the board. The human rider is modeled as a momentum wheel which sits in the middle of the
board and is allowed to spin about the vertical axis. We denote by m the total mass of the board, J the
inertia of the board, J0 the inertia of the rotor, J1 the inertia of each of the wheels, and assume the relation
J + J0 +2J1 = mR2, where R is the radius from the center of the board to the pivot point of the wheel axle.
The configuration space is

Q = SE(2)× S1 × S1 = {(θ, x, y, ϕ, ψ)}.

The Lagrangian L : TQ→ R is

L =
1

2

[

m
(

ẋ2 + ẏ2 +R2θ̇2
)

+ 2J0 θ̇ ψ̇ + 2J1 ϕ̇
2 + J0 ψ̇

2
]

(7.74)

and whenever ϕ 6= 0, π, the nonholonomic constraints can be represented by the annihilator of the one-forms

ǫx = dx+R cotϕ cos θ dθ, ǫy = dy +R cotϕ sin θ dθ. (7.75)

The Lie group G = R
2 × S

1 is a symmetry of the nonholonomic system with the action on Q given by

G×Q→ Q; ((a, b, β), (θ, x, y, ϕ, ψ)) 7→ (θ, x + a, y + b, ϕ, ψ + β).

The distribution D and a vertical complement W (2.7) of D in TQ are given by

D = span

{

∂

∂θ
−R cos θ cotϕ

∂

∂x
−R sin θ cotϕ

∂

∂y
,
∂

∂ϕ
,
∂

∂ψ

}

and W = span

{

∂

∂x
,
∂

∂y

}

. (7.76)

As was observed in [1], W satisfies the vertical symmetry condition (2.14) for the Lie algebra gW = R
2.

Description of the almost symplectic leaves. Let (θ, x, y, ϕ, ψ; pθ, pϕ, pψ, px, py) be the coordinates
associated to the basis {dθ, dϕ, dψ, ǫx, ǫy}, which is dual to (7.76). The associated constrained momentum
space κ♯(D) = M ⊂ T ∗Q is given by

M =

{

px = −
mR cos θ sin2 ϕ cotϕ

mR2 − J0 sin
2 ϕ

(pθ − pψ), py = −
mR sin θ sin2 ϕ cotϕ

mR2 − J0 sin
2 ϕ

(pθ − pψ)

}

.
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The Lie group GW = R
2 —defining the translational symmetry— is a normal subgroup of G and has Lie

algebra gW = R
2. Thus the system is GW-Chaplygin and the compressed nonholonomic motion takes place

in T ∗Q̄, where Q̄ = SO(2)× S
1 × S

1 with coordinates (θ, ϕ, ψ). The 2-form on T ∗Q̄ describing the dynamics
is Ω̄ = ΩQ̄ − 〈J ,KW〉, where

〈J ,KW〉 = −
mR2 cotϕ

mR2 − J0 sin
2 ϕ

(pθ − pψ)dθ ∧ dϕ. (7.77)

The action of the Lie groupH = G/GW = S
1—which represents rotations in the ψ-variable—is a symmetry

of the compressed system, with the action on Q̄ defined as in (3.17):

H × Q̄→ Q̄; (β, (θ, ϕ, ψ)) 7→ (θ, ϕ, ψ + β).

Since 〈J ,KW〉 is basic with respect to the orbit projection ρH : T ∗Q̄ → T ∗Q̄/H , by Corollary 3.7 the
canonical momentum map J̄ : T ∗Q̄ → R is a momentum map for ΩQ̄ − 〈J ,KW〉. Thus, for ξ = 1 ∈ R, the
function J̄ξ = gξ = pψ is conserved by the compressed motion. Moreover, recalling that ̺ : g → h and since
̺(0, 0, 1) = 1, by Props. 3.4 and 3.5, f(0, 0, 1) = ρ∗Hg1 = pψ is conserved by the nonholonomic motion Xnh.

