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we'll start off with one quick comment about

metric topologies .

last time we saw two metni topologies an Rh :

one induced by Euclidean metric d
, II.j) --Zyi

another induced by dating) -
- max { Hi - y it : Kien)

.

I Recall the open balls in da look like open squares lopenefubaes.



we had a challenge : show these two topologies are

the same . Suggestion : tininess via bases
.

For example, to say Td
,

? Tda , we need to

argue that ter ay s a basis element in %, and

ay
SES
,
we can find some C a basis element in Td ,

iii. ÷:::÷¥i÷÷



Recall That we created metric topologies became we

wanted to know if there were ways fer
' '

creating

topologies
"

.

For example : if we have 141,4 ) and Hr ,%) ,

can we create a
"natural

"

topology on X. ' Xz ?
-
t

ie
,
related to 9, and Ta



Definltheorem ( product topology)

let IX.
,
4) and Ha

,
%) he topological spaces . Then

73 -- { Ux V : UET, and Veoh }
is a basis . The topology 4g, is called the

product topology on X
,

x X, . usually nikita
- kid

.

red pair
t

Cartesian product , aka X. XXL -- { x. xxta : x.EX , ,xeX,}



EI Nole if IX.
,
T
. ) -- Ha , %) -- ( IR , %. . ),

then one open at
is ( oil ) x fl - 1,1 )v( 2,3))

÷:÷÷÷÷÷÷:
"i:÷:*.



Can we find a simpler basis to- product topology ?

Them ( Simpler basis for predict topology )

ht 114,9 .
) and Ike

,
%) be topological spaces

with 93 ,
a basis for 4

,

and 43
,
a
basis for % .

Then 43
,
X 93g = { B , x Bz : B

,
e 93, and Ba c-93}

is a basis
,
and 4g

, ,

is the product topology .



PI we need to prove 93
,
xD, is a

basis
,

and we need to form 9ps
, a

= Tx,xxc
-

to see 97×932 is a basis :
product topology.

①
let x. xx, c- X. xxz be given .

Since x. EX ,
and

93 , is a basis for Xi
,
we knew there is some

Bie 93 , with x. EB , .
hleewin we have some Batok

s . That Xat Br . Then X. xx, t B , x Bz .



② If B,xBz
,
C, xcz C- 93,5732 and in

×
,
xx, E ( B. XBa) ACC , XG)

,
then we want some

D. xD.at 93×932 so That x. xXzE D. XDLE ( B. XBa) ACC , xcz)

Since X
,
xx, E ( B. XB .)n( C. xcz) , we

have x. E B , AC , .

Since 93
,
is a basis

,
we have some D. e- 93

,

with

X ,
E D ,

E B .
AC

. . Likewise
,
we

have Dat 73, with

XL E Da E Bz A Cz . So x. xx, ED . xD-h E ( B. XB)nfGxG)
by definition of ordered pair .



Now we'll show TB,×q, = Tx,××. . We'll prove

by
" fineness via bases

"

.

So
,
note for B. xBz C- 93×932 we

have

B
,
E 93 , ET, and Bz C- 932£42 .

So

B. x Bet T, x Tz
.
But 4x4 is the basis for

4*1×42
,
so 493×93, E TX,xXz .



For the other containment , let Uxv be an

element drawn from the basic 4x4. That defines

Tx
, xx, .

"

we'll show : for any
uxv c- UXV

,
we

can find some B
,
XB, e- 93, xD, so that

uxv EB, x Bz E UXV .
Since ut U and since

93
,
is a basis on X.

,
we have some B

,
t 93

,

with

UEB
,
EU . likewise we have some Bet 932 ith ve Bz EV .

So by definition of Cartesian product we got uxv EB, xBz E UXV .

DMB



Exe let's revisit IR
'

under th product topology

them ( R , 43oz ) .

