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16. (a) Show that the product space R!, where I = [0, 1], has a countable dense
subset, e
(b) Show thatif J has cardinality greater than P(Z.), then the product space R’
does not have & countable dense subset. {Hint: If D is dense in R, define
f:J — P(D) by the equation f (e} = D0 77 ((a, b)), where (a, byisa
fixed interval in R} :

*17. Give R? the box topology. Let @ denote the subspace consisting of sequences
of rationals that end in n infinite string of 0’s. Which of our four countability
axioms does this space satisfy? ‘

#18. Let G be a first-countable topological group. Show that if G has a countable
dense subset, or is Lindeldf, then G has a countable basis. (Hint: Let {Bg] be a
countable basis at-e. If D is a countable dense subset of G, show the sets dBn,
ford € D, form a basis for G. If G is Lindeldf, choose for each » a countable set
C, such that the sets ¢By, for ¢ € Cy, covet ;. Show that as n ranges OvVer Ziy,
these sets form a basis for G.] -

§31 The Separatidn Axioms

In this section, we introduce three separation axioms and explore some of their prop-
erties. One you have already seen—the Hausdorff axiom. The others are similar but
stronger. As always when we introduce new concepts, we shall examine the relation-
ghip between these axioms and the concepts introduced earlier in the book.

Recall that a space X is said to be Hausdorff if for each pair x, ¥ of distinct points
of X, there exist disjoiat open sets containing x and ¥, respectively.

Definition. Suppose that one-point sets are closed in X. Then X is said to be reg- -
ular if for each pair consisting of a point x and a closed set B disjoint from x, there
exist disjoint open sets containing x and B, respectively. The space X is said to be
normal if for each pair A, B of disjoint closed sets of X, there exist disjoint open sets
containing A and B, respectively. '

It is clear that a regular space is Hausdorff, and that a normal space is regular.
(We need to include the condition that one-point sets be losed as part of the definition
of regularity and normality in order for this to be the case. A two-point space in the
indiscrete topology satisfies the other part of the definitions of regularity and normality,
even though it is not Hausdorff.) For examples showing the regularity axiom stronger
than the Hausdorff axiom, and normality stronger than regularity, see Examples 1
and 3. :

These axioms are called separation axioms for the reason that they involve “sepa-
rating” certain kinds of sets from one another by disjoint open sets. We have used the
word “separation” before, of course, when we studied connected spaces. Baut in that
case, we were trying to find disjoint open sets whose union was the entire space.
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The present situation is quite different because the open sets need not satisfy this
condition, '

Hausdorff Regular Normal

Figure 31.1

The three separation axioms are illustrated in Figure 31.1.
There are other ways to formulate the separation axioms. One formulation that is
sometimes useful is given in the following lemma: '

Lemma31.1. LetX bea topological space. Let one-point sets in X be closed.

(a) X is regular if and only if given a point x of X and a neighborhiood U of x,
there is a neighborhood V of x such that Vcu.

(b) X is normal if and only i given a closed set A and an open set 1/ containing A,
there is an open set V containing A such that V ¢ ¢/,

Proof. (a) Suppose that X is regular, and suppose that the point x and the neighbor-
hood U of x are given. Let B = X — U; then B is a closed set, By hypothesis, there
exist disjoint open sets V and W containing x and B, respectively. The set V is disjoint
from B, since if y € B, the set W is a neighborhood of y digjoint from V. Therefore,
V C U, as desired.

To prove the converse, suppose the point x and the closed set B not containing x
‘are given. Let 7 = X — B. By hypothesis, there is a neighborhood V of x such
that V C U. The open sets V and X — V are disjoint open sets containing x and B,
respectively. Thus X is regular. '

(b) This proof uses exactly the same argument; one just replaces the point x by the
set A throughout. . n

Now we relate the separation axioms with the concepts previously introduced,

Theorem 31.2. (a) A subspace of a HausdorF space is Hausdortf; a product of Hans-
dorff spaces is Hausdorff. -
(b) A subspace of a regular space is regular; a product of regular spaces is regular.




§31 _ . The Separation Axioms 197

Proof.  (a) This resulf was an exercise in §17. We provide a proof here. Let X be
Hausdorff. Let x and y be two points of the subspace ¥ of X. If I/ and V are disjoint
neighborhoods in X of x and y, respectively, then I/ ﬂ Y and V N Y are disjoint
neighborhoods of x and y in ¥.

Let {X,} be a family of Hausdorff spaces. Let x = (xy) and ¥ = () be distinct

points of the product space [ X,. Because x # y, there is some index B such that - - -

xg # ya. Choose d.lSlel'lt open sets U and V in X 3 containing xg and yg, respectively.
Then the sets 75 (U) aud g Y(v) are disjoint open sets in [ X, containing x and y,
respectively. _

(b)Let ¥ be a subspace of the regular space X. Then one-point sets are closed
in ¥. Let x be a point of ¥ and let B be a closed subset of ¥ disjoint from x. Now
BNY = B, where B denotes the closure of B in X. Therefore, x ¢ B, so, using
regularity of X, we can choose disjoint open sets I/ and V of X containing x and B,
respectively. Then U N ¥ and V N Y are disjoint open sets in ¥ containing x and B,
respectively.

Let {X,} be a family of regular spaces; let X = [] X,. By (a), X is Hausdorff, so
that one-point sets are closed in X. We use the preceding lemma to prove regularity
of X. Let x = (xy) be 2 point of X and let U be a neighborhood of x in X. Choose a
basis element [ U, about x contained in' U. Choose, for each «, a neighborhood V,
of x4 in X, such that 'V, ¢ U,; if it happens that U, = X, choose V, = X,. Then
V =[] Vy is a neighborhood of x in X. Since V = [] V,, by Theorem 19.5, it follows
atoncé that V < [ U, C U, so that X is regular. [ ]

There is no analogous theorem for normal spaces, as we shall see shortly, in this
section and the next.

EXAMPLE 1.  The space R is Hausdorff but not regular. Recall that Rg denotes the reals
in the topology having as basis all open intervals (a, b) and all sets of the form (a, &) —
where K = {1/n | n € Z,.}. This space is Hausdorff, because any two distinct points have
disjoint open intervals containing them.

But it is not regular. The set X is closed in Rg, and it does not contain the point G.
Suppose that there exist disjoint open sets 7 and V containing ¢ and K, respectively.
Choose a basis element containing 0 and lying in U. It must be a basis element of the form
(a, b) — K, since cach basis element of the form (g, b) containing 0 intersects K. Choose n
large encugh that 1/n € (a, b). Then choose a basis element about 1/a contained in V;
it must be a basis element of the form (¢, 4). Finally, choose z so that z < 1/n and
z > maxfc, 1/(n + 1)}. Then z belongs to both {7 and V, so they are not digjoint. See
Figure 31.2.

<
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Figure 31.2
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EXAMPLE 2. The space Ry is normal, Tt is immediate that one-point sets are closed
in Ry; since the topology of Ry is finer than that of R. To check normality, suppose that A
and B are disjoint closed sets in R;. Foreach pointa of A choose a basis element [a, x;) not
intersecting 'B; and for each point b of B choose a basis element [, x5) not intersecting A.
The open sets

Us=|Jlo.x) and V=] b2

acd beB .

are disjoint open sets about A and B, respectively.

EXAMPLE 3.  The Sorgenfrey plane R% is not normal.

The space IR is regular (in fact, normal), so the product space R% is also regular, Thus
this example serves two purposes. It shows that a regular space need not be normal, and it
shows that the product of two normal spaces need not be normal.