At each µψ ∈ h∗ the Marsden-Weinstein reduction (Section 3.3) gives the almost symplectic manifolds
(J̄−1(µψ)/H, ω̄µψ ), where J̄

−1(µψ)/H is represented by the coordinates (θ, ϕ, pθ, pϕ, µψ = pψ) and the almost

symplectic 2-form is given by ω̄µψ = Ωµψ − [〈J ,KW〉
red

]µψ , where Ωµψ is the 2-form obtained by the reduction

of the canonical symplectic manifold (T ∗Q̄,ΩQ̄) and [〈J ,KW〉
red
]µψ is the 2-form (7.77) on J̄−1(µψ)/H .

Now, since 〈J ,KW〉 is basic with respect to the orbit projection ρH : T ∗Q̄→ T ∗Q̄/H then reduced bracket
{·, ·}red is twisted Poisson (Theorem 2.3). Thus, by Theorem 3.12, (J̄−1(µψ)/H,Ωµψ − [〈J ,KW〉

red
]µψ ) are

the almost symplectic leaves of the reduced bracket {·, ·}red. Moreover, using Lemma 3.10 and (3.29) these
almost symplectic leaves are symplectomorphic to

(T ∗(S1 × S
1),Ω

S
1
×S

1 − βµψ −Υ∗[〈J ,KW〉
red
]µψ ), (7.78)

where Ω
S
1
×S

1 is the canonical form on T ∗(S1×S
1) and βµψ = 〈µψ, dÃ〉 for Ã : T Q̄→ h∗ a principal connection

(see (3.28)).

Coordinate version of the Lagrange-Routh equations. The compressed Lagrangian l : T Q̄ → R,
given by the kinetic energy κ̄ (see e.g. [22]), is

l(θ, ϕ, ψ, θ̇, ϕ̇, ψ̇) =
1

2
mR2 csc2 ϕ θ̇2 +

1

2
J0ψ̇

2 + J0ψ̇θ̇ + J1ϕ̇
2. (7.79)

Remark 7.1. From Section 5.2 it follows that d
dt

∂l
∂ψ̇

= 0. Therefore, we can now carry out Routhian reduction

to further reduce the dynamics to the level set pψ = µψ . Instead of proceeding with the reduction, we will
first change variables on T Q̄ using the mechanical connection in order to discuss the reduced Routhian Rµψ

and the function Cµψ . ⋄

Recall that the vertical space VH associated to the H-action on Q̄ is generated by ∂/∂ψ. Using (7.79)
the mechanical connection Ā : T Q̄→ R is then given by the 1-form Ā = dψ − dθ. This connection induces a
basis on T Q̄:

B = {Zθ :=
∂

∂θ
−

∂

∂ψ
, Zϕ :=

∂

∂ϕ
, Zψ :=

∂

∂ψ
},

where Zθ and Zϕ are both κ̄-orthogonal to the vertical vector field Zψ. Let us denote by (θ̇, ϕ̇, η) the
coordinates associated to B and by (p̃θ, p̃ϕ, p̃η = pψ) the coordinates associated to the dual basis {dθ, dϕ, dψ+
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dθ} on T ∗Q̄. In the local coordinates (θ, ϕ, ψ, θ̇, ϕ̇, η), (7.79) becomes

l(θ, ϕ, ψ, θ̇, ϕ̇, η) =

(

mR2 − J0 sin
2 ϕ

2 sin2 ϕ

)

θ̇2 + J1ϕ̇
2 +

J0
2
η2,

which now has the form (5.43), and the (basic) 2-form 〈JL,KW〉 is

〈JL,KW〉 = −
mR2 cotϕ

sin2 ϕ
θ̇dθ ∧ dϕ. (7.80)

As we have already observed, since 〈JL,KW〉 is basic with respect to φH : T Q̄→ T Q̄/H , then ∂l/∂η = µψ
is a conserved quantity and we can therefore define the Routhian Rµψ on J−1

l (µψ) as in (5.49):

Rµψ (θ, ϕ, ψ; θ̇, ϕ̇) =

(

mR2 − J0 sin
2 ϕ

2 sin2 ϕ

)

θ̇2 + J1ϕ̇
2 −

µ2
ψ

2J0
.

