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Definition 9.4.8 ([Sin09, Definition 7.2]) Let c!
n : P(n) → Δ be the functor

defined by c!
n(S ) = [n − |S |], and which associates to an inclusion S ⊂ S ′ the

map

[n − |S |] � [n] − S −→ [n] − S ′ � [n − |S ′|].

Here the middle map sends i ∈ [n] − S to the largest element of [n] − S ′ less
than or equal to i.

Example 9.4.9 Suppose n = 3, S = {2}, and S ′ = {2, 3}. Then [2] � [3] −
{2} = {0, 1, 3} by the map 0 �→ 0, 1 �→ 1, and 2 �→ 3. The map {0, 1, 3} →
{0, 1} = [3]− {2, 3} sends 0 to 0, 1 to 1, and 3 to 1. Finally, [3]− {2, 3} � [1] by
the identity map. Putting this all together, the map [2] → [1] induced by the
above inclusion sends 0 to 0, 1 to 1, and 2 to 1. �

Proposition 9.1.19 says that, for a fibrant X•, the fiber LnX• of the fibration
Totn X• −→ Totn−1 X• is ΩnNnX•, where NnX• is the nth normalization of X•

from (9.1.12). Here is another description of LnX• as a loop space in terms
of cubical diagrams. Although the codegeneracies did not play a role previ-
ously, they will play an important one in the following proposition. This result
is useful in that it gives a way of checking whether the homotopy spectral
sequence for X• converges to the totalization (see Corollary 9.6.8). Again note
that having a based X• bases the cubes X• ◦ c!

n and hence their total fibers.

Proposition 9.4.10 ([Sin09, Theorem 7.3]) For a based fibrant cosimplicial
space X•, there is an equivalence

LnX• � Ωn tfiber(X• ◦ c!
n).

Proof By Theorem 9.4.4, we have an equivalence

LnX• � hofiber

(
X[0] −→ holim

S∈P0([n−1])
(X• ◦ cn−1(S ∪ { j}))

)
.

We may write homotopy fiber on the right side of this equivalence as the
total homotopy fiber of an n-cube tfiber(S �→ (X• ◦ cn−1(S ))). Then by
Proposition 5.5.7 we obtain an equivalence

tfiber(S �−→ (X• ◦ cn−1(S ))) � Ωn tfiber(S �−→ (X• ◦ cn(n − S ))).

We leave it to the reader to check, using codegeneracies and the cosimplicial
identities, that the hypotheses of Proposition 5.5.7 are satisfied. �
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The results of this and the previous section say that, to understand homotopy
limits of diagrams, it suffices to understand homotopy limits of punctured cubi-
cal diagrams (and inverse limits). Namely, given a diagram F : I → Top, we
have a cosimplicial diagram Π•F such that

holim
I

F � TotΠ•F

(Theorem 9.3.3). But this totalization is the inverse limit of the tower of fibra-
tions of partial totalizations Totn Π•F (Proposition 9.1.17). In turn, each partial
totalization can be realized as the homotopy limit a punctured cube, that is, by
Theorem 9.4.4, we have

TotnΠ•F � holim
P0([n])

(Π•F ◦ cn).

Combining all this, we thus have

holim
I

F � lim
n

(
holim
P0([n])

(Π•F ◦ cn)

)
.

One could go even further and reduce to the case of homotopy pullbacks, since,
by Lemma 5.3.6, the homotopy limit of a punctured cube is an iterated pull-
back. This brings us back to the main theme of this book: homotopy pullbacks
are the building blocks of all homotopy limits. In summary, we thus have that

the homotopy limit of any diagram of spaces is an inverse limit of spaces,
each of which can be obtained by a sequence of homotopy pullbacks.

9.5 Multi-cosimplicial spaces

One is often interested in generalizations of cosimplicial spaces to diagrams
of spaces that are “cosimplicial in each direction” [DMN89, Eld13, Goe96,
MV14, Shi96].

Let

(Δ)m = Δ × Δ × · · · × Δ
be the m-fold product of the category Δ with itself.

Definition 9.5.1 An m-cosimplicial space is a covariant functor

X�• : (Δ)m −→ Top .

The notation for the functor X�• makes no reference to m, but this will be
understood from the context.
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Fixing a simplex in all but one of the factors of (Δ)m gives an ordinary
cosimplicial space X• with cofaces and codegeneracies which satisfy the usual
identities (9.1.1). Let �n = (n1, n2, . . . , nm) and denote by X[�n ] the value of the
functor X�• on [�n ] = ([n1], [n2], . . . , [nm]) ∈ (Δ)m.

Now let Δ�• be the m-cosimplicial version of Δ•, namely the m-cosimplicial
space whose �n entry is

Δ[�n] = Δn1 × Δn2 × · · · × Δnm .

In analogy with Definition 9.1.5, we then have the following.

Definition 9.5.2 The totalization Tot X�• of an m-cosimplicial space X�• is the
space of cosimplicial maps from Δ�• to X�•.

We then have a straightforward generalization of Proposition 9.1.8. Now that
we know that a totalization is the inverse limit of partial totalization, one way
to prove it is to use Proposition 9.5.4 below and simply take the limit as all ni

go to infinity.

Proposition 9.5.3 For X�• fibrant,

Tot X�• −→ holim X�•

is a homotopy equivalence.

We again have partial totalizations of X�•. Namely, fixing �n = (n1, n2, . . . , nm)
we define

Tot�n X�• ⊂
∏
�ı≤�n

Map(sk�i Δ
�•, X�•)

(where sk�i is the natural generalization of ski) as the subset of such maps which
are compatible with all the cofaces and codegeneracies (i.e. compatible with
cosimplicial maps “in any direction” in X�•). Here�i ≤ �n means i j ≤ n j for all
j = 1 to m. In analogy with (9.1.10), we have that, for a fibrant X�•, the map

Tot�n X�• −→ holim
Δ≤�n

X�• (9.5.1)

is a weak equivalence. Here Δ≤�n is the subcategory of Δ�• generalizing Δ≤n as
a subcategory of Δ• in the obvious way.

To state the next result, it will be useful to have notation which says to which
“direction” a partial totalization applies. Let Totki be the kth partial totalization
of a multicosimplicial space X�• in the ith direction (or ith variable).
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Proposition 9.5.4 For a fibrant X�•, there is a homotopy equivalence

Tot�n X�• � Totn1
1 Totn2

2 · · ·Totnm
m X�•.

Moreover, the order of the Totni
i does not matter.

Proof From (9.5.1), we have

Tot�n X�• � holim
Δ≤�n

X�•. (9.5.2)

We also have

holim
Δ≤�n

X�• = holim
Δ≤n1×Δ≤n2×···×Δ≤nm

X�•,

and, by Proposition 8.5.5,

holim
Δ≤n1×Δ≤n2×···×Δ≤nm

X�• � holim
Δ≤n1

holim
Δ≤n2

· · · holim
Δ≤nm

X�•.

The order in which we write the homotopy limits does not matter, again by
Proposition 8.5.5. Using (9.5.1) again finishes the proof. �

One nice feature of an m-cosimplicial spaces is that, for the purposes of
totalization, it can be reduced to a single cosimplicial space.

Definition 9.5.5 Given X�•, define its diagonal cosimplicial space X�•
diag to be

the composition of X�• with the diagonal functor Δ→ (Δ)m. More explicitly,

X�•
diag = {X([i],[i],...,[i])}∞i=0

with the cofaces and codegeneracies the compositions of cofaces and codegen-
eracies from X�• with the same index:

s j = (s j, s j, . . . , s j) and d j = (d j, d j, . . . , d j).

It is not hard to see that the identities (9.1.1) are satisfied with this definition.
We then have the following useful result. The proof can be found in [Shi96,

Proposition 8.1] (although that proof is for bicosimplicial spaces, it generalizes
immediately to m-cosimplicial spaces).

Proposition 9.5.6 The diagonal functor Δ → (Δ)m induces a weak equiva-
lence

Tot X�• −→ Tot X�•
diag. (9.5.3)
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Remark 9.5.7 Proposition 9.5.6 is not true for partial totalizations, namely,
it is not true that

Totn X�•
diag � Totn1 Totn2 · · ·Totnm X�•.

However, if Totpi

i X• � Toti X• (i.e. totalization is realized at a finite stage in
each direction of X•), then we have

Totp1+···+pm X�•
diag � Totp1

1 Totp2

2 · · ·Totpm
m X�•.

This result is proved in [Eld13, Proposition 3.2] where the approach is the
study of cosimplicial spaces and their totalization through coskeleta. More
details can also be found in [Eld08]. �

We finally have the following result the proof of which can be found in [Hir15e,
Corollary 2.4]. Combined with the previous proposition, it allows us to say that
the homotopy totalizations of X�• and X�•

diag are weakly equivalent.

Proposition 9.5.8 If X�• is fibrant, so is X�•
diag.

9.6 Spectral sequences

We now look at some spectral sequences computing the homology and
homotopy of homotopy (co)limits of cubical diagrams and totalizations of
cosimplicial spaces. Most of the spectral sequences considered here arise from
towers of fibrations and cofibrations, so we first make some general remarks
about towers and their spectral sequences in Section 9.6.1.

In Section 9.6.2, we apply the setup from Section 9.6.1 to (punctured) cubes
to set up spectral sequences that compute the homotopy and homology of
homotopy (co)limits and total (co)fibers. To do this, we first construct towers of
fibrations and cofibrations that in a sense filter these homotopy (co)limits. Such
an approach to spectral sequences of cubical diagrams is not well known and,
to the best of our knowledge, has only been considered in [Sin01, Proposition
3.3]. We will also see another, more standard, way to arrive at these spectral
sequences via cosimplicial replacements (see Examples 9.6.20 and A.1.18).

By contrast, the homotopy and homology spectral sequences of a cosimpli-
cial space, which are the subject of Sections 9.6.3 and 9.6.4, have been studied
in depth. This is partly due to the fact that any diagram F : I → Top can be
turned into a cosimplicial diagram Π•F (Section 9.3) and that the homotopy
limit of F is equivalent to the totalization of Π•F (Theorem 9.3.3), so that
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these spectral sequences provide a computational tool for understanding the
homotopy limit of any diagram.

The homotopy spectral sequence was developed by Bousfield and Kan
[BK72a, BK72b, BK73], and it arises from the tower of fibrations of partial
totalizations. Our goal is to recall the main features of this construction (one
further reading that provides more details is [GJ99]). In [BK72b], the authors
consider the special case of this spectral sequence associated to their motivat-
ing construction, the R-completion of a space X (see Example 9.2.8) which we
briefly mention in Example 9.6.19. This is an example of an unstable Adams
spectral sequence since it has homology as input and tries to compute the
(unstable) homotopy groups of X. This spectral sequence has been further stud-
ied and generalized in [Bou89, BCM78, BT00, Bou03]. One of its important
applications was in the solution of the Sullivan Conjecture [Mil84] (see also
[DMN89]). Other applications and extensions of the theory include [BB10,
BD03, Goe90, LL06, Smi02]. For an algorithmic approach to computations in
the Bousfield–Kan unstable Adams spectral sequence, see [Rom10].

The homology spectral sequence of a cosimplicial space does not arise
from a tower but rather from a double complex. It was first constructed by
Anderson [And72]. A special case was considered earlier in [Rec70], where
the Eilenberg–Moore spectral sequence is exhibited as the homology spectral
sequence of a cosimplicial space obtained as a two-sided cobar construction on
a pullback square where one of the maps is a fibration. This is why the general
homology spectral sequence of a cosimplicial space is sometimes called the
generalized Eilenberg–Moore spectral sequence. The convergence properties
of this spectral sequence were studied by Bousfield in [Bou87] (based on the
results of [Dwy74]) and further by Shipley in [Shi96] (see also [Goo98]). An
alternative spectral sequence for computing the homology of homotopy limits
is given in [Goe96]. The operations in the homology spectral sequence of a
cosimplicial infinite loop space were considered in [Tur98] and more recently
in [Hac10]. Other related results and applications appear in [BO05, Pod11],
among others.

Both homotopy and homology spectral sequences of a cosimplicial space
have in recent years also been used for the study of spaces of knots and links
[ALTV08, LTV10, MV14, Sak08, Sin09]. More details about this will be given
in Section 10.4.4.

For the remainder of this section, we will assume that

● the reader is familiar with the basics of spectral sequences (the standard
introduction is [McC01b]);

● all cosimplicial spaces are fibrant (if not, we use their fibrant replacements).
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9.6.1 Spectral sequences for towers of fibrations and
cofibrations

What follows is a brief review of the construction of the homotopy spectral
sequence for a tower of fibrations and the homology spectral sequence of a
tower of cofibrations. Further details can be found in [BK72a, GJ99, KT06].

Consider the pointed tower of fibrations (fibers Fi are also pictured)

(9.6.1)

To simplify the exposition, we will assume that each Yi is connected with
abelian fundamental group. The discussion of the generalization to the case
when this is not assumed can be found in [BK72a, Chapter IX, §4] or [GJ99,
Section VI.2]. Applying the homotopy groups, one gets exact sequences of
abelian groups

(9.6.2)

which in turn give rise to an exact couple and hence a spectral sequence (see
[McC01b, Theorem 2.8] and the discussion leading up to it for details of how
this works in general). Here ∂ is the connecting homomorphism that reduces
the degree as in Theorem 2.1.13.

Now define, for q ≥ p ≥ 0 and r ≥ 1,

πi(Y
p,r) = im(πi(Y

p+r) −→ πi(Y
p)).

Here the map is the composition of the maps f j
∗ . Then consider

Zr
p,q = ker

(
πq−p(F p) −→ πq−p(Y p)/πq−p(Y p,r−1)

)
,

where the map is given by ip
∗ (followed by the quotient map), and

Br
p,q = ker

(
πq−p+1(Y p−1) −→ πq−p+1(Y p−r))

)
,

where the map is again the composition of the f j
∗ s. Finally set

Er
p,q = Zr

p,q/∂(Br
p,q),

where ∂ is the connecting homomorphism from π∗+1(Y p−1) to π∗(F p). If p = q,
then Br

p,q acts on Zr
p,q and the quotient above is meant to be the set of orbits;
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otherwise ∂(Br
p,q) is a normal subgroup of Zr

p,q so the quotient makes sense as
written.4 The differential

dr : Er
p,q −→ Er

p+r,q+r−1

is defined through the composition Er
p,q → πq−p(Y p,r−1) → Er

p+r,q+r−1. The first
map is induced by ip

∗ : πq−p(F p) → πq−p(Y p) and the second by applying δ to
a preimage of an element in πq−p(Y p) in πq−p(Y p+r−1) (under the compositions
of the maps f i∗ from πq−p(Y p+r−1) to πq−p(Y p)). It is easy to see that this is inde-
pendent of the choice of the preimage. We will say more about the particular
case of d1 below.

Definition 9.6.1 ([BK72a, Ch. IX, §4]) The collection {Er
p,q, d

r}r≥1 as defined
above is the homotopy spectral sequence of the tower of fibrations (9.6.1).

For a fixed r, {Er
p,q, d

r} is called the rth page of the spectral sequence. Because
the differentials dr raise degree, this is a second quadrant spectral sequence
and is usually depicted in the second quadrant by placing E∗

p,q in the slot
(−p, q). Because of this, the notation for its pages in the literature is sometimes
Er−p,q.

Remark 9.6.2 Another point of view on this spectral sequence is via the
derived homotopy long exact sequences built out of the πi(Y p,r). See [BK72a,
Ch. IX, 4.1] or [GJ99, Ch. VI, Lemma 2.8] for details. �

It is worth observing what the {E1
p,q, d

1} page of this spectral sequence is. We
have that

πq−p(Y p,0) = πq−p(Y p),

and so

Z1
p,q = ker

(
πq−p(F p) −→ πq−p(Y p)/πq−p(Y p)

)
= ker

(
πq−p(F p) −→ {e}

)
= πq−p(F p),

B1
p,q = ker

(
πq−p+1(Y p−1) −→ πq−p+1(Y p−1))

)
= {e}.

Thus

E1
p,q = πq−p(F p). (9.6.3)

4 Some authors follow the notational convention where Er+1 = Zr/Br; we are following the
conventions from [GJ99].
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The first differential is given by maps in (9.6.2) as

d1 : E1
p,q = πq−p(F p) −→ E1

p+1,q = πq−p−1(F p+1) (9.6.4)

α �−→ ∂(ip
∗ (α))

To start answering the natural first question as to what

E∞
p,q = lim

r
Er

p,q

might be computing (the hope is that it computes π∗(lim Y j)), let

e∞p,q = ker
(

im
(
πq−p(lim Y j) → πq−p(Y p)

) −→ im
(
πq−p(lim Y j) → πq−p(Y p−1)

))
.

There is a natural inclusion

e∞p,q ↪→ E∞
p,q, (9.6.5)

and if this inclusion is an isomorphism, then the spectral sequence converges
conditionally to the inverse limit lim π∗(Y j) (see [GJ99, Ch. VI, Lemma 2.17
and discussion following Definition 2.19] or [BK72a, Ch. IX, §5.3]).

The second issue is whether the canonical map

πi(lim Y j) −→ lim πi(Y
j) (9.6.6)

is an isomorphism. This map was described and studied in Lemma 8.3.3 and in
the discussion leading to it. To handle this, one has to consider the lim1 terms
of the tower of fibrations (which were called Kn(Z) in Lemma 8.3.3). These
are the terms that make the sequences

{e} −→ lim1 πi+1(Y j) −→ πi(lim Y j) −→ lim πi(Y
j) −→ {e} (9.6.7)

exact for j, i ≥ 0. More details about how the lim1 is defined can be found in
[GJ99, pp. 317–319] and [BK72a, Ch. IX, §2]. Clearly, if lim1 πi+1(Y j) = 0,
then (9.6.6) holds. If lim1 πi+1(Y j) � 0, it is not clear what the spectral sequence
converges to; see [GJ99, Ch. VI, Example 2.18].

Combining these two conditions, we get the following.

Proposition 9.6.3 The spectral sequence from Definition 9.6.1 converges to
πi(lim Y j) for i ≥ 1 if

1. the inclusion e∞p,q ↪→ E∞
p,q, is an isomorphism for all q > p ≥ 0;

2. lim1 πi+1(Y j) = 0 for i ≥ 0.

When the above two conditions are satisfied, we say that the spectral sequence
converges completely.
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A condition equivalent to the two conditions above is the content of the
following lemma, which is useful for computations. First recall that, for a tower
of abelian groups and homomorphisms {Gn, fn}n≥0, lim1

n is defined by the exact
sequence

{e} −→ lim
n

Gn −→
∏

n

Gn −→
∏

n

Gn −→ lim
n

1Gn −→ {e}

where the middle map is given by gn �→ (gn − fn+1(gn+1)). Since {Er
p,q}r≥0 form

such a tower of groups, we can consider lim1
r Er

p,q. For more details about lim1

for towers, see [GJ99, Ch. VI, Section 2].

Lemma 9.6.4 (Complete Convergence Lemma, [BK72a, Ch. IX, 5.4]) The
two conditions from Proposition 9.6.3 are satisfied if and only if

lim1

r
Er

p,q = 0

for all q > p ≥ 0.

For a detailed proof of this result, see [GJ99, Ch. VI, Lemma 2.20].
Another useful characterization of complete convergence that follows from

Lemma 9.6.4 is given as follows.

Definition 9.6.5 ([BK72a, Ch. IX, 5.5]) The spectral sequence from Defini-
tion 9.6.1 is Mittag–Leffler if, for every p ≥ 0 and every i ≥ 1, there exists an
integer N(p) > p such that

EN(p)
p,p+i � E∞

p,p+i.

This condition says that, for each (p, q) the spectral sequence converges after
finitely many steps. From this, the following is easy to establish (details are in
[GJ99, Corollary 2.22 and Lemma 2.23]).

Lemma 9.6.6 ([BK72a, Ch. IX, Lemma 5.6]) If the spectral sequence from
Definition 9.6.1 is Mittag–Leffler, then it converges completely.

The main reason we have introduced the Mittag–Leffler condition is because it
leads to the following two simple and useful characterizations of convergence
(Proposition 9.6.7 and Corollary 9.6.8).

Proposition 9.6.7 Suppose that the spectral sequence from Definition 9.6.1
has the property that, for each total degree i, there exists a page Er such that



9.6 Spectral sequences 485

there are finitely many p with Er
p,p+i � 0. Then the spectral sequence converges

completely.

Proof For the Mittag–Leffler condition to be satisfied, it is sufficient that there
be only finitely many non-zero differentials going to or from bidegree (p, p+ i)
(because once r is high enough so that all those possibly non-zero differen-
tials have been used, Er

p,p+i = E∞
p,p+i at that bidegree). Since every differential

lowers total degree by 1, the hypothesis implies that this is true. �

Note that one way that a spectral sequence can satisfy the hypothesis from the
previous result is if there exists an r such that Er

p,q = 0 for q < kp where
k > 1 (k is a real number), i.e. if there is a vanishing line that is steeper than
the diagonal.

Corollary 9.6.8 The spectral sequence from Definition 9.6.1 converges com-
pletely if the connectivity of the fibers F j of the maps f j : Y j → Y j−1 from
(9.6.1) increases with j (and F1 is connected).

Proof In this situation we have a vanishing line at E1 that is steeper than
the diagonal and so, by the comment above, the spectral sequence converges
completely. �

Remark 9.6.9 One can set up the above spectral sequence for a finite tower
of fibrations. The spectral sequence then has a finite number of columns
and converges to the initial space as the conditions of Proposition 9.6.7 are
automatically satisfied. �

Analogously to what has been said so far, we can also consider a tower of
cofibrations

(9.6.8)

where the Ci are the cofibers.
Taking homology, we get

(9.6.9)
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where connecting homomorphism ∂ shifts the degree down (see Theo-
rem 2.3.14 for the long exact sequence of a cofibration).

We then have the following.

Proposition 9.6.10 (Homology spectral sequence of a tower of cofibrations)
Let p, q ≥ 0. Given a tower of cofibrations as in (9.6.8), there is a first quadrant
spectral sequence with

E1
p,q = Hq+p(Cp)

(with any coefficients) and

d1 : E1
p,q −→ E1

p−1,q

α �−→ ∂(ip
∗ (α)).

This is a standard homological spectral sequence of a double complex and
can also be thought of as a generalization of the homology spectral sequence
associated to a filtered complex (for which the cofibrations are inclusions of
skeleta). Because the literature on this abounds (for spectral sequences of gen-
eral double complexes, see [McC01b], and for the homology spectral sequence
of a filtered complex, see e.g. [MT68, Chapter 7]), we omit the more general
description of the pages, the differentials, and the conditions under which this
spectral sequence converges to the (homotopy) colimit of the tower. In par-
ticular, this is true if the tower of cofibrations is finite or if some page of the
spectral sequence has a vanishing line of slope greater than 1. We also leave it
to the reader to set up the cohomological version of this spectral sequence.

9.6.2 Spectral sequences for cubical diagrams

The homotopy spectral sequence of a tower of fibrations and the homology
spectral sequence of a tower of cofibrations can be used to construct homo-
topy and homology spectral sequences associated with punctured cubical and
cubical diagrams, as we will explain below. Another, less direct (but perhaps
more familiar), way to construct the same spectral sequences for the punc-
tured cubical case as in Propositions 9.6.11 and 9.6.13 is to first perform the
cosimplicial replacement as explained in Section 9.3 and then use the spectral
sequences for cosimplicial spaces which are discussed in Sections 9.6.3 and
9.6.4. The advantage of the approach given in this section is that it gives spec-
tral sequences not only for the homotopy (co)limit of a punctured cube but also
for the total (co)fiber of a cube.