We suppose IR} is normal and derive a contradiction. Let L be the subspace of R?
consisting of ail points of the form x x (—x). Then L is closed in B2, and L has the
discrete topology. Hence every subset A. of L, being closed in L, is closed in ]R%. Because
L — Ais also closed in RZ, this means that for every nonempty proper subset A of L, one
can find disjoint open sets I74 and V, containing 4 and L — A, respectively. '

Let D denote the set of points of R} having rational coordinates; it is dense in RZ, We
define a map ¢ that assigns, to each subset of the line L, a subset of the set D, by setting

BA)=DNUy HSCACL,
N =@,
(L) = D.

‘We show that 8 : P(L) — P(D) is injective.

Let A be aproper nonempty subset of L. Then #{A) = D U4 is neither empty {since
U4 is open and D is dense in R%) nor all of D (since D M V4 is nonempty). It remains to
show that if B is another proper nonempty subset of L, then 6(A4) £ 8(B).

One of the sets A, B contains a point not in the other; suppose that x € A and x ¢ 5.
Thenx € L — B, sothat x € U4 N Vg; since the latter set is open and nonempty, it must
contain points of I. These points belong to U4 and not to Up; therefore, PNU4 £ D3,
as desired. Thus & is injective.

Now we show there exists an injective map ¢ : (D)} — L. Because D is countably
infinite and L has the cardinality of I, it suffices to define an injective map ¥ of P(Z,)
into R. For that, we let yr assign to the subset 5 of 2. the infinite decimal ayay. .., where
@ =0Qifi e Sanda; = 1ifi ¢ S. That is,

$(S) =3 /10,
i=1

Now the composite

Ly Dyt

1s an injective map of #(L) into L. But Theorem 7.8 tells us such a map does not exist!
Thus we have reached a contradiction, :
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Eosed _ ‘ This proof that’ ]R% is not normal is in some ways'niot Very satisfying. We showed
atA ' only that there must exist some proper nonempty subset 4 of L such that the sets A and
a)mOL 4 B = L — A are not contained in disjoint open sets of Re But we did not actually find such

ng A. g X a set A, In fact, the set A of points of  having rational coordmates is such a set, but the
proof is not easy. It is left to the exercises. o

Exercises |
Thus : i. Show that if X is: regular every pau of pomts of X ve nelghborhmds whose
'm dit s closures are d:s_}omt :
_ : . Show that if X is normal, every pair of dlS_}Omt closed sets have neighborhoods
Df_Rf 3 whose closures are disjoint. :
45 ms: ' 3 3. Show that every ofder topology is regular ;
one 4. Let X and X' denote a single set under two topologles fi' and 7', respectively;
I = assume that 7' 2 7. If one of the spaces is Hausdorff {or regular, or normal),
. We- 4 what does that imply about the other? s '
e 5. Let f,g : X — .Y be continuous; assume that - Y is
L flx) = glx)}isclosed in X, :
6. Let p : X — Y be a closed continuous surjective map Show that if X is normal,
then so is Y. [Hzm If U is an open set contalmng p‘l (¥}, show there is a
. . ; neighborhood W of y such that p~1(W) c 1/.] '
5'nce . 7. Let p : X — Y be a closed continuous surjective map'such that p~!({y}) is
Sto ; 2 compact for each y'€ Y. (Such a map is called a pEIfECI map.)
; (2) Show that if X is Hausdorff, thensois ¥, = - °
¢ B. : 3 (b) Show that if X is regular, then sois Y.
nust (c) Show that if X is locally compact, thensois ¥.
Us, (d) Show thatif X is second-countable, then sois ¥. [Hint: Let B be a countable
basis for X. For each finite subset J of B, let U; ‘be the union of all sets of
1%‘31))’ the form p~! (W), for W open in ¥, that are contamed in the union of the
\ ;’,e ' elements of J.]
8. Let X be a space; let G be a topological group. ‘An action of G on X is a
s continuous map & : G x X — X such that, denoting a(g x x} by g - x, one has
) eex=xforalx e X.

(it) g1 - (g2 -x) = (g1 - g2) - x forall x eXandgl'gz €G.
Define x ~ g x for all x and g; the resulting quotient space is denoted X /G and
called the orbit space of the action «.
Theorem. Let G be a compact topological group; let X be a topological space;
; let « be an action of G on X. If X is Hausdorff, or regniar, or normal, or Iocally
Aist! : compact, or second-countable, so is X/ G.
: : [Hint: See Exercise 13 of §26.]
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*9. Let A be the set of all points of R2 of the form x x (—x), for x rational: Jet B be
the set of all points of this form for x irrational. If V is an open set of R% con-
taining B, show there exists no open set U containing A that is disjoint from V,
as follows: :

(a} Let K, consist of all irrational numbers x in {0, 1] such that [x, x + 1/#1) x
{—x, —x + 1/n) is contained in V. Show [0, i] is the union of the sets X,
and countably many one-point sets.

(b) Use Exercise 5 of $27 to show that some set ff,, contains an open interval
(a, b) of IR.

{c) Show that V contains the open parallelogram consisting of all points of the
formxx(--x+e)forwhicha<x<band0<e<l/n. '

(d) Conclude that if ¢ is a rational number with a < g < b, then the point
g % (—g) of R? is a limit point of V.

§32 Normal Spaces

Now we turn to a more thorough study of spaces satisfying the normality axiom. In
one sense, the term “normal” is something of a misnomer, for normal spaces are not as
well-behaved as one might wish, On the other hand, most of the spaces with which we
are familiar do satisfy this axiom, as we shall see. Its importance comes from the fact
that the results one can prove under the hypothesis of normality are central to much of
topology. The Urysohn metrization theorem and the Tietze extension theorem are two
such results; we shall deal with them later in this chapter.

We begin by proving three theorems that give three important sets of hypotheses
under which nermality of a space is assured,

Theorem 32.1.  Every regular space with a countable basis is normal.

Progf.  Let X be a regular space with a countable basis &. Let A and B be disjoint
closed subsets of X. Each point x of A has a neighborhood U/ not intersecting B. Using
regularity, choose a neéighborhood V of x whose closure lies in U; finally, choose an
element of B containing x and contained in V. By choosing such a basis element for
each x in A, we construct a countable covering of A by open sets whose closures do
not intersect &. Since this covering of A is countable, we can index it with the positive
integers; let us denote it by {U,,).

Similarly, choose a countable collection {Vu} of open sets covering B, such that
each set V,, is disjoint from A. The sets I/ = \JU» and V = [} ¥, are open sets con-
taining A and B, respectively, but they need not be disjoint. We perform the following
simple trick to construct two open sets that are disjoint. Given #, define

n n
Up=U—|JV: and Vo= Vo= T
i=1 i=1




Note that each set U/}, is open; being the difference of an open set Ux and a, closed sgt

V, Similarly, each sét V! is open. The collection {U;} covers A, “becausdgach
x m A belongs to Uy for some n, and x belongs to none of the sets V. S1rmlar the
collection {V}} covers _B '--See P‘igu.re 32.1. :

NN

Figure 32.1

Finally, the open s_etﬁ
v=Ju amd v=)V
- nely nedy
are disjoint. Forif x € U'NV/, thenx € U; N V| for some j and k. Suppose that
J = k. It follows from the definition of U’ that x € Uy; and since j < k it follows
from the definition of V, that x ¢ U A sumlar contradiction arises if j = &. |
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Theorem 32,2, Every metrizable space is northal.