The Routhian Rµψ is H-invariant and thus, following (5.52) and since J̄−1
l (µψ)/H ≃ T (S1 × S

1), we
obtain the reduced Routhian Rµψ : T (S1 × S

1) → R. Finally, the reduced Lagrangian L : T (S1 × S
1) → R,

L(θ, ϕ; θ̇, ϕ̇) =

(

mR2 − J0 sin
2 ϕ

2 sin2 ϕ

)

θ̇2 + J1ϕ̇
2, (7.81)

is defined by the reduced kinetic energy on T (S1 × S
1), and the function Cµψ is the constant function on

S
1 × S

1 given by Cµψ =
µ2
ψ

2J0
, so that Rµψ = L− Cµψ .

To derive the nonholonomic version of the Lagrange-Routh equation, first observe that the 2-form 〈JL,KW〉
does not depend on η, that is, the local expression of [〈JL,KW〉

red
]µψ on J−1

l (µψ)/H coincides with (7.80).
Second, note also that the structure constants of the Lie algebra h are zero and that the curvature associated
to the mechanical connection Ā is also zero. Therefore, from Proposition 5.5 the reduced dynamics becomes

θ̈
(

mR2 − J0 sin
2 ϕ

)

−mR2 cotϕ ϕ̇ θ̇ = 0,

2J1ϕ̈−mR2 cotϕ

sin2 ϕ
θ̇2 = 0, (7.82)

µ̇ψ = 0,

which is the nonholonomic version of the Lagrange-Routh equations.

Next we study the almost symplectic manifolds (J̄−1(µ)/H, ω̄µ̄) (as in Section 5.3).

Intrinsic version of the Lagrange-Routh equations. Since the mechanical connection Ā has zero
curvature, then βµψ = d[µψĀ] = 0 and thus the 2-form on T ∗(S1 × S

1) defining the dynamics is simply

Ω
S
1
×S

1 −Υ∗[〈J ,KW〉
red
]µψ . where

[〈J ,KW〉
red
]µψ = −

mR2 cotϕ

mR2 − J0 sin
2 ϕ

p̃θdθ ∧ dϕ. (7.83)

The nonholonomic Lagrange-Routh equations (7.82) on T (S1 × S
1) are the equations of motion given by

the almost symplectic 2-form
ΩL −Υ∗

l [〈JL,KW〉
red
]µψ ,
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where ΩL is the Lagrangian 2-form associated to the reduced Lagrangian L : T (S1 × S
1) → R given in (7.81)

and Υ∗
l [〈JL,KW〉

red
]µψ coincides with the formulation given in local coordinates in (7.80). The associated

energy Eµψ is given by Eµψ = EL + Cµψ , where EL is the Lagrangian energy associated to (7.81), and Cµψ is

the constant function on S
1 × S

1 given by Cµψ = µ2
ψ/2J0.

The conformal factor. Since βµψ = 0, condition (6.69) is given by

∂f

∂θ
p̃ϕ −

∂f

∂ϕ
p̃θ + f mR2 sin−2 ϕ cotϕ θ̇ = 0.

That is,

0 =
∂f

∂θ
2J1 and 0 = −

∂f

∂ϕ
(mR2 − J0 sin

2 ϕ) + fmR2 cotϕ.

Integrating we obtain

f(θ, ϕ) =
sinϕ

√

mR2 − J0 sin
2 ϕ

. (7.84)

Now, as discussed in Section 6 the sufficient condition (6.69) for Hamiltonization via the Stanchenko and
Chaplygin approaches are the same. Thus, (7.84) accomplishes the Hamiltonization of the almost symplectic
manifold (7.78) (with βµψ = 0 and [〈J ,KW〉

red
]µψ given in (7.83)) in both the Stanchenko approach—since

d(f(θ, ϕ)(Ω
S
1
×S

1 − Υ∗[〈J ,KW〉
red
]µψ ) is closed—and in the Chaplygin approach, since the dynamics can be

written in terms of the Ψf -related vector field X̄ µ̄
C and the canonical 2-form Ω

S
1
×S

1 on T ∗(S1 × S
1), as in

Proposition 6.2. The latter result reproduces the findings in [30]. Note also that condition (6.73b) is satisfied
since, in coordinates (p̃θ, p̃ϕ, p̃η) induced by the mechanical connection, the 2-form 〈J ,KW〉

red
does not depend

on µψ and the curvature terms F aij associated to this connection are zero.