We first have the following.
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Proposition 9.6.11 (Homotopy spectral sequence of a punctured cube) Let
X : P0(n) → Top∗ be a punctured cube of connected based spaces. Then there
is an n-column homotopy spectral sequence with E1 term given by

E1
p,q =

∏
S⊂P0(n)
|S |=p+1

πq(XS )

and with the first differential

d1 :
∏

S⊂P0(n)
|S |=p+1

πq(XS ) −→
∏

T⊂P0(n)
|T |=p+2

πq(XT ),

whose projection on the factor indexed by T is given by

d1 =
∑
i∈T

(−1)|T |·i f (T \ {i} → T )∗.

This spectral sequence converges to π∗(holimX).

Proof We illustrate the argument on the case n = 3. The general case is
completely analogous and we will make some comments about it at the end of
the proof. Given a based punctured cube

consider the punctured cubes
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and

The subscript (i) indicates that all spaces XS with |S | > i have been replaced
by one-point spaces.

The obvious maps of cubes X → X(2) → X(1) are fibrations, and, by
Theorem 8.5.1, we thus get a tower of fibrations

holimX −→ holimX(2) −→ holimX(1).

From (9.6.3), the spectral sequence for this tower has as its E1 page the homo-
topy groups of F0 = holimX(1), F1 = hofiber(holimX(2) → holimX(1)), and
F2 = hofiber(holimX → holimX(2)). These spaces are

F0 = holimX(1) � X1 × X2 × X3

An easy way to see this is to use Lemma 5.3.6, which expresses the homotopy
limit of a puctured cube as an iterated homotopy pullback, along with Exam-
ple 3.2.10 as well as the fact that homotopy limits commute with homotopy
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fibers (as homotopy limits commute with themselves; see Proposition 8.5.5).
So we have

E1
0,q = πq(X1 × X2 × X3) � πq(X1) × πq(X2) × πq(X3),

E1
1,q = πq−1(ΩX12 ×ΩX13 ×ΩX23) � πq(X12) × πq(X13) × πq(X23),

E1
2,q = πq−2(Ω2X123) � πq(X123).

In the more general case, one would “filter” the punctured cube X by punc-
tured cubes X(i) where all the spaces XS for |S | > i are replaced by one-point
spaces. This would result in a tower of fibrations of height n with holimX as
the initial space. The fibers of this tower are homotopy limits of cubes that have
one-point spaces except for a fixed |S | and this homotopy limit is the product∏

S Ω
|S |−1XS .

We leave it to the reader to verify that the first differential is indeed the d1

given in the statement of the proposition.
That this spectral sequence converges to holimX follows from the fact

that this is an n-column spectral sequence (and is thus Mittag–Leffler; see
Definition 9.6.5). �

We can easily extend the previous result to total fibers of cubical diagrams.

Proposition 9.6.12 (Homotopy spectral sequence of the total fiber) Let
X : P(n) → Top∗ be a cube of connected based spaces. Then there is an
(n + 1)-column homotopy spectral sequence with E1 term given by

E1
p,q =

∏
S⊂P(n)
|S |=p

πq(XS )

with the first differential

d1 :
∏

S⊂P(n)
|S |=p

πq(XS ) −→
∏

T⊂P(n)
|T |=p+1

πq(XT )

given in the same way as in Proposition 9.6.11. This spectral sequence
converges to tfiber(X).

Proof The proof is the same as in Proposition 9.6.11, except all the punctured
cubes filtering the original punctured cube encountered there are now cubes
with the initial space X∅. The columns of the spectral sequence are obtained by
taking total fibers. So we thus have, in the case n = 3,
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The last two total fibers have been computed using Examples 2.2.10 and 5.3.5,
respectively. The fibers here are the loopings of the fibers from the previous
proposition because total fiber is the homotopy fiber of the map from the ini-
tial space to the homotopy limit of the rest of the cube, which in these cases
is the map from a point to the homotopy limits of punctured cubes from the
previous proposition. Then we use that the homotopy fiber of ∗ → X is ΩX
(Example 2.2.9). �

We can also obtain analogous results for the spectral sequences computing the
homology of the homotopy colimit of a punctured cube and the total cofiber of
a cube using Proposition 9.6.10.
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Proposition 9.6.13 (Homology spectral sequence of a punctured cube) Let
X : P1(n) → Top be a punctured cube of spaces. Then there is an n-column
homology spectral sequence whose E1 term is

E1
p,q =

⊕
S⊂P0(n)
|S |=n−p−1

Hq(XS )

with the first differential

d1 :
⊕

S⊂P0(n)
|S |=n−p−1

Hq(XS ) −→
⊕

T⊂P0(n)
|T |=n−p−2

Hq(XT )

whose restriction to the summand indexed by S is

d1|Hq(XS ) =
∑
i�S

(−1)|S |·i f (S → S ∪ {i})∗.

This spectral sequence converges to H∗(hocolimX).

Proof Consider the sequence of punctured cubes X(i) which, for |S | < i, have
one-point spaces and otherwise agree with X. Then, because homotopy colim-
its preserve cofibrations of diagrams by Theorem 8.5.1, there is a sequence of
cofibrations

hocolimX(n−1) −→ hocolimX(n−2) −→ · · · −→ hocolimX(1) −→ hocolimX.
For n = 3, we get the cofibers
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(For the based case, the disjoint unions are replaced by wedges.) An easy way
to see that these are the correct homotopy colimits is to use Lemma 5.7.6, along
with Examples 3.6.6 and 3.6.9 and the fact that homotopy colimits commute,
Proposition 8.5.5.

In general, the cofibers are Ci � ∐
|S | ΣiXS where |S | = n − i − 1. Then

E1
0,q = Hq(X12 � X13 � X23) � Hq(X12) ⊕ Hq(X13) Hq(X23),

E1
1,q = Hq+1(ΣX1 � ΣX2 � ΣX3) � Hq(X1) ⊕ Hq(X2) ⊕ Hq(X3),

E1
2,q = Hq+2(Σ2X∅) � Hq(X∅).

We again leave it to the reader to verify that the differential d1 is the one given
in the statement of the proposition.

The convergence is due to the fact that this spectral sequence has finitely
many columns. �

Finally, in analogy with Proposition 9.6.12, the spectral sequence from the
previous result can be extended to total cofibers. We leave the details of the
proof to the reader.

Proposition 9.6.14 (Homology spectral sequence of the total cofiber) Let
X : P(n) → Top be a cube of spaces. Then there is an (n+1)-column homology
spectral sequence whose E1 term is

E1
p,q =

⊕
S⊂P(n)
|S |=n−p

Hq(XS )

with the first differential

d1 :
⊕

S⊂P(n)
|S |=n−p

Hq(XS ) −→
⊕

T⊂P(n)
|T |=n−p−1

Hq(XT )

given in the same way as in Proposition 9.6.13. This spectral sequence
converges to tcofiber(X).
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9.6.3 Homotopy spectral sequence of a cosimplicial space

The (Bousfield–Kan) homotopy spectral sequence for X• is the spectral
sequence for a pointed tower of fibrations from Section 9.6.1 as it applies to
the totalization tower

Tot0 X• ←− Tot1 X• ←− · · · .
from Proposition 9.1.17 (see Remark 9.1.23 for the pointed setup). We will
examine only the first page of the homotopy spectral sequence for this tower
and leave it to the reader to translate what has been developed so far for a
general tower of fibrations to this special case.

Recall that LpX• stands for the (homotopy) fiber of the map from Totp X• to
Totp−1 X•. Then, from (9.6.3), Proposition 9.1.19, and (9.1.12), the first page
of the homotopy spectral sequence is given by

E1
p,q = πq−p(LpX•) = πq−p(ΩpN pX•) = πq(N pX•) = πq

⎛⎜⎜⎜⎜⎜⎜⎝X[p] ∩
p−1⋂
i=0

fiber(si)

⎞⎟⎟⎟⎟⎟⎟⎠
(9.6.10)

It turns out that this can be rewritten in a way that is more amenable for
computation.

Proposition 9.6.15 ([BK72a, Ch. X, 6.2]; see also [GJ99, Ch. VIII, Lemma
1.8]) There is an equivalence

πq

⎛⎜⎜⎜⎜⎜⎜⎝X[p] ∩
p−1⋂
i=0

ker(si)

⎞⎟⎟⎟⎟⎟⎟⎠ = πq(X[p]) ∩
p−1⋂
i=0

ker(si
∗),

where si∗ : πq(X[p+1]) → πq(X[p]) are the maps induced on the qth homotopy
groups by the codegeneracies si in X•.

We can therefore write

E1
p,q = πq(X[p]) ∩

p−1⋂
i=0

ker(si
∗). (9.6.11)

The expression on the right side of this equivalence is called the pth nor-
malization of the cosimplicial group π∗X•, and is denoted by N pπ∗X•.5 The
statement of Proposition 9.6.15 is then simply that normalization commutes
with homotopy groups:

π∗(N pX•) � N pπ∗(X•). (9.6.12)

5 This is a functor from the category of cosimpicial spaces to the category of groups.



494 Cosimplicial spaces

The normalization also allows us to see what the first differential d1 is. In
general, given a cosimplicial abelian group G•, taking the alternating sum of
the cofaces di gives a non-negatively graded cochain complex(

G•,
∑

(−1)idi
)
.

A smaller (and usually better) complex is the Dold–Kan normalization(
NG•,

∑
(−1)idi), defined as above by intersecting with the kernels of code-

generacies. The Dold–Kan correspondence (see [Wei94, Section 8.4] or [GJ99,
Ch. III, Theorem 2.5]) states that the inclusion

NG• ↪→ G• (9.6.13)

is a quasi-isomorphism, that is, it induces isomorphisms on cohomology.
Thus, given a cosimplicial space X• we can as above form a cosimpli-

cial abelian group πq(N∗X•) for each q ≥ 0, if each X[p] is connected to an
abelian fundamental group. Taking the alternating sum of the maps induced on
homotopy by cofaces di gives the cochain complex(

N∗πq(X•),
∑

(−1)idi
∗
)
.

We can then take the cohomology H∗ of this complex (Bousfield and Kan
[BK72a] call this the cohomotopy of the complex and denote it by π∗). If X• is
not connected to an abelian fundamental group, more care has to be taken (see
[GJ99, p. 393]), but the following result still makes sense even in that case.

Proposition 9.6.16 ([BK72a, Ch. X, §7]; see also [GJ99, Ch. VIII, Proposition
1.15]) For q ≥ p ≥ 0, the E2 term of the homotopy spectral sequence for X•

is given by

E2
p,q = Hq (

N∗πp(X•), d1),
where

d1 : E1
p,q −→ E1

p+1,q

α �−→
p+1∑
i=0

(−1)idi
∗(α).

Remark 9.6.17 One could take as the E1 term the usual homotopy groups
of X[p], in which case that page is just the cochain complex of the cosimplicial
group π∗(X•) if each X[p] is connected (i.e. just remove the intersections of the
kernels in (9.6.10)). As mentioned above, intersecting with the kernel of the
codegeneracies gives a more efficient way of constructing E1, but whether X•

is normalized or not, the Dold–Kan correspondence (9.6.13) guarantees that
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the E2 page will come out to be the same. A result along the same lines is
Proposition 9.1.11. �

The homotopy spectral sequence for Tot X• converges to π∗(Tot X•) if any of
the general conditions for complete convergence from Section 9.6.1 hold. In
particular, we have from Corollary 9.6.8 that this is the case if the connectivity
of the fibers LpX• grows with p. Note that Proposition 9.4.10 gives us a way
of checking if this is the case, provided we have a handle on how cartesian the
relevant cubical diagrams are.

Remark 9.6.18 The case when X• is not pointed was studied by Bous-
field [Bou89], who develops obstruction theory for the problem of lifting the
basepoint up the Tot tower. �

Example 9.6.19 The homotopy spectral sequence associated to the R-
completion of a simplicial set X•, R•X (see Example 9.2.8), was constructed
in [BK72b] and was what motivated Bousfield and Kan to define the more
general homotopy spectral sequence for a cosimplicial space [BK73, BK72a].
They prove in [BK72b] that, under certain hypotheses (such as if X is
simply-connected), the homotopy spectral sequence for

● Z•X• converges to π∗(|X•|);
● Q•X• converges to π∗(|X•|) ⊗ Q;
● Z•pX• converges to π∗(|X•|)/(torsion prime to p).

(See also [Rom10, Theorem 3].)
Because of (9.2.5), each column in the E1 page can be computed as the

homology of the previous one. It is in this sense that the Bousfield–Kan spectral
sequence “goes from R-homology of X• to homotopy of X•”.

In the stable range, the Bousfield–Kan spectral sequence agrees with the
Adams spectral sequence [BK72b, §5]. �

Example 9.6.20 (Homotopy spectral sequence of a homotopy limit) Given a
diagram F : I → Top∗, recall from Definition 9.3.1 that we can construct its
cosimplicial replacement, Π•F, whose totalization is a model for its homotopy
limit. If it converges, the homotopy spectral sequence for Π•F then computes
π∗(holimI F). From (9.6.11), we then have

E1
p,q = πq

⎛⎜⎜⎜⎜⎜⎜⎜⎝ ∏
Ip∈nd(S p)

F(ip)

⎞⎟⎟⎟⎟⎟⎟⎟⎠ = ∏
Ip∈nd(S p)

πq(F(ip)),
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where nd(S p) is the set of non-degenerate composable strings of length p
(those that do not contain identity maps). The degenerate strings have been
removed since that is precisely the result of intersecting with the kernel of
codegeneracies as in (9.6.11).

When F is a based punctured n-cubical diagram, this means that the E1 page
is given as

E1
p,q =

∏
S⊂P0(n)
|S |=p+1

πq(XS ).

This recovers the spectral sequence for the homotopy groups of the homotopy
limit of a punctured cube from Proposition 9.6.11. �

One interesting example that is outside the scope of this book is the spec-
tral sequence for the two-sided cobar construction from Example 9.2.5. For
the interested reader, a good discussion and an overview of literature on this
problem is given in [KT06, Section 5.6].

Another example of a homotopy spectral sequence associated to a cosimpli-
cial space will be given in Section 10.4.4.

9.6.4 Homology spectral sequence of a cosimplicial space

The homology spectral sequence for X• is the usual second quadrant spectral
sequence associated to a double complex.

The double complex, that is, the E0 term of the homology spectral sequence,
is obtained by applying the chains (with any coefficients) to X•. This pro-
duces, for any q ≥ 0, a cosimplicial abelian group Cq(X•). However, as in
the homotopy spectral sequence case, we can use the Dold–Kan normaliza-
tion functor and the quasi-isomorphism (9.6.13) to instead use N∗ Cq(X•) and
obtain a cochain complex (

N∗ Cq(X•),
∑

(−1)idi
∗
)
.

Now the maps di∗ are those induced on chains by the cofaces di in X•. It is
immediate from the cosimplicial identities that the composition of the alter-
nating sum of the di∗ with itself is indeed zero. This differential serves as the
horizontal one in the E0 page.

One of course also has, for each p, the usual chain complex (C∗(X[p]), ∂),
where ∂ is the usual differential on the chains. This differential restricts to the
subcomplex N p C∗(X•) ↪→ C∗(X[p]) and we thus get the vertical complexes in
E0 for each p,
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(
N p C∗(X•), ∂

)
.

Thus

E0
∗,∗ = N∗ C∗(X•)

with the differentials as described above.
To construct the rest of the spectral sequence we proceed in the usual way

when the starting point is a double complex by filtering vertically (in the
q direction) or horizontally (in the p direction). That is, we form the total
complex T (E0∗,∗) of the double complex E0∗,∗ which in degree n is given by

T (E0
∗,∗)n =

∏
i≥0

Nn+i Ci(X
•).

Notice that that n need not be non-negative so this is a Z-graded complex (and
we naturally assume N<0 Ci(X•) = 0). The differential ∂T in T (E0∗,∗) is the sum
of the vertical and the horizontal differentials in E0:

∂T = ∂ + (−1)idi
∗.

This total complex is filtered by subcomplexes F pT (E0∗,∗), p ≥ 0, which in
degree n are given by

F pT (E0
∗,∗)n =

∏
i≥p

Nn+i Ci(X
•).

Each quotient

Tp(E0
∗,∗) = T (E0

∗,∗)/F
pT (E0

∗,∗)

is thus a complex which can be thought of as the total complex of the dou-
ble complex obtained from E0∗,∗ by replacing everything to the left of the pth
column by zero. In particular, Tp(E0∗,∗) is zero in degrees < −p.

There is an evident surjection

Tp(E0
∗,∗) −→ Tp−1(E0

∗,∗)

since Tp(E0∗,∗) is built out of a double complex that has one more non-zero
column than the double complex for Tp−1(E0∗,∗) and the two are otherwise
identical, so we get a tower of chain complexes{

Tp(E0
∗,∗)

}
p≥0

, (9.6.14)

and this gives rise to the homology spectral sequence of X•.
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The E1 page is obtained by taking the homology with respect to the vertical
differential, i.e.

E1
p,q = Hq−p

(
F pT (E0

∗,∗)/F
p+1T (E0

∗,∗)
)
= N p Hq(X•) = Hq(X[p]) ∩

p−1⋂
i=0

ker(si
∗).

(9.6.15)
This is of course completely analogous to the homotopy spectral sequence E1

term from (9.6.11).
The d1 differential is the horizontal differential in E0, but now the alternating

sum is taken over maps induced by the di on homology (rather than chains).
We thus get the following analog of Proposition 9.6.16.

Proposition 9.6.21 ([Bou87, Section 2.1]) For q, p ≥ 0, The E2 term of the
homology spectral sequence for X• is given by

E2
p,q = Hq (

N∗ Hp(X•), d1)
where

d1 : E1
p,q −→ E1

p+1,q

β �−→
p+1∑
i=0

(−1)idi
∗(β).

The remainder of the spectral sequence is given in the usual way from the
filtration F pT (E0∗,∗), p ≥ 0, with differentials

dr : Er
p,q −→ Er

p+r,q+r−1.

Remark 9.6.22 All of the above can be done by filtering horizontally rather
than vertically, that is, truncating N∗ C∗(X•) with horizontal lines. See [Goo98,
Section 4] for more details about how these two ways are related. �

Remark 9.6.23 Since we do not require q ≥ p, it is possible that the E∞ page
could have terms in negative total degree. Goodwillie [Goo98] has shown that,
over Zp, the spectral sequence vanishes in negative dimensions. He also gives
examples to demonstrate that this may not be true over Z or Q. �

The issue of the convergence of the homology spectral sequence for X• is more
sensitive than that of the homotopy spectral sequence. Philosophically, this is
because cosimplicial spaces and totalizations go with homotopy limits, and
homotopy limits go with homotopy groups (essentially since there is a long
exact sequence of homotopy groups for homotopy fibers). Bousfield [Bou87]
and Shipley [Shi96] have used the tower from (9.6.14), as well as an exact
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couple that can be extracted from it, as a starting point for analyzing conver-
gence (for any coefficients, but have obtained most results for Z/p and related
coefficients). It would take us too far afield to discuss this in detail, and we will
instead just state one of the most useful sufficient conditions for convergence.

Theorem 9.6.24 ([Bou87, part of Theorem 3.2]) Suppose the homology
spectral sequence for X• satisfies the following:

1. Each X[p] is simple (connected, has abelian fundamental group, and fun-
damental group acts trivially on higher homotopy groups; in particular, if
X[p] has trivial fundamental group, it is simple).

2. Er
p,q = 0 for q ≤ p.

3. For each i ≥ 1, there exist finitely many p such that Er
p,p+i = 0.

Then the spectral sequence converges completely, that is, it converges to
H∗(Tot X•) (for coefficients in any ring).

Otherwise, the best that can be said is that, if the spectral sequence converges, it
converges to H∗(Tot C∗ X•), that is, the homology of the totalization (in the cat-
egory of bicomplexes; see e.g. [Wei94, Section 1.2]) of the cosimplicial chain
complex obtained by applying chains to X•. One then has a canonical map

H∗(Tot X•) −→ H∗(Tot C∗ X•), (9.6.16)

which may or may not be an isomorphism. More about the issue of what the
spectral sequence converges to (i.e. about the exotic convergence) can be found
in [Shi96, Section 7].

Remark 9.6.25 Everything discussed here can be dualized in order to obtain
the (second quadrant) cohomology spectral sequence of X•. For example, its
E1 page is

Ep,q
1 = Hq(X[p])

/ ⎛⎜⎜⎜⎜⎜⎝ p∑
i=0

im((si)∗)
⎞⎟⎟⎟⎟⎟⎠ , (9.6.17)

which can also be written as

Ep,q
1 = coker

⎛⎜⎜⎜⎜⎜⎜⎝
p−1∑
i=0

im((si)∗ : Hq(X[p−1]) −→ Hq(X[p])

⎞⎟⎟⎟⎟⎟⎟⎠ . (9.6.18)

The first differential is again induced by the sum of cofaces (restricted to this
cokernel):
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d1 =

p+1∑
i=0

(−1)i(di)∗ : Ep,q
1 −→ Ep+1,q

1 .

We leave it to the reader to fill in the details. �

Example 9.6.26 (Homology spectral sequence of a homotopy limit) Just as
in Example 9.6.20, given a diagram F : I → Top we can apply the homology
spectral sequence to the cosimplicial model for its homotopy limit, Π•F. If it
converges, the homology spectral sequence thus computes H∗(holimI F). �

Example 9.6.27 Recall Example 9.2.3 and set X = S n, n ≥ 1. Since the
generators (integrally) of the products of spheres are pulled back from a sin-
gle sphere, most of the terms in the E0 page of the spectral sequence for the
cosimplicial model of ΩS n are degenerate, and the spectral sequence has a
particularly simple form, from which it is immediate, using Theorem 9.6.24,
that the spectral sequence collapses. It is a simple exercise in chasing the
differentials to see that we ultimately get

Hi(ΩS n) =

⎧⎪⎪⎨⎪⎪⎩Z, (n − 1)|i;
0, otherwise. �

Another example of a homology spectral sequence associated to a cosimplicial
space will be given in Section 10.4.4.

We close this section with some comments that apply to both the homotopy
and the homology spectral sequences.

In the spirit of Example 9.3.11, we first have an unsurprising result about
spectral sequences for truncations of cosimplicial spaces.

Recall the definition of a truncation X[≤n] of X• (Definition 9.1.13). For a
chain complex K, let K≤n be the nth truncation of K, the complex which agrees
with K up to degree n but is zero after that.

Proposition 9.6.28 ([LTV10, Lemma 4.2 and Proposition 4.3]) Suppose the
homotopy and homology spectral sequences for X• converge strongly (so they
converge to π∗(Tot X•) and H∗(Tot X•)). Then (compare with Propositions
9.6.16 and 9.6.21) the following hold.

1. The homotopy and homology spectral sequences for Π•X[≤n] have as their
E2 terms

E2
p,q = Hq (

N∗
≤nπp(X•)

)
and E2

p,q = Hq (
N∗
≤n Hp(X•)

)
.

2. These spectral sequences converge strongly to π∗(Totn X•) and H∗(Totn X•).
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Remark 9.6.29 Lemma 4.2 in [LTV10] proves statement 1 for the homotopy
spectral sequence, but it is not hard to also deduce the same for the homology
spectral sequence. In addition, the statement of Proposition 4.3 in [LTV10]
demonstrates part 2 for spectral sequences that are “above the diagonal”, but
the generalization to the hypothesis where any kind of strong convergence is
assumed is also not difficult to see. �

Recall the notion of a homotopy initial functor from Definition 8.6.2. Another
result concerning spectral sequences of cosimplicial replacements is the
following natural analog of Theorem 8.6.5.