Proof. . Let X be a metrizable space with metric d. Let A and B be disjoint closed
subsets of X, For eacha € A, choose €4 50 that the halj B(a, €2} does not intersect B.
Similarly, for each & in B, choose €, 50 that the ball B(b, €,) does not intersect A.
Define c

U=|JB@ e/ md v U B®, &/2).
acAa beh o

Then U and V are OPen sets containing A and |B, respccti?e_ly;- we assert they are
‘disjoint. Forif 7 € ¢/ 1 V, then

1€ B{a, ¢,/ B(é, €s/2)

for some @ € A and some & € B. The triangle inequality applies to show that
d{a, b) = (e + €)/2. If e, < €p, then d(a, b) < €5, $0O that the balj B(b, ¢p)
contains the point a. If ¢, < €a, then d{a, ) < €4, S0 that the ball B(a, ¢;) contains
the point 4. Neither situation is possible, ||

Theorem 32,3, Every compact Hausdorfr space is normal,

Proof Let X be a compact Hausdorff space. We have already essentially proved
that X is regular. For if x is a point of Xand Bis g closed set in X not containing x,
then B is compact, 50 that Lemma 26.4 applies to show there exist disjoint open sets
about x and B, respectively,

Essentially the same argument as given in that lemrma can be used to show that X
is normal: Given disjoint closed sets A and B in X, choose, for each. point g of A,
disjoint open sets Uz and ¥, containing @ and B, respectively. (Here we nse regularity
of X.) The collection {U,} covers 4; because 4 id compact, A may be coverad by
finitely many sets Usay,...,U,,. Then

U=u, U---UU;  and v = Vo NNy,

are disjoint open sets containing A and B, respectively. |

Here is a further result aboyt normality that we $hall find usefu in dealing with
some examples. : )

Theorem 32.4. Every well-ordered set X is normal in the order topology.

1t is, in fact, true that every order topology is normal (see Example 39 of [S-8D);
but we shal] not have occasion to use this stronger result.
Progf LetXbea well-ordered set. We assert that every interval of the form (x, y]
is openin X: If X has a largest element and ¥ is that element, (x. ] is just a basis
element about y. If y is not the largest element of X » then (x, y] equals the open set
(x, ¥), where y' is the immediate successor of ¥.
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Now let A and B be disjoint closed sets in X; assume for the moment that neither A
nor B contains the smallest elemeént ag-of X. For each a € A, there exists a basis
element about a disjoint from Bj:it-contains some interval of the form (x,]. (Here
js where we use the fact that 4 is iot the smallest element of X.) Choose, for each

3, tespectively; we assert they are disjoint. For suppose
thatz € U N'V. Then 2.€ {xg, a} "'5,],1] for some a € A and some b € B. Assume
that @ < b. Then if @ < 7Vp. the two_i;:ltérvals are disjoint, while if @ > ¥, we have
a € (y», b], contrary:to the fact that (s b] is disjoint from A. A similar contradiction
cccursifb <a. o no ;

Finally, assume t'hélt_A;and.B. ¢ disjoint closed sets in X, and A -contains the
smallest element ag of X. The sét {ag} is both open and closed in X. By the result of
the preceding paragraph; fhiere exist disjoint open sets U/ and V' containing the closed
sets A—{ap} and B, respectively. Then UU{ag} and V are disjoint open sets containing
A and B, respectively. o 5 < [

ExampLE 1. [ _tsxunc‘oun‘_'t_abfe,\- te product space R is not normal. The proof is.
fairly difficult; we leaveitas a challenging exercise (see Exercise 9).

This example serves three purposes. It shows that a regular space R’ need oot be
normal. It shows that-a subspace of 4 normal space need not be normal, for BY is home-
omorphic to the subspace (0, 1)7 of {0,117, which (assuming the Tychonoff theorem) is
compact Hausdorff and'thereforé normal. And it shows that an uncountablé product of
normal spaces need ot be normat. It leaves unsettled the question as to whether a finite or
a countable product of normal spaces might be normal. '

EXAMPLE 2.  The product space Sq-x Sq is not normal.!

Consider the well-ordered set 8, in the order topology, and consider the subset g, in
the subspace topology (Which is the same as the arder topology). Both spaces are normal,
by Theorem 32.4. We shail show that the product space Sg x Sg is not normal.

This example_servés three purposes. First, it shows that a regular space need not be
normal, for Sg x Sq is.a product-of regular spaces and therefore regular. Second, it shows
that a subspace of a normal space need not be normal, for Sg x S is a subspace of Sa x Sa,
which is a compact Hausdorff space and therefore normal. Third, it shows that the product
of two normal spaces need not be normal. _

‘First, we consider the space Sp x Sp, and its “diagonal” A = [x xxz | x € Sg}
Because Sq is Hausdorff, A is closed in Sp x Sq: If U and V are disjoint neighborhoods
of x and v, respectively, then U x V is a neighborhood of x x y.that does not intersect A.

Therefore, in the subspace Sg X Sq, the set

A=AN(SaxSp)=A—-{2xQ}

TRefley [K] attributes this example to I. Dieudonné and A. P. Morse independenﬂy.
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Y
xx g(x}\

Figure 32.2

is closed. Likewise, the set
B = Sg x Q)

is closed in Sg x Sp, being a “slice”

We shall assume there exist disjoint

. respectively, and derive a contradiction. See Figure 32.2.

Given x € Sq, consider the vertical shice x x §o. We assert that there is some point 8

Choose 8(x a point; just to be definite, let B(x) be the smallest element
of Sg such that x < Blx) < Qandx x B(x) lies outside /. Defina a sequence of points
of Sg as follows: Let X1 be any point of Sg. Let *2 = S(x1), and in generat, Xn+1 = B(x,).
We have

x1<.r2<...,

because B(x) > x for all x. The set {x,} is countable and therefore has an upper bound
in Sp;letb < Sg be its Ieast upper bound. Because the sequence is increasing, it muyst
converge 1o its least upper bound; thys x, — b, But 8(x,} = Xn+1, 80 that B(x,) - &
also. Then

Xn X B(xy) ~— bx b

in the product Space. See Figure 32.3. Now we have a tontradiction, for the point b x b
lies in the set A, which is contained in the open set {7; and U/ contains none of the points

Xn X Blxg).




Figure 32.3

Exercises

1. Show that a cIosed' subspace of a normal space is normal.
2. Show that if HXO, is Hausdorff, or regular, or normal, ”tﬁﬂn_:sais__ a (Assume
that each X, is nogempty) . - - T ey
. Show that evefji idéally compact Hausdorff space is regular,
. Show that every regular Lindeldf space is normal.

» Is R” normal in the product topology? In the uniform topology?- .

It is not known whether RB® is normal in the box topology. Mary-Ellen Rudin
has shown that the answer is affirmative if one assumes the continuum hypothe-
sis [RM]. In fact, sh_e shows it satisfies a stronger condition called paracompact-
Ress. :

. A space X is said to be completely normal if every subspace of X is normal.
Show that X is completely normal if and only if for every pair A, B of separated
sets in X (that is, sets such that AN B = o and ANB = @), there exist
disjoint open sets containing them, [Hine: If X is completely normal, consider
X—-(ANnB)] - '

- Which of the following spaces are completely normal? Justify your answers.

(a) A subspace of a completely normal space.

(b) The product of two completely normal spaces.
(¢} A well-ordered set in the order topology.

(d) A metrizable space.
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{(e) A compact Hausdorff space.
(f) A regular space with a countable basis,
(g) The space R;.