Finally, from Theorem 2.3 it follows that the reduced nonholonomic bracket {·, ·}red is twisted Poisson,
since 〈J ,KW〉 is basic. In coordinates (θ, ϕ, p̃θ, p̃ϕ, p̃ψ) on M/G, the only nonzero entries of that are

{θ, p̃θ}red = 1, {ϕ, p̃ϕ}red = 1, {p̃ϕ, p̃θ}red =
mR2 cotϕ

mR2 − J0 sin
2 ϕ

p̃θ.

The function g on M/G given by

g(θ, ϕ) =
1

f(θ, ϕ)
=

√

mR2 − J0 sin
2 ϕ

sinϕ
,

is a conformal factor for the twisted Poisson bracket {·, ·}red. That is, we have a Hamiltonization in the
context of twisted Poisson brackets, since g{·, ·}red is Poisson.

Remark 7.2. Without the velocity shift induced by the mechanical connection we could still Hamiltonized the
compressed reduced system (3.24) in certain cases using the results of [7] and [14]. There the Hamiltonization
of Chaplygin systems whose constraint reactions forces contain linear velocity terms was studied, and it was
shown that in general after rescaling by the conformal factor one obtains non-canonical Poisson brackets
that depend on the level µ associated with the H reduction. The particular example of the snakeboard was
discussed in [14]. ⋄

7.2 The Chaplygin Ball

The Chaplygin ball [6] is an inhomogeneus sphere of radius r and mass m whose center of mass coincides
with the geometric center, and that rolls without sliding on a plane.
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The treatment of this example will follow [1] and [16] (unifying both approaches to Hamiltonization). The
configuration manifold is Q = SO(3)× R

2 and the non-sliding constraints are given by

ẋ = rω2 and ẏ = −rω1,

where (x, y) represents the center of mass of the ball and ω = (ω1, ω2, ω3) is the angular velocity of the body
with respect to an inertial frame. If g ∈ SO(3) is the orthogonal matrix that specifies the orientation of the
ball by relating the orthogonal frame attached to the body with the one fixed in space, then the angular
velocity in space coordinates ω and in body coordinates Ω = (Ω1,Ω2,Ω3) are related by ω = gΩ. The
Lagrangian is given by the kinetic energy

L(g,x;Ω, ẋ) = κ((Ω, ẋ), (Ω, ẋ)) =
1

2
〈IΩ,Ω〉+

m

2
||ẋ||2,

where I is the inertia tensor that is represented as a diagonal 3 × 3 matrix whose positive entries I1, I2, I3,
are the principal moments of inertia.

Let λ = (λ1, λ2, λ3) and ρ = (ρ1, ρ2, ρ3) be the left and right Maurer-Cartan 1-forms on so(3) ≃ R
3,

respectively; if vg ∈ TgSO(3) then ω = ρ(vg) and Ω = λ(vg). Therefore the constraints 1-forms, in terms of
body coordinates, are written as

ǫx = dx− r〈β,λ〉 = dx− rβiλi and ǫy = dy + r〈α,λ〉 = dy + rαiλi,

where α = (α1, α2, α3) and β = (β1, β2, β3) are the first and second rows of the matrix g ∈ SO(3).