Proposition 9.6.30 ([LTV10, Proposition 4.5]) Suppose G : I′ → I is a
functor between finite categories and F : I → Top∗ is a diagram of based
spaces. If G is homotopy initial then the homotopy and rational homology
spectral sequences associated to Π•F and Π•(F ◦G) have isomorphic E2 (and
subsequent) pages.

The last comment is that the homotopy and homology spectral sequences can
be compared via a Hurewicz map. Namely, the Hurewicz maps

πq(X[p]) −→ Hq(X[p]), q ≥ 1, p ≥ 0

induce a map from the homotopy spectral sequence for X• to the homology
spectral sequence for X•. In particular, on E1 it will simply be the Hurewicz
map restricted to the normalization

N pπq(X•) −→ N p Hq(X•).

The sequence of these maps will converge to the Hurewicz map

πq−p(Tot X•) −→ Hq−p(Tot X•).

For more details, see [Bou89, Sections 2.7 and 10.8].
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Applications

This chapter is meant to be a brief account of some of the recent developments
and results that utilize some of the techniques developed in this book. As this
is meant to be an overview, many details and proofs have been omitted, but
ample references for further reading have been supplied. The central applica-
tion is to introduce the calculus of functors, and we present two of its flavors –
homotopy and manifold calculus – in Sections 10.1 and 10.2. Section 10.3 is an
application of manifold calculus to spaces of embeddings, and Section 10.4 is
an account of how manifold calculus, in combination with cosimplicial spaces
and their spectral sequences, provides information about spaces of knots.

One important application that we did not have space to include is the
Lusternik–Schnirelmann category. Some of the main results in that theory use
Ganea’s Fiber-Cofiber Construction (Proposition 4.2.14), Mather’s Cube The-
orems (Theorems 5.10.7 and 5.10.8) and other cubical techniques developed
in this book. For more details, the reader should consult [CLOT03].

10.1 Homotopy calculus of functors

This and the next section are devoted to a brief outline of the calculus of
functors, an organizing principle in topology which takes some inspiration
from Taylor series in ordinary calculus. Our focus will be narrow, only briefly
describing two flavors, known as “homotopy calculus” and “manifold cal-
culus”, but we will pay special attention to how cubical diagrams play an
important role in each of these theories.

We will not attempt to answer the very general question of what a cal-
culus of functors is, but a few philosophical remarks are in order. Given a
functor F : C → D, the general idea is to approximate F by a sequence of
functors TkF : C → D which are “polynomial of degree k”, and with natural

502
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transformations F → TkF and TkF → Tk−1F compatible in the obvious way.
These functors and natural transformations form a “Taylor tower” for F, the
analog of the Taylor series of a function f : R→ R. We are typically interested
in the homotopy type of the values of the functor F, so the category D should
be one in which we have a reasonable notion of homotopy theory. Model cate-
gories are the usual setting for that, but, as we have done throughout this book,
we will stick to the case where D is the category of topological spaces or spec-
tra for concreteness (all the necessary background material on spectra can be
found in Section A.3).

In order for the polynomial approximations TkF to be useful, their homo-
topy type should be easier to compute than that of F. Moreover, they should
be classifiable in some way. That is, the theory should compute something for
free. In both of our examples, this means having a classification of “homo-
geneous” functors of degree k. We also hope that the homotopy type of the
approximations TkF is related to that of F. If we are lucky, the map F → TkF
will be highly connected, and this connectedness will increase with k, that is,
the Taylor tower will converge. However, this is not strictly necessary for the
functors TkF to be useful, as will be illustrated in the applications of manifold
calculus to knots in Section 10.4. In the next two sections, we will thus focus
on three topics: the polynomial functors and polynomial approximations, the
classification of homogeneous functors, and convergence.

For parallels with ordinary calculus, we will find that the difference f (x +
h) − f (x) appearing in the definition of the derivative of a function f : R → R
has an analog – the homotopy fiber of a map between values of the functor F.
We will also see that the degree k part of the Taylor series for f , f (k)(0)xk/k!,
has an analog in the description of the homogeneous layers of the Taylor tower
for F, and whether some input for f is within the radius of convergence of
its Taylor series has an analog in terms of the connectivity of the input space
(homotopy calculus) or handle index of the input (manifold calculus).

There are a few glaring omissions in our treatment of calculus of func-
tors. For example, applications of homotopy calculus are largely omitted. To
name a few, homotopy calculus has been used to study Waldhausen’s func-
tor A [CCGH87, Goo92, Ogl13], its application to the identity functor has
yielded information about the unstable homotopy groups from the stable ones
[AD01, AM99, Joh95], the Taylor tower of the mapping space Map(K, X),
where K is a complex, has provided stable homotopy information about that
space [AK02, Aro99], [Kuh04] exhibits a close relation between the Taylor
tower and the chromatic filtration, and [Beh12] does the same for the EHP
sequence. The reason a detailed treatment of these topics is omitted (we will
only mention some of them in passing) is simply because to include them
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would require a significant investment into the machinery of stable homo-
topy theory and model categories, both of which go beyond the intended scope
of this book. Instead, we have opted to present two applications of manifold
calculus (Sections 10.3 and 10.4) which are closer in spirit to the techniques
employed throughout this book.

Another topic we have not covered is the third brand of functor calculus
currently in existence, namely orthogonal calculus, due to Weiss [Wei95].
While this theory has also resulted in interesting applications [Aro02, ALV07,
Mac07, MW09], it is not based on cubical diagrams to the extent that the other
two are, and hence does not fit thematically here.

We now turn to discussing the homotopy calculus of functors. The main ref-
erences we draw from are Goodwillie’s foundational papers [Goo92, Goo03]
(see also [Kuh07] for a nice overview of the theory). Further developments of
the theory can be found in [AC11, AC14, AC15, BCR07, Chi05, Chi10, Cho,
Joh95, JM99, JM04, JM08, KM02, KR02, LM12, McC01a].

Homotopy calculus is concerned with functors F : C → D, where C is Top∗
or TopY , and D is Top∗ or Spectra. Here TopY is the category of spaces over a
fixed space Y where all the objects come with a map to Y and all the morphisms
commute with these maps. The source category will throughout this section
mostly be Top∗ and we will make some comments about TopY at the end of
Section 10.1.3.

We assume our functors satisfy the following axioms.

Definition 10.1.1

1. A functor F is a homotopy functor if whenever X → Y is a weak
equivalence, the induced map F(X) → F(Y) is a weak equivalence.

2. A functor F is finitary if, given a diagram I → C, i �→ Xi, where I is
filtered (see Definition 7.5.4), the canonical map

hocolim
i∈I

F (Xi) −→ F
(
hocolim

i∈I
Xi

)
is a weak equivalence.

The condition that the functor is finitary means that it is determined by its
values on finite complexes. If we do without this axiom, we could choose to
define the value of our functor on infinite complexes via the homotopy colimit
above, since every space can be written as a filtered homotopy colimit of finite
complexes. We will generally ignore the finitary axiom, although it is crucial
to the classification of homogeneous functors; see the discussion leading to
Theorem 10.1.48.
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We will also sometimes assume F is reduced, which means that if X is
weakly equivalent to a point, then F(X) is weakly equivalent to a point. If the
codomain of F is based spaces, then the functor X �→ hofiber(F(X) → F(∗)) is
reduced for any F.

Example 10.1.2 For X a (based) space and C a spectrum, the following are
homotopy functors:

● X �−→ Xn, n ≥ 1;
● X �−→ Σ∞X;
● X �−→ Ω∞Σ∞X (see Example 10.1.10);
● X �−→ Map(K, X), where K is a finite complex (see Remark 1.3.6);
● X �−→ C ∧Ω∞X+;
● C �−→ Σ∞Ω∞C. �

10.1.1 Polynomial functors

In this section we define and discuss the “polynomial approximations” of
homotopy functors. Recall the notions of homotopy cartesian (Definition 5.4.1)
and strongly homotopy cocartesian (Definition 5.8.18) cubes.

Definition 10.1.3 We call a homotopy functor F : C → D k-excisive, or poly-
nomial of degree ≤ k, if it takes strongly homotopy cocartesian (k + 1)-cubes
X to homotopy cartesian (k + 1)-cubes F(X).

Proposition 10.1.4 If F is k-excisive, then it is l-excisive for l ≥ k.

Proof It suffices to argue this for l = k + 1. Regard a (k + 2)-cube Z as a
map of k-cubes X → Y. Since the original cube is strongly homotopy cocarte-
sian, so are X and Y. Since F is k-excisive, F(X) and F(Y) are homotopy
cartesian. But then so is F(Z) = F(X → Y) = F(X) → F(Y) by 1(b) of
Proposition 5.4.13. �

Remark 10.1.5 The reason the definition of a k-excisive functor uses
strongly homotopy cocartesian cubes rather than just cocartesian ones is
because the former is necessary for the previous result to be true. �

Example 10.1.6 A 0-excisive functor F takes all maps to weak equivalences
and is therefore, in a sense, constant. �
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A 1-excisive functor, sometimes also just called excisive or, if it is also reduced,
linear, is one which takes homotopy cocartesian squares to homotopy cartesian
squares, that is, it satisfies the excision axiom.

Example 10.1.7 Consider the infinite symmetric product X �→ SP(X), where
X is based (see Definition 2.7.22). Certainly SP is a homotopy functor, and the
Dold–Thom Theorem, Theorem 5.10.5, says that SP is 1-excisive. �

Example 10.1.8 The identity functor from spectra to spectra is 1-excisive
(and hence k-excisive for any k > 1). This is precisely the content of Propo-
sition A.3.13. The identity functor from spaces to space is not 1-excisive. For
example, the square

is cocartesian but not cartesian because the map S 0 → holim(∗ → S 1 ← ∗) �
ΩΣS 0 is not an equivalence (S 0 has two components but ΩΣS 0 has countably
many components). �

Example 10.1.9 Let C be a spectrum. The functors X �→ C ∧ X and X �→
Ω∞(C ∧ X) are 1-excisive (and hence k-excisive for any k > 1). In some sense
these are the universal examples of 1-excisive functors from spaces to spectra
or from spaces to spaces; see Theorem 10.1.48.

To see why these are 1-excisive, let

be a homotopy pushout square. By Proposition A.3.10 we may also assume
C is an Ω-spectrum, so that the canonical maps Ci → ΩCi+1 are weak
equivalences for all i. Note that if Ci is n-connected, then by statement 1
of Example 4.2.11, the canonical map ΣCi → Ci+1 is (2n + 3)-connected.
Since C1 is non-empty (our spectra are sequences of based spaces), it is (−1)-
connected and hence ΣC1 → C2 is a 1-connected map from the 0-connected
space ΣC1 to C2, and it follows that C2 is 0-connected. By induction, Cn is
(n− 1)-connected. Thus if X is non-empty, Cn ∧ X is also (n− 1)-connected by
Proposition 3.7.23. Further, since smashing with a space preserves homotopy
pushouts by Corollary 3.7.19, the square
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is a homotopy pushout. The two initial maps Cn ∧ X∅ → Cn ∧ Xi are
(n − 1)-connected since they are maps of (n − 1)-connected spaces. By the
Blakers–Massey Theorem, Theorem 4.2.1, this square is (2n − 3)-cartesian.
Since applying Ωn decreases connectivity by n, and since Ωn commutes with
homotopy limits by iterated application of Corollary 3.3.16, the square

is (n − 3)-cartesian, again by Blakers–Massey. Letting n go to infinity in the
above two squares gives the desired result. �

Example 10.1.10 Since S ∧ X = Σ∞X (see Example A.3.9), where S is the
sphere spectrum from Example A.3.4, a special case of the previous example
is that the functor X �→ Σ∞X is 1-excisive.

Now recall the functor QX = Ω∞Σ∞ : Top∗ → Top∗ from (A.7). This
functor is 1-excisive. This again follows from Example 10.1.9 since QX =
Ω∞(S ∧ X). �

Remark 10.1.11 One place where the analogy between functor calculus and
ordinary calculus breaks down is that the composition of 1-excisive functors is
not necessarily 1-excisive. For example, even though functors C �→ Ω∞C and
X �→ Σ∞X are 1-excisive, the composition C �→ Σ∞Ω∞C is not. �

We can generalize Example 10.1.9 to construct functors which satisfy higher-
order excision, but we first need to develop a couple of tools which make this
easier. This will give us a chance to use some of the material on cubical dia-
grams and more general homotopy limits we have developed earlier in this
book.

Proposition 10.1.12 ([Goo92, Proposition 3.3]) Suppose F is n-excisive and
X = S �→ XS is a strongly homotopy cocartesian m-cube. Then the canonical
map

F(X∅) −→ holim
|m−S |≤n

F(XS )

is a weak equivalence.
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Proof If m ≤ n, then the indexing category for the homotopy limit has ∅ as an
initial object, and by Example 7.3.9, the homotopy limit is weakly equivalent
to F(X∅). If m = n + 1, then by definition of n-excisive the result is true. For
m > n + 1 we induct on m. Define an m-cube Y = S �→ YS by the formula

YS = holim
T⊃S ,|m−T |≤n

F(XT ).

There is a natural map of cubes F(X) → Y given by composing the canonical
map

F(XS ) −→ holim
T⊃S

F(XT )

(a weak equivalence since the indexing category has S as an initial object) with
the evident restriction map of homotopy limits. We are to prove that F(X∅) →
Y∅ is a weak equivalence. By induction, F(XS ) → YS is a weak equivalence for
all S � ∅ (the inductive argument requires the case m = n+1 as well). By The-
orem 5.3.9 and the definition of homotopy cartesian, it is enough to show that
F(X) and Y are homotopy cartesian. For F(X) this is Proposition 10.1.4. For
Y this follows from Proposition 8.6.7 for I = P(m) covered by the collection
of subcategories {I j}mj=1, where I j = {T ⊂ m : j ∈ T, |m − T | ≤ n}. �

The next result concerns functors of more than one variable, and gives a way
to build functors satisfying higher-order excision from multivariable functors
satisfying lower-order excision in each variable.

Proposition 10.1.13 ([Goo92, Proposition 3.4]) Suppose F : Ck −→ D is di-
excisive in the ith variable. If Δk : C → Ck denotes the diagonal inclusion, then
the composition F ◦ Δk is

∑
i di-excisive.

Proof Let X = S �→ XS be a strongly homotopy cocartesian n-cube, where
n > d. Define an n-cube Y = S �→ YS by

YS = holim
Ti⊃S ,|m−Ti |≤di

F(T1, . . . ,Tk).

As in the previous proof, there is an evident natural transformation of
cubes F ◦ Δ(X) → Y which is a weak equivalence for all S by Proposi-
tion 10.1.12 used k times, once in each variable. It is enough now to prove
that Y is homotopy cartesian. This follows from Proposition 8.6.7 with I =
{(T1, . . . ,Tk) : |m−Ti| ≤ di for all i}, which is covered by the collection {I j}kj=1,
where I j = {(T1, . . . ,Tk) : j ∈ Ti, |m − Ti| ≤ di for all i}. �

Example 10.1.14 For any spectrum C the functors X �→ C∧ (X+)∧k and X �→
Ω∞(C∧ (X+)∧k) are k-excisive. This is because these are functors in k variables
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that are 1-excisive in each variable by Example 10.1.9. But Proposition 10.1.13
says that if F : Ck −→ D is 1-excisive in each variable, it is k-excisive.

As a special case, the functors X �→ Σ∞X∧k and X �→ Ω∞Σ∞X∧k are
polynomial of degree k. �

We close with one more property of excisive functors and its useful conse-
quence.

Proposition 10.1.15 Suppose I is a small category and we have an I-
diagram of k-excisive functors Fi, i ∈ I (so this is a functor from I to functors
from C to D). Then holimi∈I Fi is also k-excisive.

Proof If X is a strongly homotopy cocartesian (k + 1)-cube, then by assump-
tion each of the functors Fi has the property that Fi(X) is homotopy cartesian.
This means Fi(X(∅) → holimS�∅ Fi(X(S )) is a weak equivalence. Let F =
holimI Fi. We want to know whether the map F(X(∅)) → holimS�∅ F(X(S ))
is a weak equivalence. Unraveling, this becomes the map

holimI Fi(X(∅)) −→ holimS�∅ holimI Fi(X(S )),

and the last space is homeomorphic to holimI holimS�∅ Fi(X(S )) by Propo-
sition 8.5.5. Taking the homotopy limit over S � ∅ gives something weakly
equivalent to Fi(X(∅)) for each i, so by Theorem 8.3.1 we have the desired
result. �

Since the fiber of a fibration can be thought of as a homotopy limit, from the
previous result we immediately get the following.

Corollary 10.1.16 Let G → H be a natural transformation of k-excisive
functors from C → Top∗. Then F = hofiber(G → H) is k-excisive.

Proof Let I = P0(2), and Φ : P0(2) → TopC∗ be defined by Φ({1}) = G,
Φ({1, 2}) = H, and Φ({2}) = C∗, the constant functor at a point. The natural
transformations Φ({1} → {1, 2}) and Φ({2} → {1, 2}) are the given one and the
inclusion of the basepoint, respectively. �

10.1.2 The construction of the Taylor tower

We now turn to the construction of polynomial approximations PkF of a homo-
topy functor F. This is done in two steps. The first is to create a new functor
TkF which is in a sense closer to being k-excisive, and the second is to iterate
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this process to create a k-excisive functor PkF. The meaning of “closer” in this
context will be explained below.

Definition 10.1.17 A functor F is stably k-excisive if it satisfies the condition
Ek(c, κ), given below, for some constants c, κ:

Ek(c, κ): If X = S �→ XS is any strongly homotopy cocartesian
(k + 1)-cube such that X∅ → Xi is di-connected for all i
and di ≥ κ for all i, then the cube F(X) is (−c +

∑
i di)-

cartesian.

Roughly speaking, this says that F takes a special class of strongly homotopy
cocartesian cubes to highly cartesian cubes. If F satisfies Ek(−∞,−1), then F
is k-excisive.

Example 10.1.18 Let F = I be the identity functor. Theorem 6.2.1 says that
I satisfies Ek(k − 1,−1) for all k. �

Definition 10.1.19 We say F and G agree to order k if there exists a natural
transformation F → G that satisfies the condition Ok(c, κ), given below, for
some constants c, κ.

Ok(c, κ): For every d ≥ κ and every d-connected map X → ∗
(i.e. for all (d − 1)-connected spaces X), the map F(X) →
G(X) is (−c + (k + 1)d)-connected.

Remark 10.1.20 If C = TopY , the condition about the connectivity of the
map X → ∗ stays the same, but now for the map X → Y . �

The construction of TkF uses the strongly homotopy cocartesian (k + 1)-cube
U �→ X ∗ U, U ∈ P(k + 1), studied in Examples 3.9.13 and 5.8.20 (we will set
Y = ∗ in what follows).

Definition 10.1.21 For a functor F, define

TkF(X) = holim
U∈P0(k+1)

F(X ∗ U).

For some intuition about this definition, see [Goo03, Remark 1.1].

Example 10.1.22 For T0F, note that X ∗ {1} = CX � ∗. Thus

T0F = holim F(CX) = F(CX) � F(∗).
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The last equivalence is true because F is a homotopy functor. If F is reduced
(so F(∗) � ∗), T0F � ∗. �

Example 10.1.23 To construct T1F, first note that X ∗ {1} = X ∗ {2} = CX,
and X ∗ {1, 2} = ΣX. Then

Thus, if F is reduced, we have

by Example 3.2.7. In the further special case when F is the identity functor,
we have that T1F(X) � ΩΣX. �

Since F is a homotopy functor and since homotopy limits are homotopy invari-
ant, we have that Tk is also a homotopy functor. Furthermore, there is an
evident natural transformation

tk(F) : F −→ TkF (10.1.1)

since X ∗ ∅ = X is the initial space of the cube U �→ X ∗ U. Moreover, the
natural inclusion k → k + 1 gives an inclusion of categoriesP0(k) → P0(k + 1)
and hence a natural transformation given by restriction of homotopy limits

TkF −→ Tk−1F. (10.1.2)

This map is a fibration by Proposition 5.4.29.
Finally, a natural transformation F → G induces a natural transformation of

their homotopy limits

TkF −→ TkG. (10.1.3)

Proposition 10.1.24 ([Goo03, Proposition 1.4]) Suppose F is a homotopy
functor that satisfies Ek(c, κ). Then the following hold.

1. TkF satisfies Ek(c − 1, κ − 1).
2. The transformation F → TkF satisfies Ok(c, κ). In particular, when F

is k-excisive (so c = −∞), this transformation is an objectwise weak
equivalence.
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Proof For condition 1, let X = S �→ XS be a strongly homotopy cocartesian
(k + 1)-cube such that X∅ → Xi is ki-connected where ki ≥ κ − 1 for all i. We
must show that the map

TkF(X∅) −→ holim
S∈P0(k+1)

TkF(XS )

is (1 − c +
∑

i ki)-connected (i.e. the cube S �→ TkF(XS ) is (1 − c +
∑

i ki)-
cartesian). Unraveling further, we need to show that the map

holim
U∈P0(k+1)

F(X∅ ∗ U) −→ holim
S∈P0(k+1)

holim
U∈P0(k+1)

F(XS ∗ U)

is (1 − c +
∑

i ki)-connected. Let U � ∅ be fixed. The (n + 1)-cube X �→
XS ∗ U is strongly homotopy cocartesian by Corollary 5.8.10. Moreover, the
maps X∅ ∗U → Xi∗U are (ki+1)-connected by Proposition 3.7.23 since U � ∅,
and since F satisfies Ek(c, κ), the cube S �→ F(XS ∗ U) is (−c +

∑
i(ki + 1))-

cartesian, or (n + 1 − c +
∑

i ki)-cartesian. That is, the functor X �→ F(X ∗ U)
satisfies Ek(c − (n + 1), κ − 1) for U � ∅. By Proposition 5.4.16, TkF satisfies
Ek(c − 1, κ − 1). We leave it to the reader to verify that the hypotheses of that
proposition are satisfied.

For condition 2, this is also a matter of unraveling the definitions. For a
(d − 1)-connected space X, the (k + 1)-cube S �→ X ∗ S is strongly homotopy
cocartesian and the maps X → X ∗ {i} = CX are d-connected, and so this
satisfies the hypotheses of Definition 10.1.17. Hence the canonical map

F(X) −→ holim
S∈P0(k+1)

F(X ∗ S ) = TkF(X)

is (−c+ (k + 1)d)-connected, and so F → TkF satisfies Definition 10.1.19. �

The point of the construction so far is that the class of special strongly homo-
topy cocartesian cubes has been enlarged since the connectivity condition and
the constant c have been decreased by 1, which means that if X is a strongly
homotopy cocartesian cube satisfying the connectivity assumptions about the
maps X∅ → Xi, then the cube TkF(X) is more highly cartesian than the cube
F(X). It is in this sense that TkF is closer to being k-excisive.

The construction of Tk can be iterated using the map tk(F), so that we have
a directed system

F
tk(F)−→ TkF

tk(Tk F)−→ TkTkF = T 2
k F

tk(T 2
k F)−→ TkT 2

k F = T 3
k F −→ · · ·

This is used to produce the polynomial approximations to F, as follows.