« Prove the following:

Theorer.  Every linear continuum X is normal. _

(a) Let C be anonempty closed subset of X. T I/ is a component of X —C, show
that U/ is a set of the form (e, ¢") or (¢, 00) or (—o0, ¢), where ¢, eC.

{(b) Let A and B be closed disjoint subsets of X. For each component W of
X — AU B that is an open interval with one end point in A and the other
in B, choose a point ¢y of W. Show that the set C of the points cw is closed.

(¢} Show that if V is a component of X — C, then V does not intersect both 4
and B.

. Prove the following: _
Theorem. If J is uncountable, then R is not normal. -
Proof. (This proofisdueto A. H. Stone, as adapted in [S-S].) Let X = (Zo )70t
will suffice to show that X is not normal, since X is a closed subspace of RY . We
use functional notation for the elements of X » 50 that the typical element of X is
afunctionx : J — 7. K
(@) Ifx € X and if B is a finite subset of J,let U(x, B) denote the set consisting
 of all those elements ¥ of X such that y(¢) = X{a) for & € B. Show the sets
U(x, B) are a basis for X. o
(b) Define P, to be the subset of X consisting of those x such that on the set
- J—x7Un), the map x is injective. Show that Py and P, are closed and
disjoint.
Suppose I and V are open sets containing M and Py, respectively. Givena
sequence ay, o, . .. of distinct elements of J, and a sequence

O=np<nm<ny<-..
of integers, for each > 1 let us set
By = (o, )
and define x; € X by the equations |

X(ej)=j forl<j<n_,
Xi(@) =1 forall other values of a.

Show that one can choose the sequences o; and n; so that for each i, one
has the inclusion -

Ux;, By cU.

[#inz: To begin, note that X1{e) = 1 for all o; now choose B so that
Ui, B)) Cc U
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(d) Let A be the'set {1, ¢z, ...} constructed in (c). Define . J -
equatlous o o : ;

(e} =j fora; €A,
y{o) =2 for all other values of o.

Choose B 5o that Uy, B) C V. Then choose i so that B Na f'_ !
in the set B, Show that

Uiy, Biy) NU(y, B)

is not emptyai_,,jf
10, Is every topological ‘group normal?

§33 The Urys_dhh Lemma

Now we come to the:first deep theorem of the book, a theorem that-is commonly
called the “Urysohn lemma.” It asserts the existence of certain real-valued continuous
functions on a normal-space X. It is the crucial tool used in proving a.number of
important theorems. We shall prove three of them—the Urysohn metrization theorem,
the Tietze extension theorem, and-an imbedding theorem for mamfolds—x succcedmg
sections of this chapter. : :

Why do we call the Urysohn lemma a “deep” theorem? Because,ns. proo‘f involves
a really original idea, which the previous proofs did not. Perhaps we can explain
what we mean this way: By and large, one would expect that if one went through this
book and deleted all the proofs we have given up to now and then harded the book
to a bright student who had not studied topology, that student ought 1 to be able to go
through the book and work out the proofs independently. (It would take a good deal of
time and effort, of course; and one would not expect the student to handle the trickier
examples.) But the Urysohn lernma is on a different level. It would take considerably
more originality than most of us possess to prove this lemma unless we were given
copious hints!

Theorem 33.1 (Urysohn lemma). Let X be a normal space; let A and B be disjoint
closed subsets of X. Let [a, b] be a closed interval in the real line. Then there exists a
continuots map

f:X —[ab]

such that f(x) = a forevery x in A, and f(x) = b forevery x in B.

Proof. We need consider only the case where the interval in question is the interval
[0, 1]; the general case follows from that one. The first step of the proof is to con-
struct, using normality, a certain family U, of open sets of X, indexed by the rational
numbers. Then one uses these sets to define the continuous function £,
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Step 1. Let P be the set of all rational numbess in the interval [0, 1" We shall
define, for each pin P, an open set Uy of X, in such a-way that whenever P <q,we
have ' :

U, c U,

Thus, the sets U, will be simply ordered by inclusion in the same way their subscripts
are ordered by the usual ordering in the real line,

Because P is countable, we can use induction to define the sets J » (or rather, the
principle of recursive definition). Arrange the elements of P in an infinite sequence in
some way; for convenience, let us suppose that the numbers 1 and 0 are the first two
clements of the sequence. L

Now define the sets I/ . as follows: First, define U; = X — B. Second, because A
is a closed set contained in the open set {1, we may by normality of X choose an open
set Up such that : :

AcCUp and ﬁorC_UL

ting of the first rational numbers in the
sequence. Suppose that I/, is defined for all rational numbers p belonging to the
set £y, satisfying the condition

In general, let P, denote the set consis

(*) p<g=U, U,

Let r denote the next rational number in the sequence; we wish to define Ur.

Consider the set P,y = Py U{r}. It is a finite subset of the interval [0, 1), and, as
such, it has a simple ordering derived from the usual order relation < on the real line.
In a finite simply ordered set, every element (other than the smallest and the largest)
has an immediate predecessor and an immediate successor. (See Theorem 10.1.) The
number 0 is the smallest element, and 1 is the largest element, of the simply ordered
set P41, and 7 is neither O nor 1. So r has an immediate predecassor pin P,y and an
immediate successor ¢ in Priy. Thesets I/ p and U, are already defined, and ¢7 » C U
by the induction hypothesis, Using normality of X, we can find an open set U/, of X
such that '

UpcU, and G cu,

We assert that (+) now holds for every pair of elements of £,.;. If both elements lie
m Py, (%) holds by the induction hypothesis. If one of them is r and the other is a point
s of Py, then either s =< p.in which case

L}s < ﬁp cu,
or s > g, in which case

U c U, C Us.

TActua]ly, any countable dense subset of [0, 1] will do, providing it contains the points 0 and 1.




Thus, for every pair of elements of P, ;, relation (*);h
By induction, we have U, defined forall p € P.iiis
To illustrate, let Us suppose we started with the standard Way ging the elements
of P in an infinite- sequcnce wi

Figure 33.1

Step 2. Now we have defined U, for all rational numbers D in tl’ie interval [0, 1].
We extend this definition to all rational numbers p in R by defining

Up=a@ ip=<0
Up=X ifp>1L

It is still true (as you can check) that for any pair of rational numbers. p and g.

p<qg=U,ClU,.

Step 3. Given a point x of X, let us define Q(x) to be the set of those rational
numbers p such that the corresponding open sets [/, contain x:

Q) ={pixeUy)
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This set contains no number less than 0, since no x is in U/ »for p < 0. And it contains

every number greater than 1, since every x is in U/ p for p > 1. Therefore, Q(x) is

bounded below, and its greatest lower bound is a point of the interval {0, t]. Define
Fx)=inf@(x) =inflp | x & Uyl

Step 4. We show that £ is the desired function. Ifx € A, then x € U, for every
P = 0, so that Q{x) equals the set of all nonnegative rationals, and f(x) = inf Q(x) =
0. Similarly, if x € B, thenx ¢ U p forno p < 1, so that Q(x) consists of all rational
numbers greater than 1, and f(x) = L. . — .
All this is easy. The only hard part is to show that J s continuous. For this
purpose, we first prove the following elementary facts:
Wxel = fx)<r.
@D x¢ly= fx)>r.
To prove (1), note that if x < U,, then x ¢ Us for every s > r. Therefore, Qx)
contains all rational numbers greater than r, so that by definition we have

JF) =infQx) <~

To prove (2), note that if x ¢ U,, then x is not in Us for any 5 < r. Therefore, Q(x)
contains no rational numbers less than r, so that

f(x) =mfQx) = r.