Following [15], consider the Lie group G = {(h, a) ∈ SO(3)× R
2 : he3 = e3}, where e3 is the canonical

vector e3 = (0, 0, 1), and its action on Q given by

(h, a) : (g,x) 7→ (hg, hx+ a) ∈ SO(3)× R
3. (7.85)

Then G is a symmetry of the nonholonomic system, and in this case the vertical space V is given by

V = span

{

γ ·Xleft − y
∂

∂x
+ x

∂

∂y
,
∂

∂x
,
∂

∂y

}

,

where γ = (γ1, γ2, γ3) is the third row of the matrix g ∈ SO(3) and Xleft = (X left
1 , X left

2 , X left
3 ) is the moving

frame of SO(3) dual to λ. Therefore, we have a basis of TQ adapted to D ⊕W , where W is a vertical
complement of D in TQ:

D = span

{

X left

1 + rβ1
∂

∂x
− rα1

∂

∂y
,X left

2 + rβ2
∂

∂x
− rα2

∂

∂y
,X left

3

}

and W = span

{

∂

∂x
,
∂

∂y

}

. (7.86)

The distribution W satisfies the vertical-symmetry condition for the Lie algebra gW = R
2, as was observed

in [1].

Reduction in two stages and the (almost) symplectic foliation. For K = (K1,K2,K3), let us
denote by (g, x, y,K, px, py) the coordinates of T ∗Q associated the dual basis to {λ, ǫx, ǫy} of (7.86). As was
computed in [2] and [15],

M = {(g,x;K,p) ∈ T ∗Q : K = IΩ+mr2〈γ,Ω〉γ and px = mr〈β,Ω〉, py = −mr〈α,Ω〉}.

The Lie subgroup GW = R
2 of G, acting by translation on Q, has Lie algebra gW = R

2 and it is a
symmetry of the nonholonomic system. As studied in [16], the compressed motion takes place in T ∗(SO(3))
and is described by the almost symplectic 2-form

Ω̄ = ΩSO(3) − 〈J ,KW〉, (7.87)
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where
〈J ,KW〉 = r2m〈Ω,λ × λ〉 − r2m〈γ,Ω〉γ · dγ × dγ. (7.88)

To compute (7.88) we follow [1] where dγ = γ × λ and dλ = (λ2 ∧ λ3, λ3 ∧ λ1, λ1 ∧ λ2).

The G-action (7.85) induces the action of the Lie group H = G/R2 = SO(2) on SO(3) as in (3.17), that
is, ϕH : H × SO(3) → SO(3) is given by ϕH(h, g) = hg where h ∈ SO(2) is viewed as an element of SO(3)
such that he3 = e3 for e3 = (0, 0, 1) and g ∈ SO(3). The H-action lifted to T ∗SO(3) is a symmetry of the
compressed nonholonomic system (3.18) (this is the Lie group used in [16] ad-hoc). The orbit projection
ρH : T ∗(SO(3)) → T ∗(SO(3))/H is given in coordinates by ρH(g,K) = (γ,K), where γ is the third row of
the orthogonal matrix g, since K are left-invariant coordinates.

Since W satisfies the vertical-symmetry condition, Prop. 3.4 asserts that, for η = (1; 0, 0) the function
fη = 〈Jnh, PgS

(η)〉 = 〈Jnh, (1;−y, x)〉 = 〈γ,K〉 drops to the well-defined function g1 = 〈γ,K〉 on T ∗(SO(3))
(note that ̺(1; 0; 0) = 1 = ξ ∈ h). By Prop. 3.5 the function g1 coincides with the canonical momentum map
on T ∗(SO(3)). Observe also that ξT∗SO(3) = γ ·Xleft. Moreover, one can check that 〈J ,KW〉(X̄nh,γ ·Xleft) = 0
and thus by Prop. 3.6, g1 = 〈γ,K〉 (respectively fη) is conserved by the compressed motion (2.2) (resp.
by the nonholonomic motion (3.18)) as it was observed in [6]. However, J̄ : T ∗SO(3) → R, given at each
ξ ∈ R by J̄ξ = ξg1, is not a momentum map for Ω̄ since 〈J ,KW〉 given in (7.88) is not basic with respect to
ρH : T ∗Q̄→ T ∗Q̄/H .