Definition 10.1.25 Define the kth polynomial approximation of F to be

PkF(X) = hocolim
n

T n
k F.
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Example 10.1.26 Continuing Example 10.1.22, P0F � F(∗) and, if F is
reduced, P0F � ∗. �

Example 10.1.27 Continuing Example 10.1.23, and again assuming F is
reduced, we have

P1F(X) � hocolim
n
ΩnF(ΣnX).

This can be thought of as Ω∞F(X) where F(X) is the spectrum {F(ΣnX)}.
To see what the maps are, we start with the map F(X) → ΩF(ΣX) demon-
strated in Example 10.1.23. Replacing X with ΣX and looping gives that
F(ΣX) → ΩF(ΣΣX) loops to ΩF(ΣX) → Ω2F(Σ2X). Iterating this gives the
desired maps. If F is the identity functor, we then have

P1F(X) � Ω∞Σ∞X = QX. �

Again, since F is a homotopy functor and homotopy colimits are homotopy
invariant, PkF is a homotopy functor. Also, since F maps to the directed system
defining PkF, there is a canonical transformation

pk(F) : F −→ PkF.

As we have mentioned above, we have a canonical natural transformation

qk(F) : TkF −→ Tk−1F (10.1.4)

and

PkF −→ PkG. (10.1.5)

Using the first two of the above three maps, we thus have that a homotopy
functor F determines a tower of functors
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called the Taylor tower of F. Here P∞F = holimk PkF and p∞(F) is the map
to this inverse homotopy limit of the tower induced by the maps pk(F) (for
inverse limits of towers, see Example 8.4.11).

The rest of this section is devoted to the discussion of properties of PkF. One
important result that goes beyond the scope of this book is that the PkF are in a
sense the best possible polynomial approximations to F. That is, they satisfy a
universal property in the associated homotopy category [Goo03, Theorem 1.8].

Proposition 10.1.28 ([Goo03, Proposition 1.5]) If F is stably k-excisive, then

1. PkF is k-excisive;
2. F agrees to order k with PkF (in the sense of Definition 10.1.19).

Proof By induction using part 1 of Proposition 10.1.24, we have that T i
kF

satisfies Ek(c− i, κ− i). Then the direct limit defining PkF satisfies Ek(−∞,−∞)
and hence PkF is k-excisive. By part 2 of Proposition 10.1.24, we have that
tk(T i

kF) satisfies Ok(c− i, κ− i). But this means, by definition, that tk(T i
kF) also

satisfies Ok(c, κ). Then the composition of all tk(T i
kF) also satisfies Ok(c, κ),

and this is precisely the map pk(F) : F → PkF. In other words, F and PkF
agree to order k. �

Remark 10.1.29 One way to view the construction of PkF is to think of the
process of iterating TkF as forcing the functor to behave well on special kinds
of strongly homotopy cocartesian cubes, namely those of the form U �→ X ∗U.
Thus one key in seeing that PkF is k-excisive, that is, that it takes any strongly
homotopy cocartesian (k+1)-cubeX to a cartesian (k+1)-cube Pk(X), is that the
map F(X) → TkF(X) factors through some homotopy cartesian (k + 1)-cube.

Proposition 10.1.30 ([Goo03, Proposition 1.6]) Suppose F → G is a natural
transformation between homotopy functors. If F and G agree to kth order, then
the induced map PkF → PkG is a weak equivalence, and the converse is true
if F and G are stably k-excisive.

We omit the proof, but prove an analog of this statement in manifold calculus
in the next section, Theorem 10.2.14.

We then have the following result, the proof of which we omit. The key input
is [Goo03, Lemma 1.9] which says that, for any strongly homotopy cocarte-
sian cube X and a homotopy functor F, the map of cubes (tkF)(X) : F(X) →
(TkF)(X) (see (10.1.1)) factors through a cartesian cube (for a shorter proof
than the one in [Goo03], see [Rez13]).
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Theorem 10.1.31 ([Goo03, Theorem 1.8]) For any homotopy functor F, PkF
is k-excisive.

We close with some properties that will be useful later.

Proposition 10.1.32

1. If F → G → H are natural transformations such that F(X) → G(X) →
H(X) is a fibration sequence for all X, then

PkF(X) → PkG(X) → PkH(X)

is a fibration sequence for all X as well.
2. [Goo03, Corollary 1.11] For 0 ≤ l ≤ k, the map

PlF
pl(pk(F))−→ PlPkF

is a weak equivalence.

Proof The first statement follows from the fact that homotopy limits com-
mute with themselves and with filtered homotopy colimits (both facts appear
here as Proposition 8.5.5). The second follows from formal properties of PkF;
see [Goo03] for details. �

10.1.3 Homogeneous functors

If PkF is like a degree k polynomial approximation of F, then we should be
interested in its degree k term, namely the homogeneous polynomial of degree
k that contains information about F that is not already contained in Pk−1F.

Definition 10.1.33 A homotopy functor F is k-reduced if Pk−1F � ∗. It is
homogeneous of degree k or k-homogeneous if it is k-excisive and k-reduced.

In particular, the notions of F 1-homogeneous and linear (1-excisive and
1-reduced) are the same.

Example 10.1.34 If F → G is a natural transformation with F
l-homogeneous and G k-homogeneous, then hofiber(F → G) is k-excisive.
This follows from Corollary 10.1.16. �

Here is the analog of Proposition 10.1.13 for homogeneous functors.
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Proposition 10.1.35 ([Goo03, Lemma 3.1]) Suppose F : Ck −→ D is
1-reduced in each variable. If Δk : C → Ck denotes the diagonal inclusion,
then the composition F ◦Δk is k-reduced. In particular, if F is also mulitilinear,
namely linear in each variable, F ◦ Δ is k-homogeneous.

Example 10.1.36 Functors from Example 10.1.14 are homogeneous of
degree n by Proposition 10.1.35 since they are multilinear. �

Example 10.1.37 Continuing the previous example, recall the notion of a
group acting on a spectrum and the definition of the homotopy orbits of such an
action (see (A.8)). Note that X∧k has an obvious action of the symmetric group
Σk and suppose a spectrum C also has one. One can then consider functors

X �−→ (C ∧ X∧k)hΣk and X �−→ Ω∞(C ∧ X∧k)hΣk.

These functors are also homogeneous of degree k (because homotopy colimits
commute) and are in in a way the most important ones; see Theorem 10.1.48.

�

Definition 10.1.38 Define the kth layer of the homotopy calculus Taylor
tower of F to be

DkF = hofiber
(
PkF

qk(F)−→ Pk−1F
)
.

Note that DkF is a homotopy functor as PkF and Pk−1F are, and since F is a
functor to based spaces, Pk−1F is based.

Proposition 10.1.39 The kth layer DkF is homogeneous of degree k.

Proof The homotopy fiber DkF can be thought of as a homotopy limit

DkF � holim (PkF −→ Pk−1F ←− ∗) .
Then DkF is k-excisive by Proposition 10.1.15 because it is a homotopy limit
of k-excisive functors.

To see that it is k-reduced, consider the fibration sequence

DkF −→ PkF −→ Pk−1F

and apply the functor Pk−1 to it. By part 1 of Proposition 10.1.32, the result is
again a fibration sequence. By part 2 of the same result, we have Pk−1PkF �
Pk−1F and Pk−1Pk−1F � Pk−1F, so that the fibration sequence in fact looks like

Pk−1DkF −→ Pk−1F −→ Pk−1F.
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Since the right-most map is a weak equivalence, it follows that Pk−1DkF � ∗
and so DkF is k-reduced. �

Here is one of the main results about homogeneous functors.

Theorem 10.1.40 ([Goo03, Theorem 2.1]) Suppose F : Top∗ → Top∗ is a
homogeneous functor of degree k. Then F(X) is an infinite loop space for all
X ∈ Top∗.

The key in proving this theorem is the following lemma.

Lemma 10.1.41 (Delooping homogeneous functors [Goo03, Lemma 2.2])
Suppose F is a reduced homotopy functor with values in Top∗. Then there is a
degree k homogeneous functor RkF and a fibration sequence

PkF −→ Pk−1F −→ RkF.

Sketch of proof of Theorem 10.1.40 If F : Top∗ → Top∗ is homogeneous of
degree k, then PkF � F and Pk−1F � ∗ and Lemma 10.1.41 says that there is
a fibration sequence F → ∗ → RkF. By Example 2.2.9, we then have a weak
equivalence F � ΩRkF. The functor RkF is thus a delooping of F.

This construction can be iterated and we get a sequence of functors Rn
k F,

n ≥ 1, with weak equivalences Rn
k F � ΩRn+1

k F. This defines a spectrum
RkF(X) for each X ∈ Top∗ and so we therefore have a functor RkF : Top∗ →
Spectra. That this is a homotopy functor and that it is homogeneous of degree
k follows from the fact that each of the functors Rn

k F is.
Is it also immediate from the contruction that the composition

F �−→ RkF �−→ Ω∞RkF

is a weak equivalence of functors. This shows that F(X) is an infinite loop
space for all X. �

Remark 10.1.42 It is also not hard to show that, given a k-homogeneous
functor F : Spectra → Top∗, the composition

F �−→ Ω∞F �−→ RkF Ω∞F

is a weak equivalence of functors. We therefore have a bijection

�
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Now remember from Proposition 10.1.35 that, if F : Ck → D is multilinear,
then F ◦ Δk is k-homogeneous. If in addition F is invariant under the permu-
tations of the coordinates of Ck, it is said to be symmetric. For a symmetric
multilinear functor F, the k-homogeneous functor F ◦ Δk also has an action of
Σk. Furthermore, since homotopy orbits are an instance of a homotopy colimit,
if F is a functor into spectra, then the functor

(F ◦ Δk)hΣk

is also k-homogeneous. This is because, if F is spectrum-valued, TkF and PkF
commute with homotopy colimits.

Thus a symmetric multilinear (spectrum valued) functor gives rise to a k-
homogeneous functor. We wish to construct an inverse, and to give some
intuition for this, we recall how this works in the realm of real-valued func-
tions (or functions over any field). If f (x1, x2, . . . , xk) is multilinear, we can
compose it with the diagonal map Δk to get a map

g(x) = ( f ◦ Δk)(x) = f (x, x, . . . , x).

This is a homogeneous function of degree k because of multilinearity:

g(ax) = f (ax, ax, . . . , ax) = ak f (x, x, . . . , x) = akg(x).

Thus a multilinear function gives rise to a degree k homogeneous function. In
this analogous example we did not need symmetry.

But we can go back as well. To do this, we use the notion of a cross-effect,
which was classically used to study the measure of the failure of a real-valued
function to be degree n. We give a brief review of cross-effects below; for more
details, see, for example, [JM04, Section 1].

For example, given a function g(x), its second cross-effect, a function of two
variables, is defined to be

cr2g = cr2g(x1, x2) = g(x1 + x2) − g(x1) − g(x2) + g(0). (10.1.6)

This symmetric function is zero if and only if g(x) is linear. In addition, g(x)
is quadratic if and only if cr2g(x1, x2) is linear in each variable. In this case
cr2g(x1, x2) = a2x1x2 and so cr2g(x, x)/2 recovers the quadratic term of g(x)
(i.e. it gives a measure of the failure of g to be linear).

More generally, given a function g(x), one can define the kth cross-effect
crkg, a function of k variables, inductively starting with cr1g(x) = g(x) − g(0)
and defining

crkg(x1, . . . , xk) = crk−1g(x1 + x2, . . . , xk) (10.1.7)

− crk−1g(x1, x3, . . . , xk) − crk−1g(x2, x3, . . . , xk).
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This is a symmetric function which can be seen to vanish if and only if g(x) is
a polynomial of degree k−1 and it is equal to n!ak x1x2 · · · xk if g(x) is a degree
k polynomial (and is hence evidently multilinear). Thus again, if g(x) is degree
k, we can recover its homogeneous degree k term as

1
n!

f (x, x, . . . , x) = ak xk.

The kth cross-effect provides an inverse to f ◦ Δk. The analog of f ◦ Δk in
our setting is F ◦ Δk, for F a symmetric multilinear functor, so what remains
to be done is to generalize the cross-effect to functors. This generalization is
originally due to Eilenberg and MacLane [EML54] and we will review it in
the language of cubical diagrams that is more suitable for our purposes. More
details can be found in [BJR15, Goo03, JM04, MO06].

Definition 10.1.43 For F : Top∗ → Top∗ a homotopy functor, define the kth
cross-effect cube, CRkF(X1, . . . , Xk) to be the k-cube given by

S �−→ CRkF(X1, . . . , Xk)S = F

⎛⎜⎜⎜⎜⎜⎜⎝∨
i�S

Xi

⎞⎟⎟⎟⎟⎟⎟⎠
and with CRkF(X1, . . . , Xk)S → CRkF(X1, . . . , Xk)T induced by the identity on
Xi if i � T and the map to the basepoint if i ∈ T .

Then define the kth cross-effect of F, crkF(X1, . . . , Xk) to be the total
homotopy fiber of CRkF(X1, . . . , Xk).

The second cross-effect of a functor F is the total fiber of the square

Thinking of homotopy fibers as differences between spaces, the total fiber can
be thought as “(F(X1 ∨ X2)− F(X1))− (F(X2)− F(∗)) = F(X1 ∨ X2)− F(X1)−
F(X2) + F(∗)”. This is precisely the functor analog of (10.1.6). In general, the
kth cross-effect of F is in this sense precisely analogous to the expression in
(10.1.7). For some examples of cross-effects, see [JM04, Example 1.4].

Some immediate properties of crkF are that it is symmetric, it is a homotopy
functor (in each variable), and that it is reduced (or (1, . . . , 1)-reduced). The
last property is true because, if Xi � ∗ for some i, then the cube in ques-
tion is homotopy cartesian by Proposition 5.4.12, as it is a map of cubes
of one lower dimension which is a pointwise weak equivalence, and hence
crkF(X1, . . . , Xk) � ∗.
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The following is analogous to the fact that crkg of a degree-(k − 1) function
is trivial and is multilinear if g is degree k.

Proposition 10.1.44 ([Goo03, Proposition 3.3]) If F is (k − 1)-excisive, then
crkF � ∗. If F is k-excisive, then crkF is multilinear (and symmetric).

If F is a functor to spectra, then the converse of the first statement is also true
(see proof of [Goo03, Proposition 3.4]).

Proof This follows by induction by writing cr jF(X1, . . . , Xk−1, A) as
cr j−1(hofiber F(X ∨ A) → F(X))(X1, . . . , Xj−1) and using the fact that, if F
is j-excisive, hofiber F(X ∨ A) → F(X) is ( j − 1)-excisive. �

Now consider any homotopy functor F. Since Pk−1F is (k − 1)-excisive, we
have that crkPk−1F � ∗. Thus

crkPkF � hofiber(crkPkF → ∗) � hofiber(crkPkF → crkPk−1F)

� crk(hofiber(PkF → Pk−1F)) = crkDkF.

(The weak equivalence before the last equality is true because homotopy limits
commute.) In particular, if F is k-excisive, so that F � PkF, we have that
crkF � crkDkF, that is, the kth cross-effect of a k-excisive functor detects only
the k-homogeneous part.

We further have the following property of the cross-effect of a spectrum-
valued functor.

Proposition 10.1.45 ([Goo03, Proposition 3.4]) Suppose F,G : Top∗ →
Spectra are k-excisive and suppose a natural transformation N : F → G
induces a weak equivalence crkF → crkG. Then N is a weak equivalence.

Thus a symmetric multilinear spectrum-valued functor F gives rise to a
k-homogeneous one via the functor F �→ (F ◦ Δk)hΣk . Conversely, a k-
homogeneous functor gives rise to a symmetric multilinear functor via F �→
crkF. We then have the the following important theorem.

Theorem 10.1.46 ([Goo03, Theorem 3.5]) Let Lk(Top∗,Spectra) denote the
category of symmetric multilinear functors of degree k from Top∗ to Spectra
and Hk(Top∗,Spectra) denote the category of homogeneous degree k functors
Top∗ → Spectra.

Up to natural weak equivalence, the functors

(− ◦ Δk)hΣk : Lk(Top∗,Spectra) −→ Hk(Top∗,Spectra)
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and

crk : Hk(Top∗,Spectra) −→ Lk(Top∗,Spectra)

are inverses.

This is more generally true if we replace Top∗ with TopY . In the case of the
homogeneous functor DkF, where F is a functor to spectra, the above tells us
that there is a weak equivalence

DkF � (crkDkF ◦ Δk)hΣk = ((crkDkF)(X, . . . , X))hΣk .

Definition 10.1.47 The spectrum-valued functor crkDkF is denoted by D(k)F
and called the k-fold differential of F.

If F is a space-valued functor, then the above weak equivalence is given by

DkF � Ω∞ (
(B∞crkDkF)(X, . . . , X)hΣk

)
.

Here B∞ is the inverse to Ω∞; these two functors give an equivalence of cat-
egories of spectrum- and space-valued multilinear symmetric functors, along
the lines of the equivalence from Remark 10.1.42; see [Goo03, Proposition
3.7]. In this case the k-fold differential is the functor B∞crkDkF and is again
denoted by D(k)F.

Now suppose C is a spectrum with an action of Σk. Then the functor C∧X1∧
· · · ∧ Xk from Topk

∗ to Spectra is multilinear and symmetric. On the other hand,
if L is a multilinear functor from Topk

∗ to Spectra, then there is an assembly
map

L(S 0, . . . , S 0) −→ L(X1, . . . , Xk)

(see [Goo90, page 5]) that is a weak equivalence for all finite complexes Xj

[Goo03, Proposition 5.8]. Since every space is a filtered homotopy colimit
of finite complexes, it follows that the above map is a weak equivalence for
all spaces if L is finitary (see Definition 10.1.1). This means that there is a
correspondence

It folows that the differential D(k)F is determined (on finite complexes, or on
all spaces if F is finitary, as this implies D(k)F is finitary) by some spectrum
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with a Σk-action. This spectrum is called the kth derivative of F at the one-
point space and denoted by ∂(k)F(∗) (both for space-valued and spectra-valued
functors). Thus, for space-valued functors F, we have

∂(k)F(∗) � (D(k)F)(S 0, . . . , S 0),

and, for spectrum-valued F, we have

Ω∞∂(k)F(∗) � (D(k)F)(S 0, . . . , S 0).

We can then summarize this discussion in the following theorem that classifies
homogeneous functors from based spaces.

Theorem 10.1.48 (Classification of homogeneous functors [Goo03, Section
5]) If F : Top∗ → Spectra is a finitary homotopy functor, then the kth layer
of its Taylor tower is given by

DkF(X) �
(
∂(k)F(∗) ∧ X∧k

)
hΣk

.

For a homotopy functor F : Top∗ → Top∗, the kth layer is given by

DkF(X) � Ω∞
(
∂(k)F(∗) ∧ X∧k

)
hΣk

.

Remark 10.1.49 One of the ways in which functor calculus resembles ordi-
nary calculus of analytic functions is in the way the above formula for DkF(X)
corresponds nicely to the term f (k)(0) · xk/k! of the Taylor series of f , where
dividing by k! corresponds to taking the quotient by the Σk action. �

For some model-theoretic improvements to this result, see [BCR07]. As an
application of the material developed so far, see [Goo03, Section 8].

One modification that could be made in everything that has been said so
far is to replace the source category by the category of spaces over Y , TopY .
This is a lot like expanding the Taylor series of f at a point other than zero.
In this case, if FY denotes a functor on TopY , TkFY is defined using the cube
FY (X ∗Y U) (rather than F(X ∗U)) and the Taylor tower of FY has FY (Y) as its
P0 approximation (rather than F(∗)). The kth layer of the Taylor tower is now
Dk

Y F and the kth derivative of F at (Y, y1, . . . , yk), where yi are points in Y , is
then denoted by

∂(k)
y1,...,yk

F(Y).

For F a spectrum-valued functor, we then have

∂(k)
y1,...,yk

F(Y) � (Dk
Y F)(Y ∨y1 S 0, · · · ,Y ∨yk S 0),

and, for a space-valued F, we take Ω∞ on the left as before.
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10.1.4 Convergence

Recall the notion of a stably excisive functor from Definition 10.1.17.

Definition 10.1.50 A homotopy functor F is called ρ-analytic if there exists
a number q such that F satisfies Ek(kρ − q, ρ + 1) for all k ≥ 1.

The number ρ is called the radius of convergence of F for the following reason.

Theorem 10.1.51 (Convergence of the Taylor tower [Goo03, Theorem 1.13])
If F is ρ-analytic and the map X → ∗ is (ρ + 1)-connected (i.e. X is ρ-
connected), the connectivity of the natural map pk(F) : F → PkF increases
to infinity with k, so F(X) is weakly equivalent to P∞F.

Remark 10.1.52 For functors on TopY , the condition that X → ∗ is (ρ + 1)-
connected generalizes to the condition that the map X → Y should be (ρ +
1)-connected.

Proof of Theorem 10.1.51 If F is ρ-analytic, then it satisfies Ek(kρ− q, ρ+ 1)
for some q. By the proof of Proposition 10.1.28, pk(F) satisfies Ok(kρ−q, ρ+1).
But this means that, if X → ∗ is (d + 1)-connected, the map pk(F) is (q + d +
1 + k(d + 1 − ρ))-connected. Thus, provided d + 1 > ρ, that is, as long as X is
at least ρ-connected, the connectivity of pk(F) increases to infinity with k. �

Example 10.1.53 For F : Top → Top the identity functor, the Taylor
tower of a space X converges to X if X is 1-connected. This is because, by
Example 10.1.18, identity is 1-analytic. In fact, the Taylor tower of the identity
converges at all nilpotent spaces X (π1X is a nilpotent group and acts nilpo-
tently on higher homotopy groups). For more details about the identity functor,
see [Goo03, Section 8] or [Kuh07, Section 6.4]. �

Example 10.1.54 Let K be a finite CW complex. Then the functors X �→
Σ∞ Map(K, X) and X �→ Ω∞Σ∞ Map(K, X) are dim(K)-analytic [Goo92,
Example 4.5]. This can be used to conclude that every Taylor coefficient spec-
trum for the functor from spectra to spectra given by X �→ Σ∞Ω∞X is the
sphere spectrum S. The Taylor tower of this functor was studied in detail in
[Aro99, AK02]. For an exposition of these results, see [Kuh07, Sections 6.1
and 6.2]. �

The following result can be thought of as the “uniqueness of analytic continu-
ation”.
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Proposition 10.1.55 (Uniqueness of analytic continuation [Goo92, Proposition
5.1]) Suppose N : F → G is a natural transformation where F is ρ1-analytic
and G is ρ2-analytic. Suppose that, for some k, the map F(X) → G(X) is a
weak equivalence for all k-connected spaces X. Then F(X) → G(X) is a weak
equivalence for all ρ-connected spaces X, where ρ = max{ρ1, ρ2}.

Proof We let the reader fill in the details of the following sketch. Consider
the square

Now apply Proposition 10.1.30, Theorem 10.1.51, and part 3 of Proposi-
tion 2.6.15. �

One way to investigate the homotopy groups of the inverse limit P∞F of the
Taylor tower is to consider its Bousfield–Kan homotopy spectral sequence
from Section 9.6.3. This spectral sequence starts with the homotopy groups
of the layers of the tower, namely E1

a,b = πb−a(DaF) (see (9.6.3)). One way to
ensure its convergence to π∗(P∞F) is for the connectivity of the fibers DkF to
increase with k (see Corollary 9.6.8). This in fact happens under the conditions
from Theorem 10.1.51: if F is ρ-analytic and X is d-connected, then we have
that the map pk(F) is (q + d + 1 + k(d + 1 − ρ))-connected, and hence the map
qk(F) : PkF → Pk−1 is (q + d + 1 + (k − 1)(d + 1 − ρ))-connected (the lower of
the connectivity numbers for pk(F) and pk−1(F); see Proposition 2.6.15). This
in turn means that DkF = hofiber(qkF) is (q + d + 1 + (k − 1)(d + 1 − ρ) − 1)-
connected. Again this number increases with k as long as d+1 > ρ, i.e. as long
as X is at least ρ-connected.

