Math 115: Optional 10

2@ OLo=) flm)As  [Ar= 1220 _2) 1 mum
= 2[f(z0) + f(x1) + flz2) + f(x3) + f(za) + f(as)]
=2[f(0) + f(2) + F(4) + f(6) + F(8) + f(10)] 41
~2(0+88+82+73+59+41)
=2(43.3) =866 0 ] g Y
ii —Le+2-f(12)—2- f(0 J
(i) Rs = Le +2- f(12) £(0) N =0
~ 86 6 +2(1) —2(9) =706
[Add area of rightmost lower rectangle 4T
and subtract area of leftmost upper rectangle. ]
]
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__M _ 6 * ﬂ ¥
6 e = 33 (00 0 =uEgEREn!
=2[f(1) + F(3) + f(5) + f(7) + £(9) + F(11)] S
~2(8.9+85+T78+66+51+28) 4t \\
=2(39.7) = 79.4 \
0 4 8 12*

(b) Since f is decreasing, we obtain an overestimate by using left endpoints; that is, Ls.
(c) Since f 1s decreasing, we obtain an underestimate by using right endpoints; that 1s, Re.

(d) Mg gives the best estimate, since the area of each rectangle appears to be closer to the true area than the overestimates and
underestimates i Lg and Fs.

13. Lower estimate for oil leakage: Rs — (76 + 68+ 62+ 57+ 53)(2) = (316)(2) =63 2L.

Upper estimate for oil leakage: Ly = (8 7+ 764+ 68+6.24+57)(2) =(35)(2) =T0L.

14. We can find an upper estimate by using the final velocity for each time interval. Thus, the distance d traveled after 62 seconds

can be approximated by

[
d= Y v(t:) At: = (185 ft/s)(10s) + 319 -5 + 447 - 5 4+ 742 - 12+ 1325 - 27 + 1445 - 3 = 54 694 ft

i=1

Page 1




Math 115, Optional 10

16. For an increasing function, using left endpoints gives us an underestimate and using right endpoints results in an overestimate.

We will use M to get an estimate. At = 3=2 =5s5=2-h=-Lh

Ms = ==[v(2.5) + v(7.5) + v(12.5) + v(17.5) + v(22.5) + v(27.5)]

T20

= =1-(31.25+ 66 + 88 + 103.5 + 113.75 4 119.25) = =1-(521.75) =~ 0.725 km
For a very rough check on the above calculation, we can draw a line from (0, 0) to (30, 120) and calculate the area of the
triangle: 1(30)(120) = 1800. Divide by 3600 to get 0.5, which is clearly an underestimate, making our midpoint estimate of

0.725 seem reasonable. Of course, answers will vary due to different readings of the graph.

n -\ 10
20. lim ZE({’H—E) can be interpreted as the area of the region lying under the graph of y = (5 + «)° on the interval
n—oo =] N n
. . . 2-0 2 _ 2i . .
[0,2],since fory = (54 =) on [0, 2] with Ax = —— = = z; = 0+ : Az = — and =] = z;, the expression for the
n i T

: n n 2:\' 2 : :
areais A = lim 3 f(z!)Azx = lim }_ (5—|——3) = _Note that the answer is not unique. We could use y = ='°
n—oo n n

n—oo i i=1
on [5, 7] or, in general, y = ((5 — n) + ) on [n,n + 2.
8. (a) Using the right endpoints to approximate [, f(x) dx, we have

ijl Flas) Az = 2[F(5) + F(T) + F(9)] =2(—06+09+18) =42
Since f 1s increasing, using right endpoints gives an overestimate.

(b) Using the left endpoints to approximate [, () dz, we have
i o) Az = 2[f(3) + F(5) + A(T)] =2(—34—-06+09) = 62
Since f is increasing, using left endpoints gives an underestimate.

(c) Using the midpoint of each interval to approximate fag f(z) dz, we have
23; F(T:) Az = 2[f(4) + F(6) + F(8) =2(—214+03+14) = —08.

i=1

We cannot say anything about the midpoint estimate compared to the exact value of the integral.
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M. (@ Thiﬂ.koffuz f(z) d as the area of a trapezoid with bases 1 and 3 and height 2. The area of a trapezoid is A = 2(b + B)h,

so [} flz)dz=31(1+3)2=4

® [, flz)de = [} f(z)de + [; f(z)dx + [; f(z)da
trapezoid rectangle triangle

=1(1+32+ 3-1 + 2.2.3 =4+3+3=10

(© [7 f(z) d is the negative of the area of the triangle with base 2 and height 3. [/ f(z)dz = —1-2.3= -3

(d) f,r,g flz) dx is the nepative of the area of a trapezoid with bases 3 and 2 and height 2, so it equals
—1(B+b)h = —1(3+2)2 = —5. Thus,

Iy f@)de = [J f(z)dz+ [} f(z)dz+ [; f(z)de =10+ (=3) +(=5) = 2.

32. (@) [ g(z)dz=1%-4-2=4 [area of a triangle]
®) [} g(z)dz = —1m(2)* = —27 [negative of the area of a semicircle]
© [ g(z)dz=2-1-1=21 [areaofa triangle]

7 2 & 7
Jo g(z)dz = [ g(z)da+ [; g(z)dx+ [, g(x)dxr=4—27+ 3 =45—2x

48. F(0) = [ f(t)dt = — [ f(t) dt, so F(0) is negative, and similarly, so is F(1). F(3) and F(4) are negative since they

represent negatives of areas below the z-axis. Since F(2) = f; F(¢) dt = 0 is the only non-negative value, choice C is the

largest.

Page 3