Next, we look for a dynamical gauge B̄ on T ∗Q̄ so that the 2-form Ω̄− B̄ admits the canonical momentum
map J̄ : T ∗Q̄→ h∗ as a momentum map (see Section 4).

Following [16], consider now the dynamical gauge defined by the 2-form B̄ = −r2m〈Ω,λ× λ〉 (it can be
checked that iX̄nh

B̄ = 0). By Corollary 4.4, since 〈J ,KW〉 + B̄ is basic with respect to the orbit projection
ρH : T ∗(SO(3)) → T ∗(SO(3))/H then the canonical momentum map J̄ : T ∗(SO(3)) → h∗ becomes a
momentum map of

Ω̄− B̄ = −d(Kiλi) + r2m〈γ,Ω〉γ · dγ × dγ.

Let us denote by B the 2-form on T ∗SO(3)/H given by

B = −r2m〈γ,Ω〉γ · dγ × dγ. (7.89)

Therefore, for each µ̄ ∈ h∗ ≃ R, we can perform a Marsden-Weinstein reduction obtaining the almost
symplectic leaves (J̄−1(µ̄)/H, ω̄B̄µ̄ ) with ω̄

B
µ̄ = Ωµ̄ −Bµ̄ and where Ωµ̄ is the reduction of ΩSO(3) = −d〈K,λ〉

and Bµ̄ is the restriction of B to J̄−1(µ̄)/H . From Lemma 3.10 we conclude that the leaves (J̄−1(µ̄)/H, ω̄B̄µ̄ )
are symplectomorphic to

(T ∗(S2),Ω
S
2 − βµ −Υ∗Bµ), (7.90)

where Ω
S
2 = −d〈γ × K, dγ〉 is the canonical 2-form on T ∗(S2) and βµ defined in (3.28) is given by βµ =

µ d〈γ,λ〉 = −µ〈γ, dγ × dγ〉.

The twisted Poisson bracket {·, ·}B
red

. Following Section 4, consider the G-invariant 2-form B = ρ∗
W
B̄

on M. The gauge transformation of the nonholonomic bracket {·, ·}nh by the 2-form B gives a G-invariant
bracket {·, ·}B

nh
(see [2] for an expression in coordinates). The reduction of {·, ·}B

nh
by the Lie group G induces

a reduced bracket {·, ·}B
red

on M/G. This bracket {·, ·}B
red

describes the dynamics and it is twisted Poisson
since 〈J ,KW〉+B is basic with respect to the orbit projection ρ : M → M/G (Theorem 2.3’).

Theorem 4.6 asserts that the twisted Poisson bracket {·, ·}B
red

has almost symplectic leaves symplectomor-
phic to (7.90).

The conformal factor. Since the classical reduced bracket {·, ·}red has a nonintegrable characteristic dis-
tribution [15, 2], it does not make sense to look for a conformal factor (as it was discussed in [2]). However,
it is possible to look for a conformal factor of the twisted Poisson bracket {·, ·}B

red
.
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Following Sec. 6, we look for a conformal factor on each almost symplectic leaf associated to the twisted
Poisson bracket {·, ·}Bred. That is, we look for a function f ∈ C∞(Q̄/H) such that f(Ω

S
2 − βµ − Υ∗Bµ) is

closed. Using that βµ = −µ〈γ, dγ × dγ〉 is a top form on S
2 we obtain that

d (f(Ω
S
2 − βµ −Υ∗Bµ)) = df ∧ Ω

S
2 − fΥ∗(dBµ).

Therefore, df ∧ Ω
S
2 = fΥ∗(dBµ) if and only if

∂f

∂γi
= mr2f

∂

∂Ki
〈γ,Ω〉,

where we used that Ω
S
2 = −d〈K, dγ × γ〉 and also that Υ∗Bµ is a multiple of a top form on S

2 (see (7.89)).
Since ∂〈γ,Ω〉/∂Ki = A−1

i γi(1 −mr2〈γ,A−1γ〉)−1 for A = I +mr2Id and Id the 3 × 3 identity matrix (see
[15]), we obtain a set of decoupled differential equations for f :

∂f

∂γi
= mr2fA−1

i γi(1−mr2〈γ,A−1γ〉)−1.