Now we prove continuity of f. Given a point xp of X and an open interval (e, d)
in R containing the point S (x0), we wish to find a neighborhood U of xg such that
F{I7) C (e, d). Choose rational numbers p and g such that '

c<p< flrg)<qg<d
We assert that the open set

U=U,-0,
i8 the desired neighborhood of xo. See Figure 33.2.

Fx)

First, we note that xy € U. For the fact that Flxg) < g implies by condition (2)
that xy € U, while the fact that £ (xp) > p implies by (1) that xg & ﬁp. _

Second, we show that Fn C(c,d). Letx € U. Thenx € U, C Uy, s0
that f(x} < g, by (1). And x ¢ Uy, sothat x ¢ Up and fix) > P, by (2). Thus,
Fix) elp,q]l C (¢, d), as desired. a
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Definition. IfA and B are two subsets of the topological space X, and if there is”é j:

continuous function f 1 X — [0,1) such that f(A) = {0} and F(B) = (i}, we say -+
that A and B can be separated by a continuous Junction. .

The Urysohn lemma says that if every pair of disjoint closed sets in X can be .
- "_s'gpa;:at_qd-by disjoint open sets, then each such pair can be separated by a continuous- Ay

function. The converse is trivial, forif f : X — [0, 1] s thie function, then f~L([0, R

~ and f _":;1_1(( 3, 1)) are disjoint open sets containing A and B,'re'spect:ively; i
* . This. fact leads to a question that may aiready have occurred to you: Why cannot -~

the proot'of fthé Urysohn lemma be generalized to showthatin a regular space, where '_: B
__ 'you can separate points from closed sets by disjoint open sets, you can also separate ¢

points from closed sets by continuous functions? .
At first glance, it seems that the proof of the Urysohn lemma should go through.

You take a-point @ and a closed set B not containing @, and you begin the proof -
* " just as before by defining I/, = X — B and choosing Up to be an open set about g -

- whose closure is contained in I/ (using regularity of X). But at the very next step -

of the proof, you run into difficulty. Suppose that p is the next rational number in- :

the sequence after 0 and 1. You want to find an open set U, such that Iy ¢ U, » and
Up C.U). For this, regularity is not enough. : :
~ Requiring that one be able to separate a point from a closed set by a continuous
function is, in fact, a stronger condition than requiring that one can separate them by
. disjoint open sets, We make this requirerent into a new separation axiom: '

Definition. A spaée X is completely regular if one-point sets are closed in X and
if for each point xy and each closed set A not containing xg, there is a continuous
- function f X - [0; t] such that £(xp) = 1 and f(A) = {0}.

_ A normal space is completely regular, by the Urysohn lemma, and a completely
regular space is regular, since given f, the sets £~1([0, I¥and f ‘“I((%, i]) are dis-
joint open sets about A and xg, respectively. As a result, this new axiom fits in between
regularity and normality in the list of separation axioms. Note that in the definition one
could just as well require the function to map xp to 0, and A to {1}, for g(x) = 1— f(x)
satisfies this condition. But our definition is at times a bit more convenient.

: In the early years of topology, the separation axioms, listed in order of increasing
strength, were labelled Ty, T (Hausdorff), T3 (regular), 74 (normat), and 75 (com-
pletely normal), respectively. The letter “T” comes from the German “Trennungsax-
iom,” which means “separation axiom.” Later, when the notion of complete regular-
ity was introduced, someone suggested facetiously that it shonid be called the “T-3%
axiom,” since it lies between regularity and normality. This terminology is in fact
sometimes used in the literature!

Unlike normality, this new separation axiom is nicely behaved with regard to sub-
spaces and products:

Theorem 33.2. A subspace of a completely regular space is completely regular. A
product of completely regular spaces is compietely regular. :
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Proof.  Let X be completely regular; Iet ¥ be a subspace of X. Let xg be a point of Y,
and let A be a closed set of ¥ disjoint from xg. Now A = AN ¥ , where-A denotes the
closure of A in X. Therefore, xy ¢ A. Since X is completely regular, we can choose
a continuous function f : X — [0, 1] such that Flxg) = 1 and F{A) = {0). The
restriction of f to ¥ is the desired continuous function on ¥. '

Let X = [ X,, be a product of completely regular spaces. Let b = (b,) be a point
of X and let A be a closed set of X disjoint from b. Choose a basis element [10
containing b that does not intersect A; then U, = X, except for finitely many «, say
a=gap,..., oy Giveni = 1, ..., n, choose a continuous function

Jfi 1 X, = [0,1]

such that f;(by,) = 1 and f;(X — Ug) = {0). Let ¢; (X) = fi (g, (x)): then ¢; maps X
continuously into R and vanishes outside T 1(Un,,.). The product

F® =$1(®) - ¢2(X) -+ - Pulx)

is the desired continuous function on X, for it equals 1 at b and vanishes outside [ Vs
' n

EXAMPLE 1.  The spaces Rf and Sg x Sg are completely regular but not normat. For
they are products of spaces that are completely regular (in fact, normal).

A space that is regular but not completely regular is much harder to find, Most of * -

the examples that have been constructed for this purpose are difficult, and require consid-
erable familiarity with cardinal numbers. Fairly recently, however, John Thomas [T] has
constructed a much more elementary example, which we outline in Exercise 11.

Exercises

1. Examine the proof of the Urysohn lemma, and show that for given r,

f;l(r) = ﬂ Up — Uqu
p>r q<r
P, g rational,

2, (a) Show that a connected normal space having more than one point is uncount-
able.
(b) Show that a connected regular space having more than one point is uncount-
able." [Hint: Any countable space is Lindelof.] :

3. Give a direct proof of the Urysohn lemma for a metric space (X, d) by setting
d(x, A)

I = e D+ de B

TSurprisingly enough, there does exist a connected Hausdbrﬁ space that is countably infinite. See
Example 75 of {S-5].
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sntof ¥, .o 4. Recall that A is'a “G'set” in X if A is the intersection of a‘¢ountable collection

notes the of open sets of X,

nchoose - Theorem. Let X be normal. There exists a continuous ﬁmctzou f X — [0,1]

{0}. The . " such that f(x}.= 0 forx € A, and f(x) >0forx¢A 1faudon]y1fAISa

: S closed G setin'X.

jeapoint. [ A function satisfying the requirements of this theorem 8 sald to vamsh pre-

mt[[Us cisely on A. -

':ly @ 83y .- - 5. Prove:

; ' Theorem (Strong form of the Urysohn lemma). LetX: beanonnaj‘space There

is a continuous. function f : X — [0, 1] such that f(x) =0 forx € A, and
- : f(x)=1forx € B, and 0 < f(x) < 1 otherwise, LfandonlnyA and B are

ymaps X dxs_;omt closed Gs setsin X. -

o e 6. A space X is said to be perfectly normal if X is normal and 1f every closed set
’ in X isa Gg setin X,

i o (a) Show that every metrizable space is perfectly normal. ..
iPe [ J LT (b} Show that a perfectly normal space is completely normal. For tIus reason the
5 a condition of perfect normality is sometimes called the “7§ axiom.” [Hins:
Let A and B be separated sets in X. Choose continuous functions f, g :
o X — [0, 1] that vamsh precisely. on A and B, respecnvely Consider the
Most of L function f —g.]
e consid- - : (c} There is a familiar space that is completely normal but not perfectly normal.
tas [T] has ‘ What is it?