10.2 Manifold calculus of functors

We now turn our attention to manifold calculus of functors, developed by
Weiss [Wei99] and Goodwillie–Weiss [GW99]. Another reference is the sur-
vey [Mun10]. The reader may wish to review the notion of a handlebody
decomposition from Section A.2, which plays an important role in proofs
throughout this section.

Let M be a smooth closed manifold of dimension m. Let O(M) denote the
poset of open subsets of M. Thus the objects are open sets U ⊂ M and the
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morphisms are inclusions U ⊂ V . The manifold calculus of functors stud-
ies contravariant functors F : O(M) → Top. It was originally built to study
the space of embeddings of M in a smooth manifold N of dimension n. This
space is denoted Emb(M,N) and its topology is discussed below (see also
Theorem A.2.12). This is a contravariant functor of U ∈ O(M) since an inclu-
sion U ⊂ V gives rise to a restriction map Emb(V,N) → Emb(U,N). Some
authors refer to manifold calculus as “embedding calculus”.

All the functors we will apply the manifold calculus to will be contravariant,
and we will occasionally remind the reader that this is the case.

Before we state the axioms our functors need to satisfy, we make a few
definitions. For smooth manifolds, let C∞(P,N) denote the space of smooth
maps from P to N. This is topologized using the Whitney C∞ topology (see
Definition A.2.7).

Definition 10.2.1 Let P and N be smooth manifolds. The space of embed-
dings, denoted Emb(P,N), is the set of all smooth maps f : P → N such
that

● f is a homeomorphism onto its image;
● the derivative d f : T P → T N is a fiberwise injection.

The space of immersions, denoted Imm(P,N) is the set of all smooth maps sat-
isfying the second condition above. Both spaces are topologized as subspaces
of C∞(P,N). A path in the space of embeddings is called an isotopy while a
path in the space of immersions is called a regular homotopy.

Definition 10.2.2 An inclusion i : U → V in O(M) is an isotopy equivalence
if there exists a smooth embedding e : V → U such that the compositions i ◦ e
and e ◦ i are isotopic to the identity map.

We assume all of our functors satisfy two axioms.

Definition 10.2.3 We say a contravariant functor F : O(M) → Top is

1. an isotopy functor if it takes isotopy equivalences to homotopy equiva-
lences;

2. finitary if for every increasing sequence U1 ⊂ U2 ⊂ · · · ⊂ Uk · · · in O(M)
with ∪iUi = U, the canonical map F(U) → holimi F(Ui) is an equivalence.

The first condition says that F behaves well with respect to “equivalences”
(in O(M) we think of equivalences as “thickenings”). The second says that F
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is determined by its values on open sets U which are the interior of a com-
pact codimension-zero submanifold of M. To begin to see why, for every open
set U we may choose an increasing sequence U1 ⊂ U2 ⊂ · · · such that⋃

i Ui = U and such that each Ui is the interior of a compact codimension-
zero submanifold of U. These conditions are analogous with those given in
Definition 10.1.1.

Remarks 10.2.4

1. A functor that satisfies the above two axioms is sometimes referred to as
good in the literature.

2. The second axiom is not strictly necessary in many examples, because we
are often interested only in the values of the functor F when the input is the
interior of some manifold. We could instead restrict attention to functors
defined only for such open sets and declare its values on an arbitrary open
set using axiom 2. We would of course then need to show that the homotopy
type of values of the functor are independent of the increasing union. We
will not pursue this here. �

Example 10.2.5 Let N be a smooth manifold. The following are all con-
travariant finitary isotopy functors:

● U �−→ Map(U, X) (where this is the space of all maps from U to X, with
compact-open topology, X an arbitrary space);

● U �→ C∞(U,N) (really this is the same example as the last – see
Theorem A.2.12);

● U �−→ Imm(U,N);
● U �−→ Emb(U,N). �

10.2.1 Polynomial functors

As in homotopy calculus of functors, the “polynomial approximations” of
functors are of interest to us.

Definition 10.2.6 A contravariant finitary isotopy functor F : O(M) → Top
is said to be polynomial of degree ≤ k if, whenever U ∈ O(M) and A0, . . . , Ak

are pairwise disjoint closed subsets of U, the (k + 1)-cube

P(k + 1) −→ Top

S �−→ F(U − ∪i∈S Ai)

is homotopy cartesian.
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On the face of it, this looks quite a bit different than Definition 10.1.3, but
really it is not. Roughly speaking, a polynomial functor of degree ≤ k takes
strongly homotopy cocartesian (k + 1)-cubes to homotopy cartesian (k + 1)-
cubes. For the (k + 1)-cube S �→ U − ⋃

i∈S Ai in Definition 10.2.6, its square
faces are of the form

for some open set V and i � j. This square is homotopy cocartesian by
Example 3.7.5.

Note that a polynomial functor of degree ≤ 0 is essentially constant with
value F(∅); for U ∈ O(M), choose A0 = U, so that the map F(U) → F(∅) is a
weak equivalence.

One fact of note is the following, which uses 1(b) of Proposition 5.4.13. This
is analogous to Proposition 10.1.4.

Proposition 10.2.7 If a finitary isotopy contravariant functor F is
polynomial of degree ≤ k, then it is polynomial of degree ≤ l for all
l ≥ k.

Proof It is enough to prove this for l = k + 1. Let U ∈ O(M), and let
A0, . . . , Ak+1 be pairwise disjoint closed in U. Let US = U − ∪i∈S Ai. We may
write the (k + 2)-cube S �→ US as a map of (k + 1)-cubes (R �→ UR) → (R �→
VR), where R ⊂ 0, . . . , k + 1, and VR = UR − Ak+2. Then the (k + 1)-cubes
R �→ F(UR) and R �→ F(VR) are homotopy cartesian since F is polynomial of
degree ≤ k. Hence the (k+2)-cube (R �→ F(UR)) → (R �→ F(VR)) is homotopy
cartesian by 1(b) of Proposition 5.4.13. �

Example 10.2.8 The functor U �→ Map(U, X) is polynomial of degree ≤ 1
(i.e. linear) for any space X. The idea is that, for any U and A0, A1 disjoint
closed in U, the square

is homotopy cartesian since Map(−, X) takes homotopy cocartesian squares to
homotopy cartesian squares by Proposition 3.9.1. This is correct in spirit, but
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Proposition 3.9.1 requires the map from the homotopy colimit of the punctured
square to the last space in the square to be a homotopy equivalence (not just
a weak equivalence). See Remark 10.2.9. If we put Vi = U − Ai above, then
U = V0 ∪ V1 and U − (A0 ∪ A0) = V0 ∩ V1, so the test for whether a functor
F is a polynomial of degree ≤ 1 is whether F takes the homotopy cocartesian
square

to a homotopy cartesian square. �

Remark 10.2.9 The square

appearing in the previous example is homotopy cocartesian, but we establish
this using Example 3.7.5 and Lemma 3.6.14, and from this we deduce that
hocolim(V0 ← V0 ∩ V1 → V1) → V0 ∪ V1 is a weak equivalence. However,
as mentioned in Remark 1.3.6, the functor Map(−, X) does not preserve weak
equivalences (it does preserve homotopy equivalences).

If V0 and V1 are the interiors of smooth compact codimension-zero subman-
ifolds L0 and L1 of M whose boundaries intersect it transversely (and hence M
is itself a submanifold), then L0∩L1, L0, L1, and L0∪L1 all have the homotopy
type of (finite) CW complexes, as does hocolim(L0 ← L0 ∩ L1 → L1), and
the weak equivalence hocolim(L0 ← L0 ∩ L1 → L1) → L0 ∪ L1 is therefore a
homotopy equivalence. Moreover, the inclusions V0∩V1 → L0∩ L1, V0 → L0,
V1 → L1, and V0 ∪ V1 → L0 ∪ L1 are homotopy equivalences, and the square

is homotopy cocartesian in the stronger sense that hocolim(L0 ← L0 ∩ L1 →
L1) → L0 ∪ L1 is a homotopy equivalence. It follows that applying Map(−, X)
to the above square yields a homotopy cartesian square by Proposition 3.9.1.
Hence the square
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is also homotopy cartesian, because it is pointwise homotopy equivalent to
a homotopy cartesian square. We can arrange for the Vi to be the interiors
of such Li using the finitary axiom, and writing each as an increasing union
of manifolds Ki

0 ⊂ Ki
1 ⊂ · · · which are smooth compact codimension-zero

submanifolds such that the boundaries of K0
j and K1

j intersect transversely. See
[Wei99, Example 2.3] for more details. �

Example 10.2.10 The functor U �→ Imm(U,N) is polynomial of degree ≤ 1,
for essentially the same reasons as in the last example (immersions, like maps,
are locally determined). However, the argument is a little more delicate. We
refer the reader to [Wei99, Example 2.3] for the details, but we nonetheless
give a sketch.

Let U ⊂ M be open, A0, A1 ⊂ U be pairwise disjoint closed sets, and put
US = U −⋃

i∈S Ai. Then the square of restriction maps

is by inspection categorically cartesian. The Smale–Hirsch Theorem says that
if K ⊂ L are compact codimension-zero submanifolds of M whose boundaries
intersect transversely, then the restriction map Imm(L,N) → Imm(K,N) is a
fibration. We then use the same method as in Remark 10.2.9 together with
Proposition 3.3.5 to conclude that the square above is homotopy cartesian. �

Example 10.2.11 The functor U �→ Map(Uk, X) is a polynomial of degree
≤ k. This follows from the pigeonhole principle as follows: let U ∈ O(M),
let A0, . . . , Ak be pairwise disjoint closed subsets of U, and put US = U −
∪i∈S Ai. Then we have a (k + 1)-cube S �→ US (contravariant in S ). By
Proposition 5.8.26, the canonical map

hocolim
S�∅

(US )k −→ colim
S�∅

(US )k

is a weak equivalence. By the pigeonhole principle,

Uk = colim
S�∅

(US )k
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since, for each set of k points in U, one must lie in the complement of some
Ai. By Proposition 8.5.4, the functor Map(−, X) takes (homotopy) colimits to
(homotopy) limits, and hence we obtain a weak equivalence

Map(Uk, X) −→ holim
S�∅

Map((US )k, X).

This implies that the cube S �→ Map((US )k, X) is homotopy cartesian. As men-
tioned in Remark 10.2.9, this argument is technically deficient, but morally
correct. �

Example 10.2.12 Recall from Example 5.5.6 the configuration space
Conf(k,U) of k distinct ordered points in U. The symmetric group Σk acts
freely on Conf(k,U) by permuting the coordinates and we let

(
U
k

)
denote the

quotient by this action. Thus
(

U
k

)
is the space of unordered configurations in

U. The same argument as in the previous example shows that both U �→
Map (Conf(k,U), X) and U �→ Map(

(
U
k

)
, X) are polynomial of degree ≤ k.

More generally, let p : Z →
(

M
k

)
be a fibration, and let Γ

((
M
k

)
,Z; p

)
denote

its space of sections. This is a contravariant functor of U ∈ O(M), since a
section defined on

(
U
k

)
can be restricted to a section on

(
V
k

)
for V ⊂ U. More-

over, the same argument we just cited also proves that U �→ Γ
((

U
k

)
,Z; p

)
is

polynomial of degree ≤ k. The reader who thinks of spaces of sections as
twisted mapping spaces should find this at least plausible. The space of sec-
tions functor is almost a universal example of a polynomial functor of degree
≤ k. We say almost since every homogeneous functor of degree k is built using
a space of sections functor as above. We will explore this below in more detail
in Example 10.2.22 and especially in Theorem 10.2.23. �

The next result is analogous to the fact that a polynomial p : R → R of degree
k is completely determined by its values on a set of k+ 1 distinct real numbers.

Definition 10.2.13 Let Ok(M) be the full subcategory of O(M) consisting of
those open sets U which are diffeomorphic to a disjoint union of at most k open
balls.

Theorem 10.2.14 Suppose F → G is a natural transformation of contravari-
ant finitary isotopy functors, both polynomial of degree ≤ k, and suppose
F(U) → G(U) is an equivalence for all U ∈ Ok(M). Then F(U) → G(U)
is an equivalence for all U ∈ O(M).
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Proof It is enough by axiom 2 of Definition 10.2.3 to prove this in the case
where U is the interior of a smooth compact codimension-zero submanifold
L of M. We will proceed by induction on the handle index of L. We offer
a slightly revised version of the argument given by Weiss in [Wei99], as the
same pattern of argument will be used below in the discussion of convergence.

Suppose the handle index (see Definition A.2.5) of L is equal to zero, so
that L is diffeomorphic to a disjoint union of finitely many closed balls, and
its interior U is therefore some number of open balls. If the number of balls
is less than or equal to k, by assumption the map F(U) → G(U) is a weak
equivalence and we are done. Suppose then that U is diffeomorphic to l open
balls, where l > k, and write U = B0 	 · · · 	 Bl−1. Let Ai = Bi for all i = 0
to k. This is a collection of pairwise disjoint closed subsets of U (since these
are the interiors of closed pairwise disjoint balls in M). Put US = ∪i∈S Ai for
S ⊂ {0, . . . , k}. Consider the commutative diagram

Since both F and G are polynomial of degree ≤ k, the vertical arrows are
weak equivalences, and by induction on l, the map F(US ) → G(US ) is a weak
equivalence for all S � ∅, and hence the lower horizontal arrow is an equiv-
alence. Hence the top horizontal map is a weak equivalence. The remainder
of the proof is exactly the same, only we will choose the closed subsets Ai

differently.
Suppose the result is true for all L with handle index less than j. Suppose

L, again with interior U, has handle index j and has s handles of index j. Let
e1, . . . , es : Dj × Dm− j → L be the embeddings representing the j-handles of
L. Since j ≥ 1, we may choose pairwise disjoint closed disks C0, . . . ,Ck in Dj

and set Di = Ci × Dm− j. For each i = 0 to k, let

Ai =

s⋃
h=1

eh(Ci × Dm− j) ∩ U.

Each Ai is closed in U and if we set US = U − ⋃
i∈S Ai for S ⊂ {0, . . . k}, for

S � ∅, US has a handle decomposition with handle index at most j− 1, so that
F(US ) → G(US ) is an equivalence by induction for such S . See Figure 10.1
for a visualization.
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Figure 10.1 A picture of four disks Ci and their thickenings Di in a 1-handle
D1 × D1 attached to L along ∂D1 × D1. Note that removing at least one of the Di

leaves the manifold with one fewer 1-handles and possibly increases the number
of 0-handles.

Once again consider the diagram

The vertical arrows are equivalences since F and G are polynomial of degree
≤ k, and the lower horizontal arrow is an equivalence since homotopy limits are
homotopy invariant. Hence the map F(U) → G(U) is a weak equivalence. �

10.2.2 The construction of the Taylor tower

We now define the polynomial approximations TkF to a functor F. The con-
struction is simply a “restrict and extend” procedure (specifically, we are taking
Kan extensions). This is the manifold calculus analog of Definition 10.1.25.

Definition 10.2.15 For a finitary isotopy contravariant functor F, define, for
each U ∈ O(M), the kth polynomial approximation of F to be

TkF(U) = holim
V∈Ok(U)

F(V).

In the language of Definition 8.4.2, TkF is the homotopy right Kan extension
of F along the inclusion Ok(M) → O(M). When k = 0, O0(M) consists only
of the empty set, and hence T0F(U) = F(∅) for all U. By definition, TkF(U) is
determined by its values on at most k open balls in U, although it is somewhat
delicate to prove this functor is polynomial of degree ≤ k. The indexing cate-
gory is rather unwieldy, but we will see below in Example 10.2.18 that, for any
U which is the interior of a smooth compact codimension zero submanifold L
of M, TkF(U) can be expressed as a homotopy limit of F evaluated on at most
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k open balls. In this case the finite indexing category will depend, among other
things, on a handle decomposition of L.

Theorem 10.2.16 ([Wei99, Theorems 3.9 and 6.1])

1. TkF is polynomial of degree ≤ k.
2. There is a natural transformation of contravariant functors τk : F → TkF

which is a weak equivalence if the input is diffeomorphic to at most k open
balls.

3. If F is polynomial of degree ≤ k, then F → TkF is a weak equivalence.
4. The natural transformation τk : TkF → Tk(TkF) is a weak equivalence.
5. If F → G is a natural transformation and G is polynomial of degree ≤ k,

then up to weak equivalence the transformation factors through TkF.

Proof We omit the proof of the first statement owing to its length, but we
strongly encourage the reader to look at [Wei99, Theorem 3.9] and the pre-
ceding discussion. The ideas are thematically related to those used to prove
homology satisfies excision, and in particular the ideas are in the same vein
as our purely homotopy-theoretic proof of Theorem 6.2.1. The inclusion
Ok(U) → O(U) of categories gives rise to a map of homotopy limits

holim
V∈O(U)

F(V) −→ holim
V∈Ok(U)

F(V).

By definition the target of this map is TkF(U). Since U ∈ O(U) is the final
object, the domain is weakly equivalent to F(U) by Example 8.2.5 (remem-
ber that F is contravariant, so U is actually an initial object in the opposite
category). The last item is a straightforward unraveling of the definitions. �

Example 10.2.17 For U ∈ O(M), let U �→ Emb(U,N) be the embedding
functor. We claim that T1 Emb(U,N) = Imm(U,N), the space of immer-
sions. To see this, note that if U is at most one open ball, then the inclusion
Emb(U,N) → Imm(U,N) is a homotopy equivalence (because evaluation
of the derivative at some point in the ball fibers each space over the space
of vector bundle monomorphisms, and the fibers of each of these fibra-
tions are contractible). It follows from Theorem 10.2.14 that the induced
map T1 Emb(U,N) → T1 Imm(U,N) is a weak equivalence for all U. But
Imm(U,N) � T1 Imm(U,N) since, from Example 10.2.10, we know that the
immersions functor is polynomial of degree ≤ 1. �

Example 10.2.18 We will use the following in Section 10.4.1. This example
details how to express TkF in a non-functorial way (i.e. by a space which is
not a functor of U) by a homotopy limit over a finite and acyclic category.
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For any functor F, if U is the interior of a smooth compact codimension-zero
submanifold L of M, then TkF(U) can be expressed as a finite homotopy limit
of values of F on at most k open balls in M. We will sketch the argument of how
to do this using the proof of Theorem 10.2.14 and part 3 of Theorem 10.2.16.
Suppose the handle index of L is p. Choosing pairwise disjoint closed subsets
{Ai}ki=0 in U and letting US = U −⋃

i∈S Ai as in the proof of Theorem 10.2.14,
the canonical map

TkF(U) −→ holim
S�∅

TkF(US )

is an equivalence since TkF is polynomial of degree k and each US is the
interior of a smooth compact codimension-zero submanifold of M with handle
index less than p. Hence TkF(U) can always be expressed by a finite homotopy
limit of values of TkF on open sets which have handle index strictly smaller
than that of U. We can continue to apply this to each TkF(US ) for S � ∅, noting
that each US is the interior of a compact codimension-zero submanifold of M
and hence has finitely many handles of a given index. Continuing in this way,
we may choose Ai(S ) for each S so that the handle dimension of US−∪i∈RAi(S )
has strictly smaller handle dimension than US . We can thus reduce to only
needing the values of TkF at open sets which are themselves a finite union of
open balls, noting that F and TkF agree when the input is at most k open balls.
Furthermore, we can reduce to at most k open balls using the base case of the
induction in Theorem 10.2.14. Finally, part 3 of Theorem 10.2.16 tells us that
we may replace TkF(V) with F(V) if V is a disjoint union of at most k open
balls. �

The sequence of inclusions O0(M) ⊂ O1(M) ⊂ · · · ⊂ Ok(M) ⊂ · · · ⊂ O(M)
gives rise to a sequence of restriction maps of homotopy limits TkF → Tk−1F,
and hence to the Taylor tower of F:
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By Theorem 8.6.1, this is in fact a tower of fibrations. Here T∞F denotes the
homotopy inverse limit of this tower, holimk TkF (though we may also use the
ordinary inverse limit since this is a tower of fibrations).

Our next goal is to classify homogeneous degree k functors. Although their
definition is independent of the Taylor tower, they arise naturally in this setting
as the difference between the stages of the tower.

10.2.3 Homogenous functors

Definition 10.2.19 We call a contravariant functor F : O(M) → Top homoge-
nous of degree k if it is polynomial of degree ≤ k and Tk−1F � ∗. That is,
Tk−1F(U) is weakly contractible for all U.

Here is the analog of Definition 10.1.38.

Definition 10.2.20 Define the kth layer of the manifold calculus Taylor tower
of F to be

LkF = hofiber(TkF −→ Tk−1F).

Example 10.2.21 Suppose F : O(M) → Top is any contravariant functor.
Choose a basepoint in F(M), assuming one exists. This bases TkF(U) for all
U and for all k. Then LkF = hofiber(TkF → Tk−1F) is homogeneous of degree
≤ k. It is polynomial of degree ≤ k since it is a homotopy limit of polynomials
of degree ≤ k by Proposition 10.1.15, and it is homogeneous of degree k since

Tk−1LkF � hofiber(Tk−1TkF → Tk−1Tk−1F) � ∗

as Tk commutes with homotopy limits (Proposition 8.5.5) and since TkTlF is
Tmin{k,l}F (this is easy to see). �

Example 10.2.22 Recall the space of k unordered configurations
(

M
k

)
from

Example 10.2.12, let p : Z →
(

M
k

)
be a fibration, and as before let Γ

((
M
k

)
,Z; p

)
denote its space of sections. As mentioned in Example 10.2.12, the functor
U �→ Γ

((
U
k

)
,Z; p

)
is polynomial of degree ≤ k. Let N be the poset of all

neighborhoods of the fat diagonal (i.e. neighborhoods containing all diagonals)
in

(
M
k

)
. Define a contravariant functor on O(M) by

U �−→ Γ
(
∂

(
U
k

)
,Z; p

)
= hocolim

Q∈N
Γ

((
U
k

)
∩ Q,Z; p

)
.
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It can be shown that Γ
(
∂
(

U
k

)
,Z; p

)
is a contravariant finitary isotopy functor.

It is polynomial of degree ≤ k basically for the same reasons Γ
((

U
k

)
,Z; p

)
is. However, it is also polynomial of degree ≤ k − 1. The idea is to use
Theorem 10.2.14 as well as its proof together with the pigeonhole principle, as
follows. By Theorem 10.2.14 it is enough to prove that the map

Γ

(
∂

(
U
k

)
,Z; p

)
−→ Tk−1Γ

(
∂

(
U
k

)
,Z; p

)

is a weak equivalence for U ∈ Ok(M) since both domain and codomain are
polynomial of degree ≤ k − 1. If U ∈ O j(M) for some j < k then this is
automatic, as U is a final object in the indexing category for Tk−1, and so we
only need prove it is an equivalence when U is diffeomorphic to a disjoint
union of exactly k open balls B0, . . . , Bk−1. Let Ai = Bi, so that the Ai are
pairwise disjoint closed in U, and let US = U −⋃

i∈S Ai. In the diagram

the right vertical arrow is an equivalence because objectwise it is a weak equiv-
alence and by the homotopy invariance of homotopy limits (Theorem 8.3.1).
The bottom horizontal arrow is a weak equivalence since Tk−1Γ

(
∂
(

U
k

)
,Z; p

)
is

polynomial of degree ≤ k−1. The upper horizontal arrow is a weak equivalence
because, by the pigeonhole principle,(

U
k

)
∩ Q =

⋃
i

(
U − Ai

k

)
∩ Q

for a sufficiently small neighborhood Q (the reader may wish to draw a picture
of this in the case k = 2 with U an open interval). It follows that the left vertical
arrow is a weak equivalence. �

It can be shown that in fact

Tk−1Γ

((
U
k

)
,Z; p

)
� Tk−1Γ

(
∂

(
U
k

)
,Z; p

)

and hence the functor

U �−→ hofiber

(
Γ

((
U
k

)
,Z; p

)
−→ Γ

(
∂

(
U
k

)
,Z; p

))
.
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is homogeneous of degree k. The next result says that this is the universal
example of a homogeneous degree k functor.