Therefore 2 ln(f) = ln(1 −mr2〈γ,A−1γ〉) and so f(γ) = (1 −mr2〈γ,A−1γ〉)1/2 is a conformal factor for the
almost symplectic leaf (T ∗(S2),Ω

S
2 − βµ −Υ∗Bµ). Then

g(γ) = (1 −mr2〈γ,A−1γ〉)−1/2,

is a conformal factor of {·, ·}B
red
, i.e., f{·, ·}B

red
is a Poisson bracket on T ∗Q̄/H , as was shown in [2, 6]. Observe

that the conformal factor f was found without using Stanchenko condition (6.69).

Coordinate version of the Lagrange-Routh equations. The (compressed) Lagrangian l : TSO(3) → R

is given by the reduced kinetic energy κ̄,

l(g,Ω) =
1

2
κ̄((g,Ω), (g,Ω)) =

1

2
[〈AΩ,Ω〉 −mr2〈Ω,γ〉2],

where A = I + mr2Id. The vertical space VH associated to the H-action is generated by the vector field
Zv = γ ·Xleft = γiX

left

i . Assuming that γ3 6= 0, we can complete the basis to obtain a (local) basis of TSO(3)
such that

B̄ = {Z1 := 〈Iγ,γ〉X left

1 − γ1I1Zv, Z2 := 〈Iγ,γ〉X left

2 − γ2I2Zv, Zv},

where Z1, Z2 are both vector fields κ̄-orthogonal to Zv (if γ3 = 0 then γ1 or γ2 are different from zero and
we can therefore complete the basis in an analogous way). Letting

B̄∗ =

{

ǫ1 =
(γ × λ)2
γ3〈γ, Iγ〉

, ǫ2 =
−(γ × λ)1
γ3〈γ, Iγ〉

, ǫv =
〈Iγ,λ〉

〈Iγ,γ〉

}

be the dual basis of B̄, we then denote by (Γ1,Γ2,Γv = 〈IΩ,γ〉
〈Iγ,γ〉 ) and (p1, p2, pv = 〈K,γ〉) the coordinates

associated to the bases B̄ and B̄∗ respectively. In these coordinates the Lagrangian l : TSO(3) → R becomes

l(g; Γ1,Γ2,Γv) =
〈Iγ,γ〉

2

[

(〈Iγ ,γ〉(Ai −mr2γ2i )− (Iiγi)
2)Γ2

i − γ1γ2(〈Iγ,γ〉+ I1I2)Γ1Γ2 + Γ2
v

]

,

for i = 1, 2. The manifold J̄−1
l (µ̄) is represented in local coordinates by (g; Γ1,Γ2,Γv = µ

〈Iγ,γ〉 ), and the

Routhian Rµ̄ is given by

Rµ(g; Γ1,Γ2) =
〈Iγ,γ〉

2

[

(〈Iγ,γ〉(Ai −mr2γ2i )− (Iiγi)
2)Γ2

i − γ1γ2(〈Iγ ,γ〉+ I1I2)Γ1Γ2

]

−
1

2

µ2

〈Iγ,γ〉
.
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The manifold J̄−1
l (µ̄)/H is diffeomorphic to TS2 and it is represented by the local coordinates (γ,Γ1,Γ2)

which are associated to the local basis {−〈Iγ,γ〉(γ × ∂/∂γ)1,−〈Iγ,γ〉(γ × ∂/∂γ)2}. Then the reduced
Lagrangian L : TS2 → R and the function Cµ on S

2 are given by

L(γ; Γ1,Γ2) =
〈Iγ,γ〉

2

[

(〈Iγ,γ〉(Ai −mr2γ2i )− (Iiγi)
2)Γ2

i − γ1γ2(〈Iγ,γ〉+ I1I2)Γ1Γ2

]

and Cµ =
µ2

2〈Iγ,γ〉
.