:rmal._ For

7. Show that every locaily compact Hausdorff space is com_pletely rggular.

: _ 8. Let X be compietely regular; let A and B be disjoint closed subsets of X. Show
; ‘ that if A is compact, there is a continuous function f : X — [0, 1] such that

f(A) = {0} and f(B) = {1}.

9, Show that R’ in the box topology is completely regular. [Hint: Show that it
suffices to consider the case where the box neighborhood (—1, 1)7 is disjoint
from A and the point is the origin. Then use the fact that a function continuous
in the uniform topology is also continuous in the box topology.]

*10. Prove the following:
Theorem. Every topological group is completely reguiar.
Proof. Let Vp be a neighborhood of the identity element e, in the topologlcal
group G. In general, choose V), to be a neighborhood of e such that V,, - V,, C
Va—1. Consider the set of all dyadic rationals p, that is, all rational numbers of
the form &/2", with & and # integers. For each dyadic rational p in (0, 1], define
an open set I/ (p) inductively as follows: U/(1) = Vj and U( 2) V1. Given n,
if U(k/2") is defined for 0 < k/2" < 1, define

i

S U2 = Yy,
U2k + 1)/2°y = Vouq - Uk/2")
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for0 <k <2". Forp <0,let U(p) = &; and for p > 1, let U{p) = G. Show
that ) :

Vo  URS2Y C Uk +1)/2%)

for all ¥ and n. Proceed as in the Urysohn lemimna,
This exercise is adapted from [M-Z], to which the reader is referred for further
results on topological groups.

*11. Define a set X as follows: For each even integer m, let L,, denote the line seg-
ment m x [—1, 0] in the plane. For each odd integer » and each integer k > 2,
~let Cy ¢ denote the union of the line segments (2 + 1 — 1/&) x [—1, O] and
(n — 14 1/k) x [—1, 0] and the semicircle

rxy | x—n+y 2=(1-1/%2and y > 0}

in the plane. Let py, ; denote the topmeost point n x (1 — 1/k) of this semicircle.

Let X be the union of all the sets L,, and Cp 4, along with two extra points a

and b, Topologize X by taking sets of the following four types as basis elements:

(i) The intersection of X with a horizontal open line segment that contains -
none of the points p, k.
(ii) A set formed from one of the sets Cp, ¢ by deleting finitely many points.
- (it} For each even integer m, the union of {a} and the set of points x x y of
X for which x < m. '
* (iv) For each even integer m, the union of {5} and the set of points x x y of
X for which x > m.

(a) Sketch X; show that these sets forn:l a basis for a topology on X.

(b) Let f be a continuous real-valued function on X. Show that for any c, the
set f~1(¢) is a G set in X. (This is true for any space X.) Conclude that
the set Sy ; consisting of those points p of Cy, ; for which f(p) # f(pnx)
is countable. Choose d € [—1, 0] so that the line y = 4 intersects none of
the sets S, z. Show that for » odd,

flln—1) x d) =k1in;1of(ppi,k) = f{(n+1) xd).

Conclude that f(a) = f(b).
(c) Show that X is regular but not completely regular.

§34 The Urysohn Metrization Theorem

Now we come to the major goal of this chapter, a theorem that gives us conditions
under which a topological space is metrizable. The proof weaves together a number
of strands from previous parts of the book; it uses results on metric topologies from
Chapter 2 as well as facts concerning the countability and separation axioms proved in
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the present chapter. The basic construction used in the proof is’a simple one, but very
useful. You will see it several times more in this book, in various guises.

There are two versions of the proof, and since each has useful generalizations that
will appear subsequently, we present both of them here. The first version generalizes
to give an imbedding theorem for completely regular spaces. The second version will
be generalized in Chapter 6 when we prove the N agata-Smirnov metrization theorem.

Theorem 34.1 (Urysohn metrization theorem). . Every regular space X with a
countable basis is métrizable. L

Proof.  We shall prove that X is metrizable by imbedding X in-a metrizable space ¥;
that is, by showing X homeomorphic with a subspace of ¥. The two versions of
the proof differ in the choice of the metrizable space T. I the first version, ¥ is
the space R in the product topology, a space that we have préviously proved to be
metrizable (Theorent 20.5). In the second version, the spaée‘Y is-also R?, but this
time in the topology given by the uniform metric P (see §20). In each case, it turns out
that cur construction actually imbeds X in the subspace [0, 1) of R®.

Step 1. We prove the following: There exists a countable. collection of continuous
Junctions f, 1 X = [0,1] having the property that given any point xg of X and
any neighborhood U of xo, there exists an indéx n such that f, is positive at xy and
vanishes outside U, o

It is a consequence of the Urysohn lemma that, givenxg and U, there exists such a
function. However, if we choose one such function for each pair (v, U), the resulting
collection will not in general be countable. Qur task is to cut the collection down to
size. Here is one way to proceed: : e

Let {B,} be a countable basis for X. For each pair 1, m of indices for which
B, C By, apply the Urysohn lemma to choose a 60utiuuous function g : X ~»
[0, 1] such that g, ,,(B,) = {1} and &n,m(X — By) = {0). Then the collection {gn,m}
satisfies our requirement: Given xg and given a neighborhood I/ of xg, one can choose
a basis element By, containing x that is contained in U. Using regularity, one can then
choose By, so that xg € B, and B, C By, Then n, m is a pair of indices for which the
function gy, ,, is defined; and it is positive at xp and vanishes outside &. Because the
collection {g, .} is indexed with a subset of Zy x Z.., it is countable; therefore it can
be reindexed with the positive integers, giving us the desired collection {Ffn}

Step 2 (First version of the proof). Given the functions Jn of Step 1, take R® in the
product topology and define a map F : X -» R” by the rule

Fx) = (Ax), £2),...).

We assert that F is an imbedding.

First, F is continuous because R has the product topology and each f, is contin-
uous. Second, F is injective because given x # v, we know there is an index n such
that f,(x) > 0 and f,(y) = 0; therefore, F(x) % F(y).

Finally, we must prove that F is a homeomorphism of X onto its image, the sub-
space Z = F(X) of R*. Weknow that F defines a continuous bijection of X with Z,
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50 we need only show that for each open set U in X, the set F(U/) is open in Z. Let zg
be a point of F(U). We shall find an open set W of Z such that

0 € W F(U).

Let xp be the point of IJ such that F{xp) = zg. Choose an index N for which
Jw{xo) > Oand fy(X — U) = {0}. Take the open ray (0, +o0) in B, and let V be the
open set -

V =75 ((0, +00))

of R®. Let W = V N Z; then W is open in Z, by definition of the subspace topology.
See Figure 34.1. We assert that zg € W C F(U). First, zgp € W because

N (zo} = AN (F(x0)) = fv(xq) > 0.

Second, W < F(U). Forifz € W, then'z = F(x) for some x € X, and ny(z) €
(0. +00). Since ry (2) =y (F(x)) = fy(x), and fi vanishes outside ¥/, the point x
must be in U. Then z = F{x} is in F({/), as desired.

Thus F is an imbedding of X in R,

Figure 34.1

Step 3 (Second version of the proof). In this version, we imbed X in the metric
space (R”, p). Actually, we imbed X in the subspace [0, 1]°, on which 5 equals the
metric

P(x,y) =supllx; — yil}
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We use the countable collection of functions £, : X — [0, 1} constructed-ia' Step 1.
But now we impose-the additional condition that f,(x) < 1 /n for all x,-(This condi-
tion is easy to satisfy; we can just divide each function frbyn)

Define F : X — [0, 1]® by the equation .