Theorem 10.2.23 ([Wei99, Theorem 8.5], Classification of homogeneous
functors) Let E : O(M) → Top be homogeneous of degree k. Then for some
fibration p : Z →

(
U
k

)
there is a weak equivalence

E(U) −→ Γc

((
U
k

)
,Z; p

)
natural in U (i.e. a weak equivalence of functors).

We omit the proof. For F : O(M) → Top a contravariant functor, Theo-
rem 10.2.23 thus says that the homogeneous degree k functor LkF is equivalent
to the space of compactly supported sections of a fibration. That is,

LkF(U) � Γc

((
U
k

)
,Zk; pk

)
.

The fibers p−1
k (S ) over S ∈

(
U
k

)
are the total homotopy fibers of a cubical

diagram of values of F on a tubular neighborhood of F. That is,

p−1
k (S ) � tfiber(T �→ F(BT ))

where T ⊂ S and BT is a tubular neighborhood of S T in U. In place of p−1
k (S )

we write F(k)(∅), and think of the fibers as the derivatives of F evaluated at the
empty set. We justify this as follows. By definition,

F(1)(∅) = hofiber(F(B) → F(∅))

is the analog of f (h) − f (0), part of the difference quotient arising in the def-
inition of the derivative of a single-variable real-valued function. The space
F(2)(∅) is the total homotopy fiber of the square

If we try to write the second derivative of f : R → R strictly in terms of f ,
we will encounter the expression f (h1 + h2) − f (h1) − f (h2) + f (0) in our
difference quotient, in analogy with thinking of the total homotopy fiber above
as an iterated homotopy fiber.

Thus, through the lens of single-variable calculus, the Taylor tower of a
finitary isotopy contravariant functor F : O(M) → Top is the analog of the
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Maclaurin series of f : R → R. The analog of f (k)(0)xk/k! is precisely our
section space: the space of (twisted) maps from

(
M
k

)
to F(k)(∅).

Example 10.2.24 We will compute the first two derivatives of the embedding
functor U �→ Emb(U,N). Clearly Emb(∅,N) = ∗, so

Emb(1)(∅) = hofiber(Emb(B,N) → ∗) � Imm(B,N)

is the space of immersions of an open ball in N. For the second derivative,
first note that if B1 	 · · · 	 Bk is a disjoint union of k open balls in M, then
Emb(B1	· · ·	Bk,N) � Conf(k,N)×∏k

i=1 Imm(Bi,N), where Conf(k,N) is the
configuration space of k points in N, and the equivalence is given by the obvi-
ous extension of the equivalence Emb(B,N) � Imm(B,N) for an open ball B,
described in Example 10.2.17. Therefore Emb(2)(∅,N) is homotopy equivalent
to the total homotopy fiber of the square

where all of the maps are the obvious restrictions to one or no points. Viewing
this total homotopy fiber as the map from the initial space to the homotopy
limit of the punctured square, it is clear that the total homotopy fiber of the
square above is homotopy equivalent to the total homotopy fiber of the square

One could be content with this answer, but it is interesting to try to pin down the
homotopy type a bit better. If we think of the total homotopy fiber iteratively,
by taking homotopy fibers vertically and noting that the vertical restriction
maps are fibrations, we see that Emb(2)(∅,N) � hofiber(N − {y} → N), where
(x, y) ∈ Conf(2,N) is the basepoint. To analyze this space further, let T be a
closed tubular neighborhood of y in N (a closed ball surrounding y), and note
that the inclusion N − T → N − {y} is a homotopy equivalence. Consider the
square of inclusions
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This is a homotopy pushout square, and if we fiber over N everywhere, by
Corollary 3.9.4 we obtain a homotopy pushout square

The map of vertical cofibers is an equivalence, and the homotopy cofiber of
the top horizontal map is equivalent to ΣnΩ(N)+ by thinking of T as a (trivial)
bundle over T . Thus we have a weak equivalence

ΣnΩ(N)+ � Σ hofiber(N − {y} → N) � ΣEmb(2)(∅,N). �

Example 10.2.25 The “cancellation” of the contribution of the space of
immersions in the higher derivatives persists, and the derivatives of embed-
ding spaces are given by the total homotopy fibers of cubes of configurations
as above. Although the homotopy type of Emb(k)(∅,N) is difficult to get a han-
dle on, one very important observation is that the connectivities of these spaces
increases to infinity with k, provided n > 2. This was the subject of Examples
5.5.6 and 6.2.9. �

10.2.4 Convergence

There are two questions to ask regarding convergence of the Taylor tower.
First, does the tower converge to anything at all? More precisely, for a fixed
j ≥ 0, is π j(TkF) constant for all k ≥ k j for some k j? The second question
is whether or not the tower converges to F. That is, does the connectivity of
the map F → TkF increase to infinity with k, or, put another way, is the map
F → T∞F a weak equivalence?

These are of course separate questions, the first analogous to the conver-
gence of the series

∑∞
k=0 f (k)(0)xk/k!, and the second analogous to studying for

what values of x, if any, the difference f (x)−∑∞
k=0 f (k)(0)xk/k! is equal to zero.

The question of whether or not the series converges is easier to deal with, so we
tackle it first. A fairly satisfactory answer can be obtained from the connectiv-
ities of the layers LkF = hofiber(TkF → Tk−1F), and these connectivities can
sometimes be computed using the Blakers–Massey Theorem (Theorem 6.2.1).

The fibers of the classifying fibration give one way to answer the first
question. Recall that, for spaces X and Y with Y k-connected and X a CW
complex of dimension d, the space Map(X,Y) is (k − d)-connected (see
Proposition 3.3.9). The same is true of spaces of sections: the connectivity of
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the fibers minus the dimension of the base gives the connectivity of the space
of sections. Hence we have the following general result, which follows from
the classification Theorem 10.2.23.

Proposition 10.2.26 For a contravariant finitary isotopy functor F, if F(k)(∅)
is ck-connected, then LkF(M) is (ck−km)-connected (where m is the dimension
of M). More generally, if U has handle index j, then LkF(U) is (ck − k j)-
connected.

In any case, the Taylor tower of F converges for all U of handle index ≤ j if
ck − k j tends to infinity with k. This suggests the handle index should play
some role in an analog of radius of convergence. To begin exploring this,
consider the real-valued function case. We are often interested in the error
Rk(x) = | f (x)−Tk f (x)| for certain x, where Tk f stands for the kth degree Taylor
approximation. For f smooth on [−r, r] and satisfying | f (k+1)| ≤ Mk on (−r, r),
we have Rk(x) ≤ Mkrk+1/(k + 1)!. If Mkrk+1/(k + 1)! → 0 as k → ∞, then we
would say that f is analytic on (−r, r); that is, its Taylor series converges to it.
This will lead us to the notion of a radius of convergence, the importance of
the connectivities of the derivatives of F (and more general cubical diagram
than just those involving balls), and some ideas about how to tackle the “error”
RkF = hofiber(F → TkF).

The radius of convergence is a positive integer ρ. An open set V which is
the interior of a smooth compact codimension-zero submanifold L of M is
within the radius of convergence if the handle index of L is less than ρ. Sup-
pose F : O(M) → Top is a contravariant functor and ρ > 0 is an integer. For
k > 0, let P be a smooth compact codimension-zero submanifold of M, and
Q0, . . . ,Qk be pairwise disjoint compact codimension-zero submanifolds of
M − P̊. Suppose further that Qi has handle index qi < ρ. Let US = ˚(P ∪ QS ).
We then have the following manifold calculus analog of Definition 10.1.50.

Definition 10.2.27 The contravariant functor F is ρ-analytic with excess c if
the (k + 1)-cube S �→ F(US ) is (c +

∑k
i=0(ρ − qi))-cartesian.

This is the analog of a bound on f (k)(x) for x close to 0. In this case, “close to
zero” means having small handle index, and the (k + 1)-cube S �→ F(US ) is
reminiscent of our definition of F(k)(∅), with P replacing ∅, and with handles
of arbitrary index added, not just handles of index zero. The number ρ gives
the radius of convergence of the Taylor tower of F; that is, it tells us the input
values for which the inverse limit of the tower converges to the functor. The
next theorem is an estimate for the error RkF = hofiber(F → TkF).
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Theorem 10.2.28 ([GW99, Theorem 2.3]) Let F be a contravariant finitary
isotopy functor. If F is ρ-analytic with excess c, and if U ∈ O(M) is the interior
of a smooth compact codimension 0 submanifold of M with handle index q < ρ,
then the map F(U) → TkF(U) is (c + (k + 1)(ρ − q))-connected.

The following gives a general criterion which guarantees the Taylor tower
converges to the functor being approximated.

Corollary 10.2.29 (Convergence of the Taylor tower [GW99, Corollary 2.4])
Suppose F is ρ-analytic with excess c. Then, for each U ∈ O(M) which is the
interior of a compact codimension-zero submanifold of handle index less than
ρ, the map

F(U) −→ T∞F = holimk TkF(U)

is a weak equivalence.

This immediately follows since the connectivities of the maps F(U) →
TkF(U) increase to infinity with k if the handle index of U is less than ρ.

We will not give the proof of Theorem 10.2.28, but a sketch will suggest
its similarity to the proof of Theorem 10.2.14. We are interested in the con-
nectivity of the map F(U) → TkF(U) and, as usual, it suffices to study the
special case where U is the interior of a smooth compact codimension-zero
submanifold L of M. Using a handle decomposition, we select pairwise dis-
joint closed subsets A0, . . . , Ak such that, for S � ∅, US = U − ⋃

i∈S Ai is
the interior of a compact smooth codimension-zero submanifold whose han-
dle index is strictly less than the handle index of L. We then consider the
diagram

The right vertical arrow is a weak equivalence since TkF is polynomial of
degree ≤ k, and by induction we can get a connectivity estimate for the bottom
horizontal arrow. We have a connectivity for the left vertical arrow by assuming
F is ρ-analytic. Together these give an estimate for the connectivity of F(U) →
TkF(U) using Proposition 2.6.15 and Proposition 5.4.17.

The next result is the analog of uniqueness of analytic continuation.
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Corollary 10.2.30 ([GW99, Corollary 2.6]) Suppose F1 → F2 is a natu-
ral transformation of ρ-analytic contravariant finitary isotopy functors, and
F1(U) → F2(U) is a weak equivalence whenever U ∈ Ok(M) for some k. Then
F1(V) → F2(V) is a weak equivalence for each V which is the interior of a
smooth compact codimension-zero submanifold of handle index less than ρ.

Proof Suppose V ∈ O(M). Consider the following diagram.

Since F1(U) → F2(U) is a weak equivalence whenever U is in Ok(M) for
any k, it follows from Theorem 10.2.14 that TkF1 → TkF2 is an equivalence
for all k. Hence the lower horizontal arrow is an equivalence for all V . If the
handle index of V is less than ρ, then F1(V) → holimk TkF1(V) and F2(V) →
holimk TkF2(V) are equivalences by Corollary 10.2.29, so F1(V) → F2(V) is
an equivalence. �

The question of convergence of the Taylor tower for the embedding functor
F(U) = Emb(U,N) is especially interesting and will be discussed separately
in Section 10.3.

We end by remarking that a lack of convergence does not necessarily mean
the Taylor tower does not contain anything interesting. In fact, for classical
knots (where Theorem 10.3.1 does not give convergence because the codimen-
sion is 2), [Vol06b] shows that the Taylor series for the embedding functor
contains finite type invariants of knots (see Section 10.4.4). On a related
note, one can study multivariable contravariant functors such as (U,V) �→
Link(U,V; N). Here U and V are open subsets of smooth closed manifolds
P and Q, and Link(U,V; N) is the space of “link maps” U → N, V → N
whose images are disjoint. It is not known whether its (multivariable) Tay-
lor series converges to it, but it is clear that its polynomial approximations
are interesting, since, for example, hofiber(Link(P,Q; N) → T1Link(P,Q; N))
contains the information necessary to define the generalized linking number.
See [Mun08] and [GM10].

10.3 Embeddings, immersions, and disjunction

Here we present an application of the manifold calculus of functors discussed
in Section 10.2. The main point is to give an overview of the analyticity of the
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embedding functor and try to give a sense of the kind of results that go into
proving such statements. In particular we want to demonstrate the importance
of Theorem 6.2.3, the generalization of the Blakers–Massey Theorem. We will
mostly focus our attention on the first-degree Taylor approximations to the
embeddings functor, carefully obtaining a connectivity estimate for the maps
Emb(M,N) → T1 Emb(M,N) � Imm(M,N) (see Example 10.2.17) in two
ways. We will also discuss the disjunction results for embeddings necessary to
get estimates Emb(M,N) → T j Emb(M,N) in general, although the particular
results we can prove here are weaker than the best-known estimates.

10.3.1 Convergence of the Taylor tower for spaces of embeddings

The following theorem, due to Goodwillie and Klein, concerns the conver-
gence of the Taylor tower for the embedding functor. A version for spaces of
Poincaré embeddings has appeared in [GK08], which is itself an important step
in proving the result below, which appears in [GK15].

Theorem 10.3.1 The functor U �→ Emb(U,N) is (n− 2)-analytic with excess
3−n. Hence, if M is a smooth closed manifold of dimension m, and N a smooth
manifold of dimension n, then the map

Emb(M,N) −→ Tk Emb(M,N)

is (k(n − m − 2) + 1 − m)-connected. In particular, if n − m − 2 > 0, then the
canonical map

Emb(M,N) −→ holim
k

Tk Emb(M,N)

is a weak equivalence.

We will refer to a statement about the connectivity of the natural transformation
F → TkF as a connectivity estimate.

Remark 10.3.2 It is shown in [Wei04] that the Taylor tower for Emb(M,N)
also converges on homology for n − 4m + 1 > 0. That is, the inverse limit of
the homology groups of the Taylor tower agree with those of the embedding
space in this range of dimensions. This will be useful in Section 10.4.4. �

The proof of Theorem 10.3.1 is too difficult to present here, but we will
illustrate a few elementary ideas that go into it.

One can obtain the connectivity of Emb(M,N) → T1 Emb(M,N) “by hand”
without too much work. Some of the ideas that go into one version of this
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computation (the second proof of Theorem 10.3.4) are important in obtain-
ing estimates for all k. We will also discuss weaker estimates than predicted
by Theorem 10.3.1 for the maps Emb(M,N) → T j Emb(M,N) for j ≥ 2
in Theorem 10.3.7, which relies on the material from Section 10.3.2. The
techniques required for the stronger results above involve deeper relation-
ships between embeddings, pseudoisotopies, diffeomorphisms, as well as some
surgery theory.

There are two main ingredients in the proofs of the connectivity estimates
we present here. One is “handle induction”, as in the proof of Theorem 10.2.14,
where we use the property that the polynomial approximations to a functor in
the manifold calculus (a) behave well with respect to certain kinds of cubes
(roughly, a polynomial of degree ≤ k takes strongly homotopy cocartesian
(k+1)-cubes to cartesian (k+1)-cubes), and (b) are determined by their values
on open balls to reduce to a special case where the manifold in question is built
from 0-handles, that is, is a union of open balls. The other main ingredient is
“multiple disjunction” for spaces of embeddings, where we use Theorem 6.2.3
to obtain certain connectivity estimates for embedding spaces necessary in the
handle induction arguments. The disjunction problems are a little technical, so
we have relegated that material to Section 10.3.2.

Connectivity of the derivatives of the embedding functor
The first step in understanding some of the ideas that go into establishing
the analyticity of the embedding functor is to compute the connectivity of its
derivatives. This turns out to be an easy application of Theorem 6.2.3 which
we have essentially already presented in Example 6.2.9. We demonstrate here
how to carefully reduce to that case.

Recall from the discussion following Theorem 10.2.23 the notion of the kth
derivative of a functor F evaluated at the empty set, F(k)(∅).

Theorem 10.3.3 Let U =
∐

i Bi ⊂ M be a disjoint union of k open balls.
For S ⊂ k, let US = U − ⋃

i∈S Bi. The k-cube S �→ Emb(US ,N) is ((k −
1)(n − 2) + 1)-cartesian. That is, if E(U) = Emb(U,N), then Emb(k−1)(∅,N) is
(k − 1)(n − 2)-connected.

Proof We will simplify to Example 6.2.9. For a subset S of k, the projection
map

∏
i�S Bi × Emb(US ,N) → Emb(US ,N) is a homotopy equivalence, natu-

ral in S , because balls and products of balls are contractible (if S = k, we take∏
i�S Bi to be a point). Let Conf( j,N) as usual denote the configuration space

of j points in N. The map
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∏
i�S

Bi × Emb(US ,N) −→ Conf(k − |S |,N) × Imm(US ,N)

induced by the map

((x1, . . . , xk), f ) �→ (( f (x1), . . . , f (xk), (d fx1 , . . . , d fxk ))

is a homotopy equivalence for all S (where again the product of balls is
taken to be a point if S = k). Hence S �→ Emb(US ,N) is K-cartesian if
and only if S �→ Conf(k − |S |,N) × Imm(US ,N) is K-cartesian. The cube
S �→ Imm(US ,N) is homotopy cartesian whenever k ≥ 2 because Imm(−,N)
is polynomial of degree ≤ 1. Therefore S �→ Emb(US ,N) is K-cartesian if and
only if S �→ Conf(k− |S |,N) is K-cartesian for k ≥ 2 by Proposition 5.4.5. But
Example 6.2.9 shows that K = (k − 1)(n − 2). �

Connectivity estimates for the linear stage
Theorem 10.3.3 turns out to be a very useful special case, as we shall
see below, in obtaining connectivity estimates for the maps Emb(M,N) →
T1 Emb(M,N) � Imm(M,N). We begin with the map Emb(M,N) →
T1 Emb(M,N). Our proof requires a disjunction result from Section 10.3.2.

Theorem 10.3.4 The map

Emb(M,N) −→ T1 Emb(M,N) � Imm(M,N)

is (n − 2m − 1)-connected. In fact, if V ⊂ M is the interior of a compact
codimension-zero handlebody with handle index k, then the map is (n − 2k −
1)-connected.

Proof We induct on the handle index k. For the base case k = 0, let l be the
number of components of V . The result is trivial, and the map in question is a
homotopy equivalence, when l = 0, 1. Suppose l ≥ 2. Consider the sequence
(from the Taylor tower of embeddings)

Emb(V,N) → Tl Emb(V,N) → Tl−1 Emb(V,N) →
· · · → T1 Emb(V,N). (10.3.1)

The map Emb(V,N) → Tl Emb(V,N) is a weak equivalence since V is a final
object in Ol(V), using Proposition 9.3.4. By the classification Theorem 10.2.23
of homogeneous functors,

Lj Emb(V,N) = hofiber(T j Emb(V,N) → T j−1 Emb(V,N))
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is weakly equivalent as a functor of V to a space of sections

Γc

((
V
j

)
,Emb( j)(∅)

)
.

Since V has handle index 0,
(

V
j

)
also has handle index 0, and so these section

spaces are ( j−1)(n−2)-connected by Theorem 10.3.3, for when
(

V
j

)
has handle

index zero, it has the homotopy type of a set of points. In other words, the map
T j Emb(V,N) → T j−1 Emb(V,N) is (( j−1)(n−2)+1)-connected. This is true no
matter what basepoint is chosen, provided m < n. It follows that the composed
map Emb(V,N) → T1 Emb(V,N) is (n − 1)-connected.

Now suppose k > 0. Let V = L̊. For j = 1 to s, let e j : Dk×Dn−k → L denote
each of the k-handles. Assume e−1

j (∂L) = ∂Dk × Dn−k for all j. Since k > 0, as
in the proof of Theorem 10.2.14 we may choose pairwise disjoint closed disks
D0,D1 in the interior of Dk, and put Aj

i = e j(Di × Dn−k) ∩ V . Then each Aj
i is

closed in V , and if we set Ai =
⋃s

j=1 Aj
i , then for each non-empty subset S of

{0, 1}, VS = V −⋃
i∈S Ai is the interior of a smooth compact codimension-zero

submanifold of M of handle index strictly less than k.
In the diagram

the right vertical arrow is a weak equivalence because T1 Emb(−,N) is polyno-
mial of degree ≤ 1. By induction for all S � ∅, Emb(VS ,N) → T1 Emb(VS ,N)
is (n−2(k−1)−1)-connected, and by Proposition 5.4.17, the map of homotopy
limits has connectivity equal to n − 2(k − 1) − 1 − 2 + 1 = n − 2k. By Corol-
lary 10.3.16, the left vertical map is (n − 2k − 1)-connected, and it follows that
the top horizontal map is (n − 2k − 1)-connected. �

Remark 10.3.5 The base case of the induction on handle index above
required an argument which was different than the inductive step. Although it is
tempting to try to use Proposition 5.4.17 in the way we did above in the handle
index zero case, it will not give the desired estimate, and genuinely appears
to require a different method. Fortunately all it required was connectivity
information about the derivatives, which is the content of Theorem 10.3.3. �

Connectivity estimates for the higher stages
The second proof of Theorem 10.3.4 can be adapted to prove the following
restatement of Theorem 10.3.1 with very few changes.
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Theorem 10.3.6 If M is a smooth closed manifold of dimension m, N a
smooth manifold of dimension n, n − m ≥ 2, and V is the interior of a smooth
codimension-zero submanifold of handle index j, then the map

Emb(V,N) −→ Tk Emb(V,N)

is (k(n − j − 2) + 1 − j)-connected.

The only changes (besides the connectivity estimates themselves) are that the
pairwise disjoint closed subsets Ai chosen in the proof of Theorem 10.3.4 are
k + 1 in number, and instead of referencing Proposition 10.3.9, we reference
Theorem 10.3.10. However, we do not provide a proof of Theorem 10.3.10
here, but instead a weaker version, Theorem 10.3.11, which then gives a
weaker estimate than above. We leave the details to the reader to sketch a proof
of the following result.

Theorem 10.3.7 (Weak version of Theorem 10.3.6) If M is a smooth closed
manifold of dimension m, N a smooth manifold of dimension n, n−m ≥ 2, and
V is the interior of a smooth codimension-zero submanifold of handle index j,
then the map

Emb(V,N) −→ Tk Emb(V,N)

is (k(n − 2 j − 2) + 1)-connected.

Remark 10.3.8 The numbers in Theorem 10.3.7 and Theorem 10.3.6 agree
when k = 1, but otherwise the estimate in Theorem 10.3.6 is better than the
one in Theorem 10.3.7.