The Mutt me jut proved

says we can use basis her ( 112,43oz )

given by E -

- { ( a. b) : a. BER ,

Alb) to

create a
basis on IR' given by

exe -
- Ican""" :

:!;÷: "%*.



Based on the example we revisited at the

Sturt of this lecture, one can see that

the topology we get them viewing K? IR 'xlR
'

is the same as our favorite topology on R
'

(namely Too. )
(In fret, this is live for R

" with a> 2)
.



we'll take a break from our quest for gmntj

examples of new topologies to dig deeper into

studying properties at a given topological space .

Central te this is notion of closed
.

Defy A set A is closed in a topological space
HiT) ift X- A is

open lie , X- Ae 'T) .



EI X is closed because X - X = of c- 4 .

Exe H : ) ) is cloud in R
'

.

So we need to show

Challenge : write each

R
'
- Il :D is open :p!%%wY"÷Y

d

IR
'
- Hoo)) = { Ig) : y > o) ullxy) : yo) )

a. .tn. .. :÷÷: %::÷::D



EI let Xi lo , 1) u {2) endowed this with

the tubs pace topology from R
. ( see Homework 1

,
# I

and Homework 2, #3)

lie : open in X means set is of the form an X

fer U open in
IR )

Thur ( o , l) is closed in X . Why ? X - 10,11=1211

where IH is open in X since 123=(42,5/2) AX .



Closed sets satisfy some nice properties . the most

foundational such property is

therm ( Topological properties of cloud sets)

let IX.4) be any topological space . Then

① X are both closed

① If I is an index set and for all ie I we
have a cloud

at Ki , then i? Ki is closed .

⑦ If new and far all Isis n we have clout set Ki , thin

k . U - - - V kn is closed .



In the video
,
I said I'd give the formal

argument that the usual topology for H2
"

(the one generated by open halls
under The Euclidean metric )

matches The topology induced by the square metric .

So . . .
here's the proof .

→



We'll un
" fineness via bases .

"

let Be denote the

basis of e pen balls in the Euclidean metric de
,
and

let 93
,
denote the basis of open balls in the square

metric dsi

Be -- { Bdetx , p) : IHR
"

.pt/R..373s--lBdslxsplsxERh
, p

e Roo }
.

Sturt by letting Bde ( I , p ) t Be be given ,

and



let 5 c- Bde ( E , p) be given .
Observe that we have

shown already Ian Day 4) That for p
'

=p- deck,j)

we have Bdety , p ') E Bde ( E , p)

We now claim that for M -
- Fyn we have

Bds (Jim) E Bdety , p
' ) ;

observe that this will imply

Tds ? Tde
.

So let EE Bd
,
15 , m ) be given , so



that max { lyi - zit : Kien} L M .

But then

we have ly; - zit ? ( yi - Zi) 's M
' fer all Kien .

so deluj.IT?.lyi-ti2)cnMZ--nleyn )
'

.
- p
'

.

This gives ze Bde ( g. pi ) ,

as desired
.

Now for the other direction
,
let Bd

,
II. p) be

given , and let It Bds ( I , p ) be given .



Just as before
,
we can choose p

'

:p - d. II.g) and we'll

have Bds ( g. p
' ) E Bd

,
( I ,p ) , and we'll aim to find

some E >0 So that Bde (g. E) E Bd , ( Ep
'

) ,
at

which point will get Td
,

e Tae
,

and we'll be done
.

We claim that Bde ( j , p
' ) E Bd

, Cj , p
' )

.

So let

te Bdety , p
' )

,
s. that delg.IT?..lyF-zi7' < p

'
.

If we had d
,
(J , I ) -- max{ ly ; - zit : Kien} > p

'
.
This would



mean that for some IE ME n we
had lym - zmHp !

But then we't get

dety , E) = ?EziiE FEI -

- Igm - zmlsp ',

contrary to assumption. { Note : the inequality marked H )

holds since all summand, are non - negative .]
DMs


