
\ ':

.-

I .~

Trigonometry, part 2, plus
conic sections.

VI.

A. .IJ:jgonpmetric gra~~
1. From'definitlons and data In Part 1 we can graph the tng. functIons.
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f(&) = sin &

period = 21T

& - amplitud~ a 1

He) = cos e

period = 21T

amplitude = 1,

, period :: Tf

-- He) = sec e is graphed on the next page, after. Example 2 --

2. Variations on the basic graphs.

Example 1

variation
of amplitude

l

f(e) = 2sin &
period = 21T

amplitude = 2
(sin e shown for
comparison)
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Example 2 .
.I

variation of
period and
frequency 41T/3

He) = sin(3e)

period= 2TT/3
amplitude = 1

As' & runs from 0 to 2TTI 3e runs from 0 to 6TT. Thus the
sin 39 curve oscillates 3 times as fast; its period is (1/3).2rr. (The
graph of sin e is shown for comparison.)
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~riod c 2rr .

(The graph of
cos 9' is shown
for comparison.)
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B. ~ (Also see V C)

It sin2 & + COS29' c 1 (i.e. (sin &)2 + (cos &')2::: 1 >.'
}

Pythagorean

tan2 9' + 1 ::: sec2 9" 1 + cot2 9' I: csc2 9' . theorem. ,

. It sin(& t~) I: sine cos~ t cose sin t
It cos(ett) = cosecos~ + sinesin~

sin 2& ::: 2 sin e cose

cos 29 ::: COS2& - sin2 & ; cos 2 & c 1 - 2 sin2 e ;

sin2 & =1 -~o~~~ ;
2

cos e = sin(e + tr/2)
sin e =cos(e - tr/2) }

Look at
the graphs.

l

cos 2& i: 2 cos2e - 1

cos2 & :: j. + cos 2 e
2
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cos e = sine tT/2- ~)

sin & = cos(TT/2-&) }

Think of
right triangles.

~A . C
b

Law of cosines:

La.w,ofsines: ~.= ~ = ~
a b c

a2 = b2 + c2 -2becosA .

(also b2 = &,2+ c.2- 2aceosB . ete.)

Exampl§

1. Verify that for all e, cot ecsce-1

Sol'n: multiply left side by s~ne
sIn 8'

a 1 + sin 8'
cose .

to get cas &1 -sin 9' '

then by 1 + $~ne to get .u.+ $~n e) COS&
1 + Sln e 1 " 2- Sln e

= .u.+ sin 8') cos e . ht
"d

. 2 = ng .SI e .
cos e

2. Find cos ;2 '.

,

cos.J!.. = cos(l!. - J!.)12 3 . 4

Exercjses VlAR
1. Sketch the graph of f(e) = -cose .

. 2. .Sketch the graph of .f(e) = 2sin4e. Wha~is its period?
3. Verify that tan ~ + see e = ~.

COS&

4. Verify:
2

1 + tan e =.see ~ tan 8' .
CSC&

5. Express cos22a in terms of cos 4a .

l
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6. Find sin 5TT by 'using trig. identities.12 .

!

c. 'Conic sections
. .

1. Circles. (a) centered at origin with radius r:

(b) centered at (h,k) With radius r:
y~ y

x2 ~ y2 = 'r2 .
(x-h)2 + (y- k)2 =r2.

-2

(x-2r + (y-2)2 = 1
2 ox

-2
2 x

2. ParabOlas.. . .: :.

(a) Vertex at origin: r. kx2.. o.r x .i
~~kf. Th~ ~arger I~I is, the

. .narrower the parabol~~ Pe~". i' . :
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, ,0 'y = Y!- 1. :~. ~. "0 x ~ 2y2 ..' .; 2~.. x c -y;-
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.More~eneral parabola ~1 be Ail\ + ~x + 0/ + D Q 0 or .
Ay2 + By + Cx + D c'O '1it!1 A, c ~ o. Bycompletingthe square.- , . .
these may be rewritten as y = a(x-b)~.:+'c or x = a(y-b)2 + c .

which are parabolas with verticeS at., (b.c) 'or (c.b) . res~ctively.
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1. Ellipses. .
(a) Center at origin, x-intercepts

Y'j'
b

-a. .

... '. ...~" .1;
. .~

.! -z;:: -b

- ....

:f:a, y-intercepts :f:b, a, b >0 :

..a

major semi-axis = a ,
minor semi~axis= b

since a >b .x

(b) Mor~ general ellipse: A,x2+ By2 + Cx + Dy + E = 0 with A, B :;=0 I
A. B ~am~ sign. Rewrite as

2 2

~ + ~ a 1 ; center at. (h,k) ,semi-axes a and b.
a b'

4. I H~rbolas.
. (a) "Center at origin, asymptotes

',. 2'. 2
~" .L-~-i

,
f: a2 b2

. ~.: Y 'i\

or

,-.

x

.
-'"

~.

7.

aye :f:bx, a, b) 0:
2 2.

.Y:...- ..L . 1
b2 a2

x

-
(b) More general hyperbola: Ax2.+ By2 +'Cx + Dy '+ E = 0., A.B. 0 ,

. . A,B opposW:signs. "

. 2 "2

Rewrite as" ~ -~ ~ t 1, center at (h,k).
a b

(c) xy = c is ~iso a hyperbOla; write as y = xl c to graph; .
for .example,

..
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y=i x
x

. Note: Todisplay the equations of conic sections in a standard, recogniz-
able form as above, it may be necessary to .complete the square". The
technique comes from the formula (x + a )2 = x2 + 2ax + a2'; we can

write. x2 + bx + c = (x + b/2 )2 + c -b2/4 , getting rid of the x 'term. (In
the exercises, this has already been done.> .

Exercises VL.C
Identify and sketch the following conic sections.

1. ax = ~3(y- (1/3»2 + 4 .

2. (x-1)2 + (y- 2)2 = 9

3. 9x2 + 4y2 a 39

Answers f2I:..Exerdses V{

-1

A: 1. 2.

B:. 3. Hint: write the left side in terms of sin & and CQS& .
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