10.3.2 Disjunction results for embeddings

For the second proof of Theorem 10.3.4 we needed an estimate for how
cartesian a square of the form

is. Here V = V∅ is the interior of some smooth compact codimension-zero
submanifold of M with handle index k, and, for S � ∅, the VS are the interiors
of compact codimension-zero submanifolds of handle index strictly less than
k. As in the proof of Theorem 10.3.4, let V = L̊. We chose each Ai to be a
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union of products of a k-dimensional disk with an (m − k)-dimensional disk.
Note that LS = L − ⋃

i∈S Ai is not compact, but its interior is the interior of
a smooth compact codimension-zero submanifold of M. This is important to
note because below we will work not with the open sets that appear in E, but
with their closed counterparts L and the Ai.

Let us first consider a formally similar situation.

Proposition 10.3.9 Suppose Q0 and Q1 are smooth closed manifolds of
dimensions q1 and q2 respectively, and N is a smooth closed n-dimensional
manifold. The square

is (n − q0 − q1 − 1)-cartesian.

Proof It is enough by Proposition 5.4.12 to choose a basepoint in e ∈
Emb(Q0 ∪ Q1,N), take fibers vertically, and compute the connectivity of the
map of homotopy fibers. By the isotopy extension theorem [Kos93, Theorem
5.2], the map Emb(Q0 ∪ Q1,N) → Emb(Q1,N) is a fibration with fiber over e
equal to Emb(Q0,N − e(Q1)). We thus have to show that the inclusion map of
vertical fibers Emb(Q0,N−e(Q1)) → Emb(Q0,N) is (n−q0−q1−1)-connected.

Let h : S k → Emb(Q0,N). We may regard this as a map h̃ : S k × Q0 → N,
and by a small homotopy of h we may assume h̃ is both smooth and trans-
verse to e(Q1) ⊂ N by Theorem A.2.9 and Theorem A.2.19 with k = 0.
By Theorem A.2.18, h̃−1(e(Q1)) is a submanifold of S k × Q0 of dimension
k+q0+q1−n, and hence is empty if k < n−q0−q1. A similar argument shows
that any homotopy S k × I → Emb(Q0,N) lifts to Emb(Q0,N − e(Q1)) if k <
n−q0−q1−1, and hence the map in question is (n−q0−q1−1)-connected. �

The problem solved in Proposition 10.3.9 is known as a disjunction problem.
The question we are answering is this: when do embeddings Q0 → N and
Q1 → N give rise to an embedding (up to isotopy) of Q0	Q1 in N? That is, we
are asking when we can eliminate possible intersections between the manifolds
Q0 and Q1 in N. We already discussed disjunction in Example 4.2.20, whose
problem is the fiber of a disjunction problem like the one we are posing here.

The proof of the following goes beyond the scope of this book.

Theorem 10.3.10 (Strong disjunction [GK08, Conjecture A]) Suppose
Q0,Q1, . . . ,Qk are smooth closed manifolds of dimensions q0, . . . , qk, and N
is a smooth closed n-dimensional manifold. The k-cube
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S �−→ Emb(QS ,N)

is (1 − q0 +
∑k

i=1(n − qi − 2))-cartesian.

A more symmetric way to write the number above is 1 + (n − 2) −∑k
i=0 qi. We

will prove the following weaker version, which gives rise to weaker estimates
for the maps Emb(M,N) → T j Emb(M,N).

Theorem 10.3.11 (Weak disjunction [Goo, Proposition A.1]) Suppose
Q0,Q1, . . . ,Qk are smooth closed manifolds of dimensions q0, . . . , qk, and N
is a smooth closed n-dimensional manifold. Assume q0 ≤ qi for i = 1 to k, and
let QS = ∪i�S Qi. The k-cube

S �−→ Emb(QS ,N)

is (1 +
∑k

i=1(n − q0 − qi − 2))-cartesian.

The hypothesis that q0 ≤ qi for all i = 1 to k can clearly be achieved in general
by choosing the minimum of {q0, q1, . . . , qk} and relabeling so that it is q0.

Proof The proof is very similar to the proof of Proposition 10.3.9, except that
we need to invoke Theorem 6.2.3. Choose a basepoint in e ∈ Emb(Q∅,N), and
consider the k-cube of homotopy fibers

R �−→ hofibere

⎛⎜⎜⎜⎜⎜⎜⎝Emb(Q0

⋃
i�R

Qi,N) → Emb(
⋃
i�R

Qi,N)

⎞⎟⎟⎟⎟⎟⎟⎠ ,
where R ⊂ k. By Proposition 5.4.12 the (k + 1)-cube S �→ Emb(QS ,N) is
K-cartesian if the k-cube

R �−→ hofibere

⎛⎜⎜⎜⎜⎜⎜⎝Emb(Q0

⋃
i�R

Qi,N) → Emb(
⋃
i�R

Qi,N)

⎞⎟⎟⎟⎟⎟⎟⎠
is K-cartesian. For each R the map

Emb

⎛⎜⎜⎜⎜⎜⎜⎝Q0

⋃
i�R

Qi,N

⎞⎟⎟⎟⎟⎟⎟⎠ −→ Emb

⎛⎜⎜⎜⎜⎜⎜⎝⋃
i�R

Qi,N

⎞⎟⎟⎟⎟⎟⎟⎠
is a fibration with fiber over e equal to Emb(Q0,N − e(

⋃
i�R Qi)).

Consider a face ∂R
∅ Emb(Q0,N−⋃

i�R Qi). We claim this face is (−1+ |R|(n−
q0)+

∑
i∈R qi)-cocartesian. Without loss of generality assume R = r. First, note

that this is a cube of inclusions of open sets, so

hocolim
T�R

Emb

⎛⎜⎜⎜⎜⎜⎜⎝Q0,N − e

⎛⎜⎜⎜⎜⎜⎜⎝⋃
i�R

Qi

⎞⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎠ � colim

T�R
Emb

⎛⎜⎜⎜⎜⎜⎜⎝Q0,N − e

⎛⎜⎜⎜⎜⎜⎜⎝⋃
i�R

Qi

⎞⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎠



550 Applications

by Example 5.8.3. Let S j → Emb(Q0,N−e(
⋃

i�R Qi)) be a map, and let h : S k×
Q0 → N −⋃

i�R Qi be its adjoint. We wish to deform this to a map which, for
each s ∈ S j, misses some Qi for some i � R. Consider the map

H : S j ×
∏
i∈R

Q0 −→
∏
i∈R

N

given by H(s, x1, . . . , xr) = (h(s, x1), . . . , h(s, xr)). By a small homotopy of h
using Theorems A.2.9 and A.2.19 with k = 0 we may assume this map is
smooth and transverse to

∏
i∈R Qi ⊂ ∏

i∈R N, and hence by Theorem A.2.18
the inverse image H−1(

∏
i∈R Qi) is a smooth submanifold of S j × ∏

i∈R Q0 of
dimension j + |R|q0 −∑

i∈R(n − qi) and is therefore empty if j < |R|(n − q0) −∑
i∈R qi. A similar argument with 1-parameter families shows that a homotopy

S j× I → Emb(Q0,N−∪i�RQi) lifts to the colimit in question if j < −1+ |R|(n−
q0)−∑

i∈R qi, and therefore ∂R
∅ Emb(Q0,N−∪i�RQi) is (−1+|R|(n−q0)−∑

i∈R qi)-
cocartesian. By Theorem 6.2.3 the k-cube R �→ Emb(Q0,N − ∪i�RQi) is (1 −
k − k + k(n − q0) − ∑k

i=1 qi)-cartesian, since the sum over partitions is clearly
minimized for the partition of k consisting of blocks which are singletons. This
number is equal to 1 +

∑k
i=1(n − q0 − qi − 2). �

For the remainder of the details of how to turn statements like Theorem 10.3.11
into the sort of results required in the proof of Theorem 10.3.4, we will focus on
Proposition 10.3.9. What we need is to “thicken up” the result in that statement
so that it applies to embeddings of codimension-zero submanifolds a smooth
closed manifold M, which is what arises in the proof of Theorem 10.3.4. First
note that we can generalize the situation in Proposition 10.3.9 to a relative
setting. That is, suppose Q0, Q1, and N have boundary, and that embeddings
ei : ∂Qi → ∂N have been selected to have disjoint images. Let QS = ∪i�S Qi,
and let Emb∂(QS ,N) be the space of embeddings f : QS → N such that the
restriction of f to ∂QS is equal to eS , and such that f −1(∂N) = ∂QS . The same
argument used to prove Proposition 10.3.9 proves the following.

Proposition 10.3.12 With N,Q0,Q1 as described in the paragraph above,
the square

is (n − q0 − q1 − 1)-cartesian.
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We can make a further generalization to the case of compact manifold tri-
ads (see the discussion after Definition A.2.5). Suppose the Qi are compact
n-dimensional manifold triads of handle index qi, where n − qi ≥ 3, and N
is an n-dimensional smooth manifold with boundary. In this case embeddings
ei : ∂0Qi → ∂N have been chosen, and we let Emb∂0 (QS ,N) stand for the
obvious thing.

Theorem 10.3.13 ([GW99, Theorem 1.1]) The square

is (n − q0 − q1 − 1)-cartesian.

This can be generalized to the case where the dimension of the Qi is m ≤ n,
essentially by a thickening of the m-dimensional Qi by the disk bundle of an
(n − m)-plane bundle.

Proposition 10.3.14 ([GW99, Observation 1.3]) If dim(Qi) = m ≤ n then
Theorem 10.3.13 is true.

The rough idea of the proof is to assume that N is embedded in Rn+k and let
Grn−m = colimk Grn−m+k(Rn+k) be a colimit of Grassmannians. Consider the
map Emb(QS ,N) → Map(QS ,Grn−m) given by assigning an embedding f to
its normal bundle ν f . The homotopy fiber of this map over some η can be iden-
tified with the space of embeddings of the disk bundle of η over QS . Since
S �→ Map(QS ,Grn−m) is homotopy cartesian (because Map(−, X) is polyno-
mial of degree ≤ 1), by Proposition 5.4.12, the square of homotopy fibers is
(n − q0 − q1 − 1)-cartesian if and only if the square S �→ Emb∂(QS ,N) is
(n − q0 − q1 − 1)-cartesian. However, this introduces more corners, since the
closed disk bundle of a smooth manifold with boundary is already a compact
manifold triad itself. The new corners due to the disk bundle are introduced
along the corner set of the original compact manifold triad, and we will ignore
the details.

We may also assume the Qi are submanifolds of an m-dimensional manifold
M. Now we are in a position to describe a situation which is directly related
to the square E from the beginning of this section, and we generalize this sit-
uation further by introducing a new manifold P. Suppose that P is a smooth
compact codimension-zero manifold triad in M; Q0,Q1 are smooth compact
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codimension-zero manifold triads in M − P̊; and that the handle index of Qi

satisfies n − qi ≥ 3. Let QS =
⋃

i�S Qi.

Proposition 10.3.15 The square S �→ Emb(P ∪ QS ,N) is (n − q0 − q1 −
1)-cartesian.

Proof The square S �→ Emb(P,N) is homotopy cartesian by Example 5.4.4
since all maps are the identity, and hence S �→ Emb(P ∪ QS ,N) is (n − q0 −
q1 − 1)-cartesian if the square of homotopy fibers

S �−→ hofiber(Emb(P ∪ QS ,N) → Emb(P,N))

is (n − q0 − q1 − 1)-cartesian for all choices of basepoint in Emb(P,N) by
Proposition 5.4.12. The map of squares Emb(P ∪ QS ,N) → Emb(P,N) is a
fibration whose fiber is the square Emb∂0 (QS ,N − P), which is (n − q0 − q1 −
1)-cartesian by Theorem 10.3.13. �

We finally arrive at the technical statement which relates the open sets in the
square E appearing at the beginning of this section with the closed sets we have
been considering.

Corollary 10.3.16 ([GW99, Corollary 1.4]) Let P,Q0,Q1 be as in Proposi-
tion 10.3.15, and set VS = ˚(P ∪ QS ). Then S �→ Emb(VS ,N) is (n − q0 − q1 −
1)-cartesian.

To connect this explicitly with the square E, we choose the Qi to be the Ai

considered in Theorem 10.3.4, and let P be the closure of L − (A0 ∪ A1).
Let Q0, . . . ,Qk be smooth closed manifolds of dimensions q0, . . . , qk, and

let N be a smooth n-dimensional manifold. Assume we can choose a basepoint
e ∈ Emb(Q0 ∪ · · · ∪ Qk,N). Then the proof of Theorem 10.3.11 showed that
the k-cube R �→ Emb(Q0,N −⋃

i�R Qi) is (1 +
∑k

i=1 n − q0 − qi − 2)-cartesian.
Compare that with the following result.

Proposition 10.3.17 Let Q0 be a smooth closed q0-dimensional manifold,
and Q1, . . . ,Qk be smooth closed submanifolds of dimensions q1, . . . , qk of a
smooth n-dimensional manifold N. For S ⊂ k, let QS =

⋃
i�S Qi. Then k-cube

S �−→ Map(Q0,N − QS )

is (1 − q0 +
∑k

i=1 n − qi − 2)-cartesian. In fact, the same is true if we replace
Map(Q0,N − QS ) with Imm(Q0,N − QS ).
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Proof The key observation is that Map(−,N − QS ) : O(Q0) → Top is poly-
nomial of degree ≤ 1. We will prove that if V is the interior of a smooth
compact codimension-zero submanifold of Q0 of handle index at most j, then
S �→ Map(V,N − QS ) is (1 − j +

∑k
i=1 n − qi − 2)-cartesian.

The base case j = 0 asserts that if Q0 = 	m
i=1Bi is a disjoint union

of open balls, then the cube S �→ Map(	m
i=1Bi,N − QS ) is (1 +

∑k
i=1 n −

qi − 2)-cartesian. This boils down to Example 6.2.11 as follows. The functor
Map(−; Z) : O(Q0) → Top is a homotopy functor, so that, given any selection
of points xi ∈ Bi, the natural map Map(	m

i=1Bi,Z) → ∏m
i=1 Map(xi,Z) � Zm is

a homotopy equivalence. By Proposition 5.4.5 it therefore suffices to prove the
assertion in the case where Q0 is a single point. But Map(∗,Z) � Z, and so we
have reduced to the case considered in Example 6.2.11.

Now suppose V is the interior of a smooth compact codimension-zero sub-
manifold of Q0 with handle index ≤ j. We let the reader fill in the details of
the remainder of the argument, as it is similar enough to the one presented in
Theorem 10.3.4. One eventually encounters a diagram of the form

where S ⊂ k and R ⊂ 2, and the VS have handle index ≤ j − 1. The vertical
arrows are weak equivalences since Map(−,Z) is polynomial of degree ≤ 1,
and the lower horizontal arrow is (1− j+

∑k
i=1 n−qi−2)-connected by induction

using Proposition 5.4.17. �

A much simpler proof can be given based on the fact that if K has the homotopy
type of a p-dimensional CW complex, then Map(K,−) takes k-connected maps
to (k − p)-connected maps. We also need the fact that if a smooth manifold
admits a handle decomposition with handles of index at most p, then M has the
homotopy type of a CW complex of dimension p. The proof above, however,
does not require any of this.

10.4 Spaces of knots

Manifold calculus of functors from Section 10.2 has in the past ten years been
used effectively for the study of spaces of knots [ALTV08, LTV10, Sin09,
Vol06a, Vol06b]. Recent generalizations to links [MV14] and embeddings of
planes [AT14] have also demonstrated the usefulness of the functor calculus
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approach. Our focus here will be on spaces of knots since that is the case that
has yielded the most results thus far.

Since knots are examples of embeddings and manifold calculus was
designed to study spaces of embeddings, it is not surprising at first glance
that this theory should have something to say about knots. However, as was
first suggested in [GKW01, Example 5.1.4], one gets more mileage out of this
example than the theory suggests through the use of the finite model for the
Taylor tower (see Example 10.2.18). Each stage of the Taylor tower is a homo-
topy limit of a punctured cubical diagram (details are in Section 10.4.1) and
this tower thus becomes an example of much of the theory developed in the pre-
vious chapters. The Taylor tower also has a cosimplicial model (Section 10.4.2)
which demonstrates the connection between cubical diagrams and cosimplicial
spaces described in Section 9.4. In addition, the spectral sequences from Sec-
tion 9.6 will play an important role in the description of the rational homology
and homotopy of spaces of knots in dimension ≥ 4 (Section 10.4.4).

10.4.1 Taylor tower for spaces of long knots

Let e be the standard linear embedding of R in Rn, n ≥ 3, given by t �→
(t, 0, . . . , 0) for all t. Let Embc(R,Rn) be the space of long knots in Rn, that
is, the space of smooth embeddings R → Rn which agree with e (so e can be
thought of as the long unknot) outside the interval (“c” stands for “compact
support”). More precisely

Embc(R,Rn) = { f ∈ Emb(R,Rn) | f (t) = (t, 0, 0, . . . , 0) for t � [0, 1]}.
A related space is the space of long immersions Immc(R,Rn) with the
same prescribed linear behavior outside a compact set. As mentioned before,
these spaces are equipped with the Whitney C∞ topology (and, in particular,
Embc(R,Rn) is topologized as a subspace of Emb(R,Rn)). Since there is an
inclusion Emb(M,N) ↪→ Imm(M,N), we set

Kn = hofibere(Embc(R,Rn) ↪→ Imm(cR,R
n)).

From Definition 2.2.3, the definition of the homotopy fiber, a point in Kn is
thus a long knot along with a path (isotopy) to the unknot e through immer-
sions. We will refer to the spaceKn as the “space of knots modulo immersions”
(it is also sometimes called the space of “tangentially straightened long knots”;
see [DH12]).

Since, by the Smale–Hirsch Theorem [Sma59], Imm(R,Rn) � ΩS n−1,
and since the inclusion Embc(R,Rn) ↪→ Immc(R,Rn) is null-homotopic
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[Sin06, Proposition 5.17], spaces Embc(R,Rn) and Kn are related using
Example 2.2.10 by

Kn � Embc(R,Rn) ×Ω2S n−1. (10.4.1)

Remark 10.4.1 The reason one chooses to work with long knots rather than
ordinary closed ones (embeddings of S 1 in Rn or S n) in this setup is that some
of the more technical arguments work out better in this case. In addition, long
knots are naturally an H-space via the operation of stacking (or concatenation)
which gives them extra structure that is useful when studying their rational
homotopy type (see Section 10.4.4). In practice, however, most of what we
describe here works equally well for ordinary knots. The relationship between
closed knots in the sphere and long knots is also well-understood [Bud08,
Theorem 2.1] and is given by

Emb(S 1, S n) � Embc(R,Rn) ×SOn−1 SOn+1 . �

Classical knot theory is mostly concerned with π0(Embc(R,R3)), the set of
knot types or isotopy classes of knots, as well as H0(Embc(R,R3)), the space of
knot invariants, which are functions on isotopy classes of knots, that is, locally
constant functions on Embc(R,R3) (we will say more about invariants in Sec-
tion 10.4.4). Working with the space of classical knots modulo immersions
does not change the questions or the context very much due to the following

Proposition 10.4.2 ([Vol06b, Proposition 5.12]) There is a one-to-one corre-
spondence between isotopy classes of K3 and isotopy classes of framed knots
(not modulo immersions) whose framing number is even.

For Embc(R,Rn), n > 3, the questions of isotopy classes or invariants are not
interesting since the space of knots is in this case connected. However, higher
homotopy and homology groups are very interesting, even for n > 3, as we
shall see in Section 10.4.4.

To set up the Taylor tower for Embc(R,Rn) or Kn, we can use the finite
model for its stages from Example 10.2.18. We will demonstrate the construc-
tion for Kn since this is what we will mostly be concerned with in Section
10.4.4, but the reader should keep in mind that everything goes through the
same way for Embc(R,Rn).

Given a k ≥ 0, let I j = [5/2 j+3, 7/2 j+3] for 0 ≤ j ≤ k. Thus I0, . . . , Ik are
pairwise disjoint subintervals of R. (The reason for setting up the intervals like
this is that we will take the stages TkKn, defined below, for all k at the same
time when we put them together into a Taylor tower.) Let
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∅ � S ⊆ {0, . . . , k},
and let eS be the long unknot with (the images of) intervals indexed by S
removed. Then define

Kn
S = hofibereS (Embc(R \ ∪i∈S Ii, R

n) ↪→ Immc(R \ ∪i∈S Ii, R
n)) . (10.4.2)

This can be thought of as a space of “punctured knots modulo immersions”.
The analogous construction for ordinary knots would use Embc(R\∪i∈S Ii, R

n).
Note that these are connected spaces even for n = 3 (and hence not inter-

esting from the point of view of classical knot theory). However, there are
maps Kn

S → Kn
S∪{i} given by restricting an embedding to an embedding with

one more puncture. Taken together, these spaces and maps form a punctured
cubical diagram S �→ Kn

S of punctured knots. For example, when k = 2, we get

(10.4.3)

(As usual, we drop commas and parentheses from the set notation in the sub-
scripts.) Then from Example 10.2.18, we have, for n ≥ 3 and k ≥ 0, the kth
(polynomial) approximation for Kn:

TkKn = holim
∅�S⊆{0,..,k}

Kn
S .

(The diagram defining the stages for Embc(R,Rn) would consist of the spaces
Embc(R\∪i∈S Ii, R

n).) This kind of a homotopy limit is of course familiar from
Section 5.3.

Example 10.4.3 We have T0Kn � ∗ (and T0 Embc(R,Rn) � ∗) because
the punctured cubical diagram is simply the space of long knots with
one puncture, but such knots can be retracted “to infinities”. (We also
know from the discussion following Definition 10.2.15 that T0 Emb(M,N) =
Emb(∅,N) � ∗.) �

Example 10.4.4 From Example 10.2.17, we have that T1 Embc(R,Rn) =
Imm(R,Rn) and this, as mentioned before, is equivalent to ΩS n−1 (by the
Smale–Hirsch Theorem). To see this geometrically, a knot with two punctures
is homotopy equivalent to a point with a vector attached – the outer arcs are
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retracted to infinity and the middle arc is retracted to, say, the midpoint, but
since we had an embedding, the derivative information is retained in the form
of the vector (this is given more precisely and more generally in (10.4.5)).
Since the knot starts and ends in the direction of the long unknot, the homo-
topy limit defining T1 Embc(R,Rn) gives a path of vectors that starts and ends
in this standard direction. In other words, we have a loop on S n−1. However,
since Kn is the space of knots “modulo immersions”, the derivative data is
removed and so T1Kn � ∗. �

Example 10.4.5 For T2Kn, Example 5.3.3 tells us that a point in this Taylor
polynomial is a point in each Kn

i , an isotopy in each Kn
i j, and a two-parameter

isotopy in Kn
123, where everything is compatible with the restriction maps in

the diagram. �

Note that Kn maps into the diagram Kn
S by restriction (punching holes in a

knot). From (5.4.1), there is therefore a canonical map

Kn −→ TkKn (10.4.4)

for all k ≥ 0. There is also a fibration

TkKn −→ Tk−1Kn

for all k ≥ 1; since the diagram defining Tk−1Kn is a subdiagram of the dia-
gram defining TkKn, there is a canonical map from the homotopy limit of the
bigger diagram to the homotopy limit of the subdiagram, which is a fibration
by Proposition 5.4.29. Putting this together, we get the Taylor tower for the
space of knots (modulo immersions) Kn, n ≥ 3:
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As usual, we set

T∞Kn = holim
k

TkKn.

(As in the case of the general Taylor tower in manifold calculus of functors,
we could have said lim instead of holim since this is a tower of fibrations; see
Example 8.4.11.)

From Theorem 10.3.1, we then have that, for n ≥ 4,

T∞Kn � Kn.

