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Improper integrals •t

type I



w-NRM-VPPROB.IE#
←

"
converges

"

① Is {
•

¥ dx finite
,
or does it fail to exist ?

T
"

diverges
"

② Is f) e-✗ dx finite ? Or does it fail to exist ?

③ Is 1? ×µÉd× finite ? Or does it fail to exist ?

Otherwise .it

Lingo : if improper integral is finite , it
"

converges
"

.
"

diverges "



Remember last time we said that to use FT.CI

to compute an area problem {bflx) Jx , we need

①
we need laid to be finite

[① we need f- 1×1 to be continuous on [aib]

If this fails , we have a
"

type I
"

improperness]
If this fails , we have a

"

type I
"

improperness



To resolve type I improprieties, we

a) ensure the im properness appears at fr end of literal

b) evaluate by using limits to approach source of improperness

To be more precise

Def
'

n (Type I improper integral) suppose this continuous

Tn Caio)
,
then we define

{bflx) dx = IF* fat f- IN dx



idea

+÷:*
:"H¥;÷"

left III.fat find ✗



f.
'

¥ dx Note : ¥ is discontinuous @ 0
,

but contrived elsewhere

To get started,
smie

The integrand is discontinuous 11-11
O t

on the left hand endpoint
qof [oil] , we get function is

§
"

¥d× =

I'm discontinuous
1-→at /

"

¥d×
t



C-→of )
"

✗
-2 dxNow II.+ ¥

'

¥ dx =
lim

t

t→ot [-4×-1]
'

t

yo

" Ken Ej
=
Iim

* = .

is huge land +→ ot [ -E)f

So : {
'
¥dx "

diverges
"

to A



⇐ {
"

¥ dx Like last time
,
integrand is

discontinuous at ✗ =D
.

Like last time , this

means #
o t 4I "¥d×= km f

"

dx

tut
t

0



Now II.+ !
"

dx = II.+ f
"

✗
"kdx

t

when tis tiny = II.+ [ ¥ ×

'" ]
"

and positive, t

?⃝,= II. + [ zrx ]
"

F- is tiny
t

th land position = II. + [ 2ft -2ft ]

= 254 - 0 = 4
.8.fi#dxionveyesto4hhqq



Wht happens if an integral is really improper ?

IIe
,
has discontinuities on the inside •1- the intent ?

or both endpoints of the interval ? or is

improper of types I and I at
thsamt.im?)

key idea : break your integral into svbntegmls, where
each svbmtgml has only a single

"

impropernets ,
" and

that in properness occurs at an endpoint .



⇐ Dees f? dx converge or dinge ?

We can quickly see a type I improperness
"

ath
"

we have type I mprepemesses whenever I -1=0

ie
,
when ✗= - l or ✗=L

*
"£h÷E



We chop up [-3in) into sub intervals

1- 3
,
-1]
,
I -1,0]

,
[ 0,1]

,

11,3]
,
13,0) .

Key fnoti each svbintenwl has only one impnepemnei,

and it happens at an endpoint.
If any

of theses

subintegrals
dairy,

Evaluate I I¥dx as s.d.es?jnulnC#
É¥,a×+ ! ,¥d×+ ! '¥idx+Y¥d×+ ! "¥d×



Solutions to

Warm Up Problems



① Is {
•

¥dx tñik
,
or does it fail to exist ?

This is improper only at • , so we get

/
•

¥dx = ¥:* If dx = KI. [ arc tank]?
•

Whirl
- antacid

arctan IN means : what angle d-

gives tan (f) = R .

When R is = F- - Iy '

%
big , we know D- =E has sin /0-1=1

0
and cos 101=0 ,

so tanto)=¥¥, =¥y,
-

-
BIG ! f

So arcthnlbig) ="Tz .



② Is f) e-✗ dx finite ? Or does it fail to exist?

Since e-
✗
is continuous on this)

,
we evaluate as

is

) e-✗ dx = 1° e- ✗ dx + [e-✗ dx .

- is - is 0

Remember that ten the left side to converge ,

both integrals on the right have to converge .

Will examine I e-✗ dx first .



Now I e-
✗ dx = ¥1. { e-

✗ dx = II.• 1-e-
×);

= KI -• [- e-° - l- e-f)]

T.EE?-o.s.e-imJ...w..i:::::......= ¥1s -a - l t ER

it
Since [ e-✗ dx diverges ,

we don't even need to
- is

compile f.
•

e-
✗ dx

.

We already know Ie-✗ dx Energy .



③ Is 1? ×µ¥d× finite ? Or does it fail to exist ?

The integrand is only problematic for negative values
of ✗

( since then we can't compile Ink)) or when x=o ( since

then the denominator is 0 . Into) . .
.

which is really bad !)

so we do a type I imprepemeis :

Ryn {
"

¥µy dx
.!°×¥,y dx =

km



Sine the anti derivative here is harder
,
lets' fist tie it on

its own
,
Then worry about the related ( limit of an)

area problem

) É dx =) I. du =/ u"du=÷u
"

+ c

=
- Lu +CInk) is

" inside "

.in#nt-.n,anIu=inh§
du=Ed×

= -⇐ tc .

integrand ! a-sub is
a good idea



Now that we know The ant donative, we compute

Lim lim

Ruo !"¥×pdx=R→• [¥, ]
"

2

# = km I

Remember HR) -- 2- R-> is [-I, - ( ¥2,))

{ means it -- R .

Seif

Ris big ,we want
to

= 0 + %n(2) = Ylnlz)
..

0° know : what do we raise0e÷÷÷→ñ✓ R is big , Then
"""

" ¥1?÷E÷÷÷of a big number ?