E Fry = (filx), folxy, .oy e _ '

as before, We assert that F is now an imbedding relative to the metric p on T0,11%. We
know from Step 2 that F is injective. Furthermore, we know that if we use the product
topology on {0, 1], the map F carries open sets of X onfo open sets of the subspace
Z = F(X). This stalement remains true if one passes to the finer (larger) topelogy on
[0, 11° induced by the metric p. Ry =

The one thing left to do is to prove that F" is continuous. This does fiat follow from
the fact that each component function is continuous, for we are not using the product
topology on R* now. Here is where the assumption f,,(x) < 1/n comes in, - -

Let xg be a point of X, and let ¢ > 0. To prove continuity, we need to find a
neighborhood ¥ of xp such that BRI

CL xelU = p(F(x), Flxp)) <e.

First choose N large enough that 1/N < ¢/2. Then for each.n = 1,,N ‘ise the
continuity of f, to choose a neighborhood U7, of xy such that cLn

| ) = fae)l €2
forx e U,. LetU = ' Uy NN Uy; we show that I/ is the de_'s';ired: nt;igj:_b’o_rhood
ofxg. Letx e U. Kfn < N, IR e

| fa(x) — fa(xo)| < €/2

by choice of I/, Andifn > ¥, then

o @)~ falx)| < 1N <e/2
because f, maps X into [0, 1/n]. Therefore for all x « U,

PF(x), Flxo)) < €/2 <,

as desired. [ |

In Step 2 of the preceding proof, we actually proved something stronger than the
result stated there. For later use, we state it here:

Theorem 34.2 (Imbedding theorem). LetX bea Space in which one-point sets are
closed. Suppose that { f,}oe 7 is an indexed family of continuous functions fy : X —»
R satisfying the requirement that for each point xg of X and each neighborhood U
of xg, there is an index o such that fa is positive at xo and vanishes outside U. Then
the function F : X — R defined by

F{x)= (fa(x))ae.f

is an imbedding of X in R’ If £, maps X into [0, 1] for each «, then F imbeds X in
fo, 17”. '
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The proof is almost a copy of Step 2 of the precedmg proof; orie merely replaces n
by o, and R* by RY, throughout. One needs one-point sets in X to be closed in order
to be sure that, given x 3 v, there is'an index « such that fy(x) # fu(y¥).

A family of continuous functions that satisfies the hypotheses of this theorem is
said to separate points from closed sets in X. The existence of such a family is readﬂy
seen to be equivalent, for a space X in which one-point sets are closed, to the re-
quirement that X be completely regular. Therefore one has the following immediate

corollary:

Theorem 34. 3 A space X is complete]y reguIar if and only if it is homeomorphic to
a subspace of 0, 1]/ for some J.

Exercises

1. Give an example showing that a Hausdorff space with a countable basis need not-
be metrizable.

- Give an example showing that a space can be completely normal, and satisfy
the first countability axiom, the Lindeldf condition, and have a countable dense
subset, and still not be metrizable.

. Let X be a compact Hausdorff. space Show that X is metrizable if and only if X
has a countable basis.

Let X be a locally compact Hausdorff space. Is it true that if X has a countable
basis, then X is metrizable? Is it true that if X is metrizable, then X has a
countable basis?

. Let X be a locally compact Hausdorff space. Let ¥ be the one- -point compactifi-
cation of X. Is it true that if X has a countable basis, then ¥ is metrizable? Is it
true that if ¥ is metrizable, then X has a countable basis?

. Check the details of the proof of Theorem 34.2.

- A space X is locally metrizable if each point x of X has a neighborhood that is
metrizable in the subspace topology. Show that a compact Hausdorff space X is
metrizable if it is locally metrizable. [Hint: Show that X is a finite union of open
subspaces, each of which has a countable basis. ]

- Show that a regular Lindel6f space is metrizable if it is locally metrizable. [Hint:
A closed subspace of a Lindelof space is Lindelsf.] Regularity is essential; where
do you use it in the proof?

. Let X be a compact Hausdorff space that is the union of the closed subspaces X
and X3. If X and X are metrizable, show that X is metrizable. [Hint; Construct
a countable collection 4 of open sets of X whose intersections with X; form a
basis for X;, fori = 1, 2. Assume X; — X5 and X7 — X belong to 4. Let B
consist of finite intersections of elements of +.]
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-*_§35 The Tietze Extension Theorem’

" One immediate consequence of the Urysohn lemma is the useful theorem called the -

.Tietze extension theorem.. It deals with the problem of extending a continuous real-

: ‘valued function that is defined on"a subspace of a space X to a continuous function. =~
deﬁued onallof X. ThIS theorem is important in many of the applications of topology

Theorem 35.1 (Tletze extensnon theorem). Let X be a normal space; let A be a.

N "closed subspace of X.

{a) Any contmuous map of A into the closed interval [a, b] of R may be extcndcd :

"to.a-continuous map of all of X into [a, b).

(b) Any continuous map of A into R may be extended to a continuous map of all
of X into R. 2

- Proof. The idea of the."ﬁroof is to construct a sequence of continuous functions s

defined on the entire space X, such that the sequence s, converges uniformly, and such
that the restriction of s, to A approximates f more and more closely as .z becomes

large. Then the limit function will be continuous, and its restriction to A will equal f.

‘Step 1. The first step is to construct a particular function g defined on all of X such
that g is not too large, and such that g approximates f on the set A to a fair degree of

. acciracy. To be more précise, let us take the case f : A - [—r,r]. We assert that,

there exists a continuous function g : X — R such that
lg(x)| < §r forallx € X,
lg(a) = fla@)| < Zr foralla € A,

The function g is constructed as follows:
Divide the interval [—, r] into three equal intervals of length £r:

II=[“?‘s—_%"], lir2=[—'31”"’%”]’ I3=|:%r,r].
Let B and C be the subsets '

B=fl) ad =)

of A. Because f is continuous, B and C are closed disjoint subsets of A. Therefore,
they are closed in X. By the Urysohn lemma, there exists a continuous function

g: X — [—%r, %r]

having the property that g(x) = —%r foreach x in B, and g(x) = %r for each x in C.
Then |g(x)| < %r for all x. We assert that for each @ in A,

lg(a) — fla)l < 3r.

T'This section will be assumed in $62. It is also used in a number of exercises.




220 Countability and Separation Axioms

Figure 35.1

There are three cases. Ifa € B, then both f{a)and g(a) belong to 1. If @ € C, then
fla)and g(a) arein I3. Andifa ¢ BUC, then Sfla) and g(a) are in 7. In each case,
Ig(@) — f(a)] < $r. See Figure 35.1.

Step 2. We now prove part (a) of the Tietze theorem. Without loss of generality,
we can replace the arbitrary closed interval [a, b] of R by the interval [—1, 1],

Let f . X ~ [-1,1] be a continuous map. Then f satisfies the hypotheses
of Step 1, with r = 1. Therefore, there exists a continuous real-valued function g1,
defined on all of X, such that

lg1(x} =1/3 forxe X,
|f@)—g1(a)) <2/3 fora e A.

Now consider the function f — g1. This function maps A into the interval [-2/3,2/3],
so we can apply Step 1 again, letting » = 2/3. We obtain a real-valued function i)
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defined on all of X such that

2
|g2(x)| =< % (5) forx € X,

» Y
' |f_(_é:‘) —gi{a) —ga(a)l < (g) fora e A.

Then we apply Step 1 to the function f — g; — g2. And so on.

