
Day
Uniform Continuity



In Math 302, you likely go .
discussed convergence

of a sequence of
functions :

Defy ( pointwise convergence )

suppose X
,
Y are topological spaces , and Y is a

metric space . Suppose fu : Xt Y for each NEIN
.

We say a function f :X .> y is a pointwise limit

of ( f
. ,fz,fg

,
.
. . ) if for all XEX we

have

(fix) , fold ,
fglx), - n ) have limit Hx) . This means :



for any XEX and any E> 0
,
we can find NEIN

so that for all n> N we have d ( fix)
,
flake .

Good news about pointwise limit : satisfy what
you
'd

expect based on thinking of functions by Their inputs .

Bad news : pointwise limit doesn't necessarily preserve continuity

EX Consider th : 10,13 → laid by fncx) -- xn .

Each fu is

¥i¥¥ continual hut pointwise limit is this .gg !!
'

,



Can we think of a new kind of convergence so that

limits of continuous finches are continuous ?

Deth ( uniform Continuity )

let X. Y be topological spaces
where Y is a metric space,

and Hn) be a sequence
of functions from X to Y

.

A function f :X-su, is called the uniform limit of Ifn)

if : for all e > o there exists NEIN so that for all

n>N and all xex we get dlfnlx) , Hx)) se .



Nou The functions fn : lo , 1)→ 10,13 goin by

fuk) -- x
"

have pointwise limit f 1×1=10
it ×"

1 if * I ,

but thy fail to cenuye uniformly . ChaHeugeipT
Fact If Ifn ) converge uniformly to f , then

Ifn) converge pointwise to f.



Them ( continuous factions are dead under uniform limits)

Ff X is a topological space and Y is a metric space,

Then if Ifn ) converge uniformly to f and each fu

is continuous
,

Then f is continuous too .

If (to be posted when slides go up)

let V be open in Y
,
and we want to

show that f- 'fu )

is open
in X . For this , let xef

- ' ( V ) be given , and

we aim to find an open UEX with XE UE f
- '

(V ) .



New since x'tf
- 'W)

,
we know f-(x) EV .

Since V is open

and open
balls form a basis for the topology en Y, we

knew there exists some 2-EY and p so so that flxtttslz, p) .

In fact
,
if we select E - p

- d ( z ,Hx)), we
even have

f-(x) E BLAH , e) E BI z, p )
EV [ using an argument

we've

seen a few times before] . Now , we know that since (f) conveys

uniformly te f , there exists some N so that funk a>N and

all WEX we have dlflw) , fnlw )) c 43 .
Further , since tn is

continuous , we know that U -- f
-

n' ( Bllffx) , 43) ) is open .

We will aim to show that xe WE f
- ' ( V ) .



First
,
to see XE U -- ff

' ( Blfn (x) , 43 ) ) , note that

d ( fuk) , fnlx)) -0<43 ,

and so x E f
-' ( Blfnlx)

,
43)) = U .

N

Now we cheek that Uef-
'

IV). Give Blflx) ,e) EV ,

we

do this by showing any y EU has fly)e-Blflx) ,E) .

Now

yell means forty)E Blfnlx) , 43) , and so
:

d ( Hx)
, fly)) s dlflxyfnlxhtdlfnlxl.tn/yl)tdffnlyl , fly)) Inking!]

< 43 t 43 t 43

i i r

'

Ba

definition of N
y f y

definition of N

in uniform untruth in uniform untruth



Fun remark : the topics we discussed today deal with

sequences of functions converging . So : can we think

about functions as
"

points
" inside some topological space?

let Fun ( X ,Y) - { f : X-' Y} .

If d is a metric out

we can define a metric on Fun ( x,Y) :

d- ( f , g) =

I:p,
Imax{d ( th) ,glx)), I}}

" uniform bounded metric on Fun IX.Y)
"



Fact 1 : uniform conveyance of Hn ) to f

is just convergence within metric space Funk,Y)

Fact 2 : since inform limits of continuous

functions are continuous , This means

C -- { f :X → Y
'

l f is continuous ) C- Funk .Y)

is closed under limits
,
and hence is a

cloud subspace of Fun (XY) .