The 2-form Υ∗
lBµ̄ on TS2 is given by

Υ∗
lBµ̄ = mr2〈Iγ,γ〉

(

(〈Iγ ,γ〉 − I1)γ1Γ1 + (〈Iγ,γ〉 − I2)γ2Γ2 +
µ

〈Iγ,γ〉

)

ǭ1 ∧ ǭ2,

where ǭ1 =
dγ2

γ3〈Iγ,γ〉
, ǭ2 = −

dγ1
γ3〈Iγ,γ〉

is the dual local basis on T ∗
S
2.

The results thus far show that the Lagrange-Routh equations are the equations of motion on TS2 described
by the almost symplectic 2-form

ΩL − µ · β +Υ∗
lBµ̄, (7.91)

where τ∗Hβ = dǫv for τH : SO(3) → S
2 (see (3.28)), with energy

Eµ =
1

2
〈Iγ,γ〉2[(Ii +mr2)Γ2

i −mr2γiγjΓiΓj ]−
1

2
〈Iγ,γ〉IiIjγiγjΓiΓj +

1

2

µ2

〈Iγ,γ〉
.

Observe that in our local coordinates,

ΩL = d

(

∂L

∂Γ1
ǭ1 +

∂L

∂Γ2
ǭ2
)

and β =

(

Tr(I) − 2
〈Iγ, Iγ〉

〈γ, Iγ〉

)

ǭ1 ∧ ǭ2.

where Tr(I) is the trace of the matrix I.

In other words, the leaves of {·, ·}Bred are symplectomorphic to TS2 with the almost symplectic form given
in (7.91). The Lagrange-Routh equations are the equations of motion on each leaf.
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[18] B. Jovanović, Hamiltonization and integrability of the Chaplygin sphere in R
n. J. Nonlinear Sci. 20 no. 5, (2010)

569-593.

[19] J. Koiller, Reduction of some classical nonholonomic systems with symmetry. Arch. Rat. Mech. An. 118 (1992),
113–148.

[20] J. Koiller, P. P. M. Rios, K. M. Ehlers, Moving Frames for Cotangent Bundles. Reports on Mathematical Physics
Vol. 49 No. 2/3 (2002), 225-238.

[21] W.S. Koon and J.E. Marsden. The Hamiltonian and Lagrangian approaches to the dynamics of nonholonomic
systems, Reports on Math Phys. 40 (1997), 21–62.

[22] W.S. Koon and J.E. Marsden; The Poisson reduction of nonholonomic mechanical systems, Reports on Math
Phys. 42 (1998), 101–134.

[23] B. Langerock, Mestdag, T., Vankerschaver, J.. Routh reduction by stages. SIGMA, 7(109), (2011).

[24] Ch. M. Marle, Various approaches to conservative and nonconservative nonholonomic systems, Rep. Math. Phys.,
42 (1998), 211229.

[25] J.E. Marsden, G. Misiolek, J.-P. Ortega, M. Perlmutter, T.S. Ratiu, Hamiltonian Reduction by Stages. Lecture
Notes in Mathematics, Springer Verlag, Vol. 1913, (2003).

[26] J. E. Marsden, T. S. Ratiu, Introduction to Mechanics and Symmetries, Texts in Applied Mathematics, vol. 17,
Springer-Verlag (1994).

[27] J. E. Marsden, T. S. Ratiu, J. Scheurle, Reduction Theory and the Lagrange-Routh Equations, J. Math. Phys.
41, 3379 (2000).

35



[28] J. E. Marsden, A. Weinstein Reduction of symplectic manifolds with symmetry, Reports on Math. Phys., 5,
121-130,(1974).

[29] J. C. Monforte, Geometric, Control and Numerical Aspects of Nonholonomic Systems. Lecture Notes in Mathe-
matics, Springer Verlag, Vol. 1793, (2002).

[30] T. Ohsawa, O. E. Fernandez, A. M. Bloch, and D. V. Zenkov, Nonholonomic Hamilton-Jacobi Theory via
Chaplygin Hamiltonization. Journal of Geometry and Physics, 61(8), (2011), 1263–1291.
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