At the general step, we have real-valued functions gi, .. ., g, defined on all of X
such t_ﬁat_' S _ ' '
R Lo %
@ -g@ - - gla)l = (5)

fora € A. Applying Step 1 to the function f — g — -+ — g, withr = (%)”, we
obtain a real-valued function g, defined on all of X such that

1 /27"
18rt1(x) < 3 (5) forxe X,

L il
| #(a) ;f:gl(ﬂ) — o —gaii(@)] < (5) fora € A.

By inductibﬁ, the funéti_ons &n are defined for all #,

We now define - =
o0
gx) = gulx)
r=1

forall x in X. Of course, we have to know that this infinite series converges. But that
follows from the comparison theorem of calculus; it converges by comparison with the
geometric series

1 o0 2 n—1
i2(3)
ne=1

To show that g is continuous, we must show that the sequence s, converges to g
uniformly. This fact follows at once from the *“Weierstrass M-test” of analysis. With-
out assuming this result, one can simply note that if £ > #, then

k

600 =52 ()] = | Y &i(x)

i=n+1

1 & (2)1'-—1
3 i=n+1 3
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Holding rn fixed and letting £ — oo, we see that

18(x) — sn ()] < (g)

for all x € X. Therefore, s, converges to g uniformly.

We show that g(a) = f(a) fora € A. Let 5,(x) = )i, gi(x), the nth partial
sum of the series. Then g(x) is by definition the limit of the infinite sequence s, {x) of
partial sums. Since

|fla) ,;:'g"(a)' = |f(@) - sa(@)| < @)

for all @ in A, it follows that s,{a)} -> f(2) for all @ € A. Therefore, we have
fla) =gla)fora € A.

Finally, we show that g maps X into the interval [—1, 1]. This condition is in fact
satisfied automatically, since the series (1/3) 3 (2/3)" converges to 1. However, this
is just a lucky accident rather than an essential part of the proof. If all we knew was
that g mapped X into IR, then the map r o g, where r : R — [—1, 1]is the map

ryy=y iflyl =1,
r(y) =y/lyl iflyl =1,

would be an extension of £ mapping X into [—1, 1].

Step 3. We now prove part (b) of the theorem, in which f maps A into R. We can
replace R by the open interval (—1, 1), since this interval is homeomorphic to |,

So let f be a continuous map from A inio (—1, 1). The half of the Tietze theorem
already proved shows that we can extend f to a continuous map g : X —» [—1,1]
mapping X into the closed interval. How can we find 2 map k carrying X into the
open interval?

Given g, let us define a subset D of X by the equation

D =g l{-1pugtdih.

Since g is continuous, I is a closed subset of X, Because g(A) = f(A), which is
contained in (—1, 1), the set A is disjoint from D. By the Urysohn lemma, there is a
continuous function ¢ : X — [0, 1] such that ¢ (D) = {0} and ¢(A) = {1}. Define

A(x) = p(x)glx).

Then % is continuous, being the product of two continuous functions. Also, 4 is an
extension of £, since for a in A,

h(a) = ¢(a)ga) = 1- gla) = f(a).

Finally, # maps all of X into the open interval (—1, 1), Forif x € D, then k(x) =
0-g{x) =0. Andif x ¢ D, then |g(x)| < 1; it follows that |A(x)| < 1-|g(x)[ < 1. W
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Exercises

1. Show that the Tlet;c extension theorem implies the Urysohn lemma.
. In the proof of the Tietze theorem, how essential was the clever decision in Step 1
to divide the interval [—r, ] into three equal picces? Suppose instead that one
divides this interval into the three intervals BRI

h=1-r —ar), [I=[—ararl, Is = [ar. ],

for some a with 0 < a < 1. For what values of a other than.a = 1/3 (if any)
does the proof go through? 2
Let X be metrizable. Show that the following are equivalent: - -
(i) X is bounded under every metric that gives the topelogy of X.
(ii) Every continuous function ¢ : X ~» R is bounded.
(iii) X is limif point compact. C
[Hint: If ¢ : X—> R is a continuous function, then F(x) = x x ¢(x) is an
imbedding of X in X x R. If A is an infinite subset of X having no limit point,
let ¢ be a surjection of A onto Z4..] _ _
. Let Z be a topological space. If Y is a subspace of Z, we say that ¥ is a retract
of Z if there is'a pqhtinuous mapr: Z — ¥ suchthatr(y) =y foreachy € Y.
(a) Show that if Z is Hausdorff and Y is a retract of Z, then ¥ is closed in Z.
{b) Let A be a two-point set in R2, Show that A is not a retract of R2.
(¢) Let §' be the unit circle in R2: show that S! is a retract of R? — {0}, where 0
is the origin. Can you conjecture whether or not §' is a retract of R2?
. A space Y is said to have the universal extension property if for each triple
consisting of a normal space X, a closed subset A of X, and a continuous function
f : A — Y, there exists an extension of f to a continuous map of X into ¥.
(a) Show that RY has the universal extension property.
(b) Show that if ¥ is homeomorphic to a retract of R/, then ¥ has the universal
extension property. ‘
Let ¥ be a normal space. Then Y is said to be an absolute retract if for every
aich is _ pair of spaces (¥p, Z) such that Z is normal and ¥y is a closed subspace of Z
qeisa homeomorphic to ¥, the space Y is a retract of Z.
fine (a) Show that if ¥ has the universal extension property, then ¥ is an absolute
retract.
(b) Show thatif ¥ is an absolute retract and ¥ is compact, then ¥ has the univer-
sal extension property. [Hint: Assume the Tychonoff theorem, so you know
[0, 117 is normal. Imbed ¥ in [0, 117.]
. (a) Show the logarithmic spiral

C={0x0}U{e' cost x e'sint | t € R}

is a retract of R2. Can you define a specific retraction r : RZ— C?




224 Countability and Separation Axioms
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Figure 35.2

(b} Show that the “knotted x-axis” K of Figure 35.2 is a retract of R3.

. Prove the following:
Theorem. LetY be a normal space. Then ¥ is an absolute retract if and only
if ¥ has the universal extension property. ‘

[Hinz: If X and Y are disjoint normal spaces, A is closedin X,and f: 4 — ¥
is a continuous map, define the adjunction space Z 7 to be the quotient space cb-
tained from X U ¥ by identifying each point a of A with the point f(a) and with
all the points of £~1({F(a)}). Using the Tietze theorem, show that Z 7 is normal.
If p: XUY — Zj is the quotient map, show that p|¥ is a homeomorphism of
¥ with a closed subspace of Z.]

Let X; C X3 C --- be a sequence of spaces, where X; is a closed subspace

~of X;4 foreach i. Let X be the union of the X;; let us topologize X by declaring

aset U to be openin X if I N X; is open in X for each i.

(a) Show that this is a topology on X and that each space X; is 2 subspace {in
fact, a closed subspace) of X in this topology. This topology is called the
topology coherent with the subspaces X;.

(b) Show that f : X — ¥ is continuous if £|X; is continuous for each i.

(¢) Show that if each space X; is normal, then X is normal. [Hint: Given disjoint
closed sets A and B in X, set f equal to 0 on A and 1 on B, and extend f
successivelyto AUBUX; fori = 1,2, ... N |

*§36 Imbeddings of Manifolds'

We have shown that every regular space with a countable basis can be imbedded in the
“infinite-dimensional” euclidean space R®. It is natural to ask under what conditions a
space X can be imbedded in some finite-dimensional euclidean space R¥. One answer
to this question is given in this section. A more general answer will be obtained in
Chapter 8, when we study dimension theory,

TThis section will be assumed when we study paracompactness in §41 and when we study dimen-
sion theory in §50.