Remark 10.4.6 For k ≥ 2, Kn is the actual pullback of the punctured cubes
defining the stages TkKn. One has a natural map

Kn −→ lim
∅�S⊆{0,..,k}

Kn
S

for the same reason one has a map (10.4.4), but there is now also a map going
back. This is because one can reconstruct a knot from compatible punctured
knots Kn

i ; each once-punctured knot knows how to fill in k holes punctured in
the other knots and these filled-in pieces do not intersect. Contrast this with
the case k = 1 where the pieces of the knot filled in by each once-punctured
knot might intersect if one tries to reconstruct a knot, thereby not producing an
embedding. �

10.4.2 Cosimplicial model for the Taylor tower for long knots

In this section we describe the cosimplicial model for the Taylor tower for Kn

(and for Embc(R,Rn)). That this could be done was suggested in [GKW01,
Example 5.1.4] but was written down carefully in [Sin06, Sin09].

Recall the definition of the (ordered) configuration space Conf(p,M) of p
points in a manifold M from Example 5.5.6 and recall that Conf(0,M) = ∗,
Conf(1,M) � M, and Conf(2,Rn) � S n−1. It is then not hard to see that there
is an equivalence [Sin09, Proposition 5.15]

Embc(R \ ∪i∈S Ii, R
n) � Conf(|S | − 1,Rn) × S (|S |−1)(n−1). (10.4.5)

The equivalence is given by retracting each arc of the punctured knot to, say,
its midpoint. The midpoints are distinct since the punctured knot is an embed-
ding, so the first space in the product in the target is a configuration space.
The second factor comes from the fact that embeddings contain derivative data
(kept track of by the immersion part of embeddings), so what is left is not
just a point but also a derivative vector. Also note that, when S = 0 = {0},
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Conf(|S | − 1,Rn) = Conf(0,Rn) � ∗. This corresponds to the fact that, when
one hole is punctured in the long knot, the resulting arcs are retracted to ±∞.
The tangent vector is prescribed there – it is the vector �e = (1, 0, . . . , 0) point-
ing in the direction of the standard embedding ε or R in Rn – since long knots
are linear outside a compact set.

Similarly we have

Kn
S � Conf(|S | − 1,Rn). (10.4.6)

This is because modding out by immersions takes out the tangential data cap-
tured by the spheres. One of the reasons one often works with Kn

S rather than
with Embc(R,Rn) is precisely because of this simplification.

The restriction maps “add a point”, as pictured in Figure 10.2. To make this
addition of points precise, we need to introduce a certain compactification of
the configuration space Conf(k,Rn).

Denote a configuration in Conf(p,Rn) by (x1, x2, . . . , xp). For 1 ≤ i < j <
k ≤ p, consider the maps

φi j : Conf(p,Rn) −→ S n−1 (10.4.7)

(x1, x2, . . . , xp) −→ x j − xi

‖x j − xi‖
and

δi jk : Conf(p,Rn) −→ [0,+∞] (10.4.8)

(x1, x2, . . . , xp) −→ ‖xk − xi‖
‖x j − xi‖ .

(Here [0,+∞] is the one-point compactification of the positive reals.) Let

φ =(φi j)1≤i< j≤p,

δ =(δi jk)1≤i< j<k≤p.

Figure 10.2 Restriction maps “add a point”.
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Definition 10.4.7

● The Fulton–MacPherson compactification of Conf(p,Rn), denoted by
Conf[p,Rn], is the closure of the image of the map

φ × δ : Conf(p,Rn) −→
∏

1≤i< j≤p

S n−1 ×
∏

1≤i< j<k≤p

[0,+∞]. (10.4.9)

● The Kontsevich compactification of Conf(p,Rn), denoted by Conf〈p,Rn〉, is
the closure of the image of the map

φ : Conf(p,Rn) −→
∏

1≤i< j≤p

S n−1. (10.4.10)

These definitions were independently made in [Kon99, KS00] (see also the
correction by [Gai03, Section 6.2]) and in [Sin04], although Sinha was the
first to explore the difference between the two spaces and to show that they are
both homotopy equivalent to Conf(p,Rn) [Sin04, Theorem 5.10] as well as to
the original Fulton–MacPherson compactification [AS94, FM94] (which uses
blowups along diagonals in Rkn).

The main feature of the definitions is that configuration points are allowed to
collide while the direction of collision is kept track of (by the various spheres
S n−1). In addition, the relative rates of approach are recorded in Conf[p,Rn]
(by the copies of [0,+∞]). The space Conf〈p,Rn〉 can be thought of as the
quotient of Conf[p,Rn] by subsets of three or more points colliding along a
line. Since the configuration space itself does not appear in the target (some
versions of the maps in Definition 10.4.7 in the literature also contain an
inclusion factor), both Conf[p,Rn] and Conf〈p,Rn〉 are compactifications of
Conf(p,Rn) modulo the action of the group of translations and positive dilation
of Rn.

The Fulton–MacPherson compactification Conf[p,Rn] is a manifold with
corners (an n-dimensional manifold with corners that are modeled on [0,∞)k×
Rn−k as k varies). It can be defined for configurations in any manifold M
and it is compact if M is compact (so our definition above does not pro-
duce a compact manifold even though the term “compactification” is used;
another, perhaps better, term used by Sinha is “completion”). The stratification
of Conf[p,Rn] has nice connections to certain categories of trees [Sin04, Sec-
tion 2]. An important observation is that Conf[p,R] is precisely the Stasheff
associahedron Ap−2 [Sta63].

The Kontsevich compactification Conf〈p,Rn〉 is not a manifold with corners
(as mentioned above, it is just a quotient of one) but it turns out that this is
the version that lends itself to a cosimplicial structure as follows. Recall the
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standard inclusion ε of R in Rn from Section 10.4.1. Let �e be the unit vector
along this inclusion, namely �e = (1, 0, . . . , 0). Then we have the coface maps

di : Conf〈p,Rn〉 −→ Conf〈p + 1,Rn〉, 0 ≤ i ≤ p + 1, (10.4.11)

which are essentially given by repeating the ith configuration point, that is,
repeating all the vectors indexed on the ith point. The vector between the ith
and its double, which is now the (i + 1)th point in Conf〈p + 1,Rn〉, is taken to
be �e. The first and last coface maps correspond to “doubling at ±∞”. This can
be made precise by considering “knots in a box”, namely embeddings of I in
I ×Rn−1 with endpoints going to prescribed points in {0} ×Rn−1 and {1} ×Rn−1

with prescribed derivatives. The spaces of such knots and long knots as we
have defined them are homotopy equivalent. Then doubling at infinity means
doubling at the endpoints of the knot in the box. See [Sin09] for details.

We also have codegeneracies

si : Conf〈p + 1,Rn〉 −→ Conf〈p,Rn〉, 0 ≤ i ≤ p, (10.4.12)

which simply forget the ith configuration point, that is, forget all the vectors
indexed on the ith point.

Proposition 10.4.8 ([Sin09, Corollary 4.22]) For n ≥ 3, the collection of
spaces

{Conf〈p,Rn〉}p≥0

with coface and codegeneracy maps as described above, forms a cosimplicial
space denoted by (Kn)•.

Remarks 10.4.9

1. Using the Fulton–MacPherson, rather than Kontsevich, compactification
would not result in an honest cosimplicial space, but only one up to homo-
topy. More details about this issue (as well as a pictorial explanation of it)
can be found at the end of [Sin04].

2. The above definition of (Kn)• can also be made for configurations with
vectors attached to them (this is in fact what Sinha’s original construction
has; see [Sin04, Corollary 6.8] or [Sin09, Corollary 4.22]). In that case,
we get a cosimplicial space Embc(R,Rn)• whose Tot tower would model
ordinary long knots knots Embc(R,Rn) and not knots modulo immersions.

�

The motivation for this cosimplicial space of course comes from the definition
of the Taylor tower for Kn whose stages are homotopy limits of the punctured
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cubical diagram. On the other hand, from Section 9.4 (and in particular from
Theorem 9.4.4), we know how to construct punctured cubes from truncations
of a cosimplicial space. So, for example,

gives rise to the punctured cube

where the maps are as in Example 9.4.3. Because of the equivalence (10.4.6),
the spaces in this cube are homotopy equivalent to the spaces in the cube

(10.4.13)

What remains to be shown is that this spacewise equivalence is an actual equiv-
alence of diagrams. This is essentially the argument given by Sinha in [Sin09].
In particular, we have the following.

Theorem 10.4.10 ([Sin09, Section 6]) There is an equivalence, for all k ≥ 0
and n ≥ 3,

TkKn � hoTotk(Kn)•,

where hoTotk(Kn)• denotes the kth partial (homotopy invariant) totalization of
(Kn)• (see Definition 9.1.10 and the discussion following (9.1.10)).
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The same result is true when Kn is replaced by Embc(R,Rn), and, in fact, the
statements in [Sin09] are for the latter space (the proofs are the same in both
cases).

Taking the inverse limit over k, we then have, for n ≥ 3,

T∞Kn � hoTot(Kn)•.

From Theorem 10.3.1 we further have that, for n ≥ 4, Kn � T∞Kn, and so we
have the following.

Theorem 10.4.11 (Cosimplicial model for the space of knots) For n ≥ 4, the
cosimplicial space (Kn)• models the space of knots modulo immersions Kn,
that is, there is an equivalence

Kn � hoTot(Kn)•.

The same is true for the cosimplicial space Embc(R,Rn)• modeling Embc

(R,Rn) for n ≥ 4.
The map from the equivalence in Theorem 10.4.11 is essentially given as a

collection of compatible evaluation maps. Namely, given f ∈ K3, one has a
map, for each p ≥ 0,

evk(k) : Δp −→ Conf〈p,Rn〉 (10.4.14)

given by evaluating a knot on a point in the simplex (thought of as p points on
the interval). This map has been studied in detail in [Sin06, Section 5.2]. These
maps are compatible with the cofaces and codegeneracies in (Kn)• and so one
gets a map

ev : Kn −→ hoTot(Kn)•. (10.4.15)

This map is the same up to homotopy as the canonical map

Kn −→ TkKn (10.4.16)

from (10.4.4) [Sin06, Theorem 5.13].

Remark 10.4.12 In light of Example 9.2.3, it is not surprising that (Kn)•

models the space of knots. Namely, suppose we wanted to modify the con-
struction described in Example 9.2.3 so that it applies to embeddings of the
interval in Rn with fixed behavior at endpoints rather than maps (thinking of
ΩRn as the space of such maps). The problem is that we would need to impose
an injectivity condition on the cofaces since embeddings are injective. But this
is achieved precisely by replacing (Rn)k as the kth space in the cosimplicial
model from Example 9.2.3 by Conf(k,Rn). Another way to think about that is
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that replacing ΩX by the space of embeddings in the map (9.2.3) changes the
codomain of that map to Conf(k, X). The compactificion is then necessary so
that the doubling maps from (9.2.1) make sense. �

10.4.3 The Kontsevich operad and the Taylor tower
for long knots

Sinha [Sin06] also noticed that another way to arrive at (Kn)• is via the
Gerstenhaber–Voronov/McClure–Smith framework discussed in Section A.4
(the relationship between operads and cosimplicial spaces has been relegated
to the appendix since it is peripheral to the rest of this book and is only
used here). Namely, the spaces Conf〈p,Rn〉, n ≥ 1, form an operad called
the Kontsevich operad, denoted by KOn (this was first noticed by Kont-
sevich [Kon99]) in which ◦i operations are essentially given by making a
configuration “infinitesimal” and inserting it into the kth point of another
configuration. The details of this procedure are spelled out, with pictures, in
[Sin06, Section 4].

Fulton–MacPherson compactifications Conf[p,Rn] (see Definition 10.4.7)
also form an operad in the same way the Kontsevich compactifications do.
For a detailed reference of this construction, see [LV14, Chapter 5]. A nice
summary of the history of how compactified configurations have been used to
define operads can be found at the beginning of [Sin06, Section 4]. It is also not
hard to see that these two operads are homotopy equivalent (this is immediate
from the fact that the two compactifications are homotopy equivalent [Sin04,
Theorem 5.10] and that the operad structure maps are the same). One also has
the following.

Proposition 10.4.13 ([Sal01, Proposition 4.9]) The little n-cubes operad Cn

and the Fulton–MacPherson operad (and hence the Kontsevich operad) are
weakly equivalent as topological operads.

One of the main differences between the Kontsevich and the Fulton–
MacPherson operads is that Proposition 10.4.14 is true only for the former.

Recall Definition A.4.8. Then we have the following.

Proposition 10.4.14 The Kontsevich operad KOn is an operad with multi-
plication, that is, KOn admits a morphism

Ass −→ KOn.
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Sketch of proof The morphism is given as follows: spaces Conf〈p,R〉 are
homeomorphic to the symmetric groups Σp on p letters (with discrete topol-
ogy). One can take the component corresponding to the linearly ordered
configuration on R. Since colinear configurations are identified in the Kont-
sevich compactification, we thus get an operad KO1

lin in which every space is
equivalent to the one-point space. Hence

KO1
lin � Ass.

On the other hand, we have the inclusion e : R → Rn from the beginning of
Section 10.4.1, which induces a morphism of operads

e∗ : KO1
lin � Ass −→ KOn

sending a configuration in R to the configuration in the image of e. �

One can therefore associate a cosimplicial space (KOn)• to the operad KOn

as in Definition A.4.10. There is an obvious relation between the cosimplicial
space (Kn)• from Proposition 10.4.8 and (KOn)•; the spaces comprising the
two operads are the same and the cofaces and codegeneracies are given by
doubling and forgetting configuration points. The only difference is in the first
and the last coface map, but the two cosimplicial spaces are likely homotopy
equivalent. In any case, their totalizations, at least for n ≥ 4, are the same, as
we have a result for KOn that is identical to Theorem 10.4.10.

Theorem 10.4.15 ([Sin06, Theorem 1.1]) There is an equivalence, for all
k ≥ 0 and n ≥ 3,

TkKn � hoTotk(KOn)•,

and in particular

T∞Kn � hoTot(KOn)•.

Again from Theorem 10.3.1 we thus further have the following.

Theorem 10.4.16 ([Sin06, Corollary 1.2]) For n ≥ 4, the cosimplicial space
(KOn)• models the space of knots modulo immersions Kn, that is, there is an
equivalence

Kn � hoTot(KOn)•.

Combining this with Corollary A.4.12, we immediately have the following.

Corollary 10.4.17 For n ≥ 4, the space of long knots Kn is a two-fold loop
space.
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The two-fold delooping of Kn has recently been described as the space of
derived morphisms between the little cubes operads C1 and Cn in [DH12,
TT14].

Remark 10.4.18 Operad actions on knot spaces were also studied by Budney
[Bud07, Bud10], although the motivation there does not come from manifold
calculus or cosimplicial spaces. A variant of Corollary 10.4.17 for ordinary
knots (not modulo immersions) and framed knots was proved by Salvatore in
[Sal06].

10.4.4 Spectral sequences for spaces of long knots

One way to try to compute the homotopy and homology of Kn (or
Embc(R,Rn)) for n ≥ 4 is to use the spectral sequences associated to (the
fibrant replacements of) either of the cosimplicial spaces (Kn)• or (KOn)• from
the previous section. We choose to work with the latter cosimplicial space since
that is the one mostly considered in the literature and in particular in [LTV10]
where most of the results stated in this section come from. However, the reader
should bear in mind that everything we say in this section can be repeated with
(Kn)• in place of (KOn)•.

Keeping in mind that spaces Conf〈p,Rn〉 are homotopy equivalent to ordi-
nary configuration spaces Conf(p,Rn), we have from (9.6.11) that the E1 page
for the homotopy spectral sequence associated to (KOn)• is

E1
p,q = πq(Conf(p,Rn)) ∩

p−1⋂
i=0

ker(si
∗), (10.4.17)

where the si are the forgetting maps from (10.4.12). Similarly, from (9.6.15)
we have that the homology spectral sequence for (KOn)• starts with

E1
p,q = Hq(Conf(p,Rn)) ∩

p−1⋂
i=0

ker(si
∗). (10.4.18)

These spectral sequences are defined for n ≥ 3, but they converge to
hoTot(KOn)• for n ≥ 4 because that is when they have a steep vanishing line
(more on this later). By Theorem 10.4.11, they then converge to π∗(Kn) for
n ≥ 4 (because of the Goodwillie–Klein convergence of the Taylor tower; see
Theorem 10.3.1) and to H∗(Kn) for n ≥ 4 (because of the Weiss convergence
of the Taylor tower on homology; see Remark 10.3.2).

The homology spectral sequence had appeared before the approach of study-
ing knot spaces through manifold calculus of functors was developed. Vassiliev
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had in [Vas90] studied the discriminant set, that is, the complement of the set
of long knots in the space of all smooth maps from R to Rn with fixed behavior
at infinity. This set consists of maps with singularities and is stratified in a way
that yields a natural filtration from which a homology spectral sequence can
be constructed. As is the case for the homology spectral sequences for (Kn)•

from (10.4.18), this Vassiliev spectral sequence is defined for n ≥ 3, but it only
converges to H∗(Kn) when n ≥ 4 [Vas90, Section 6.6].

The relationship between the Vassiliev spectral sequence and the one from
(10.4.18) was established by Turchin, who studied the combinatorics and per-
formed many computations in the Vassiliev spectral sequence [TT04, TT06,
TT07]. He proves the following.

Proposition 10.4.19 ([TT07, Proposition 0.1]) For n ≥ 3, the E2 page of
the homology spectral sequence associated to (KOn)• is isomorphic (through
a regrading) to the E1 page of the Vassiliev homology spectral sequence.

This statement was first proved for Embc(R,Rn) [TT04]. The result stated
above is a consequence of [TT07, Theorem 8.4] and [TT06, Proposition 3.1
and Lemma 4.3].

Vassiliev has conjectured a stable splitting of the resolved discriminant
which would imply that his spectral sequence collapses at the E1 page [Vas99].
This collapse was proved rationally by Kontsevich in dimension n = 3 along
the diagonal E1

p,p. The proof uses the famous Kontsevich Integral which pro-
duces all finite type invariants of classical knots K3 [Kon93] (more about
these will be said at the end of the section). In [CCRL02], Cattaneo, Cotta-
Ramusino, and Longoni proved the collapse along the main diagonal for n ≥ 4,
but the collapse everywhere was finally established in [LTV10]:

Theorem 10.4.20 ([LTV10, Theorems 1.1 and 1.2]) The homology spec-
tral sequence associated to (KOn)• collapses at the E2 page rationally for
n ≥ 4. By Proposition 10.4.19, the Vassiliev homology spectral sequence thus
collapses at the E1 page rationally for n ≥ 4.

Remark 10.4.21 The same result for n = 3 was recently announced
independently in [Mor12] and [ST14]. �

The main ingredient in the proof of Theorem 10.4.20 is the (stable) formality
of the little n-cubes operad, which says that singular chains on the little n-
cubes operad is quasi-isomorphic, over the real numbers, to its homology as
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operads of chain complexes [Kon99, Tam03] (see also [LV14]). This applies
to the Kontsevich operad and one can then use the following general result:

Proposition 10.4.22 ([LTV10, Proposition 3.2]) If a cosimplicial space X•

is stably formal over some field of characteristic zero, then the Bousfield–Kan
homology spectral sequence for X• collapses at the E2 page over any field of
characteristic zero.

The reason this is true is essentially that the vertical differential in the spectral
sequence associated to a formal cosimplicial space can be replaced by the zero
differential.

The little n-cubes operad also turns out to be coformal, that is, rationally
determined by its homotopy Lie algebra [NM78] (formality in turn says that
the rational homotopy type is determined by the cohomology algebra). This, in
conjunction with Theorem 10.4.20, leads to the collapse of the rational homo-
topy spectral sequence associated to (KOn)• [ALTV08] (this was reproved in
[LT09] using Koszul duality).

Theorem 10.4.20 thus gives a description of any rational homology group
of the space of long knots modulo immersions in codimension 3 or more.
Further, the homology spectral sequence for (KOn)• has various useful com-
binatorial features. One can exploit the fact that the cohomology and rational
homotopy of configuration spaces are well known [Arn69, CLM76, Coh73,
Coh95, Koh02] and can even be expressed pictorially via chord diagrams.

With the combinatorics of configuration spaces in hand, it is in principle pos-
sible to compute any rational (co)homology group of a space of long knots in
dimension at least 4. However, the computations are difficult, and the spectral
sequence is still not very well understood. Turchin has taken the combinato-
rial investigation of the E2 term the farthest [TT04, TT06, TT07, TT10]. Other
results can be found in [CCRL02, Pel11, Sak08, Sak11, ST14]. The homo-
topy spectral sequence for (KOn)• was investigated, among other places, in
[LT09, SS02].

We finish with some comments on that special case of much interest –
that of classical long knots (modulo immersions) K3. Unfortunately, one
no longer has the Goodwillie–Klein comparison of Theorem 10.3.1, but the
Taylor tower still provides a lot of information about classical knot theory
and in particular about knot invariants. Namely, it was shown in [Vol06b]
that an algebraic version of the Taylor tower for K3 classifies real-valued
finite type knots invariants, which is a class of invariants conjectured to
separate knots. For introductory literature on finite type invariants, see for
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example [BN95, CDM12]. The connection between integral finite type invari-
ants and the genuine Taylor tower (not its algebraic counterpart) was studied in
[BCSS05, Con08], and there is currently evidence that the classification result
also holds in this case [BCKS14].

The fact that the algebraic Taylor tower classifies finite type invariants can
also be interpreted as the collapse of the homology spectral sequence associ-
ated to (KO3)• on the main diagonal, that is, in degree zero. It has recently been
shown that this spectral sequence in fact collapses everywhere [Mor12, ST14],
but this collapse cannot be related as easily to the homology and homotopy of
K3 as we could for K>3. One problem is that Theorem 10.3.1 is not known to
be true in this situation, so it is not known whether hoTot(KO3)• models K3.
In addition, the homology spectral sequence for (KO3)• has a vanishing line of
slope −1, which is not steep enough to deduce the convergence of the spectral
sequence. We thus only have maps

H∗(K3) −→ H∗(hoTot(KO3)•) −→
∞⊕

i=0

E2
i,∗+i,

and it is an open question whether they are isomorphisms. The right map is in
fact precisely an instance of the map (9.6.16) which is in general not known
to be an isomorphism. Nevertheless, the collapse of the spectral sequence still
potentially has many implications for our understanding of the topology of the
space of classical knots.



Appendix

This chapter is neither comprehensive nor thorough, but is merely in the service
of other content in this book.

A.1 Simplicial sets

The purpose of this section is both to supply the necessary machinery to define
homotopy (co)limits in Chapter 8 and to highlight some facts about simplicial
sets which are analogous to those in Chapter 9 and in particular in Section 9.4.
For more details about simplicial sets, see for example [GJ99, May92].

Let Δ be the cosimplicial indexing category (already introduced at the
beginning of Section 9.1) whose objects are the linearly ordered sets [n] =
{0, 1, . . . , n} and the morphisms are the order-preserving functions. Here we
will be interested in Δop which has the same objects and whose morphisms are
generated by faces and degeneracies, denoted by di and si. These satisfy the
relations

did j = d j−1di, i < j;

dis j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s j−1di, i < j;

Id, i = j, i = j + 1;

s jdi−1, i > j + 1;

(A.1)

sis j = s j+1si, i ≤ j.

Definition A.1.1 A simplicial space is a contravariant functor X• : Δ → Top
(i.e. a functor X• : Δop → Top). A based simplicial space is the same, only
we replace Top by Top∗. The space of n-simplices of X• is the set/space Xn =

X[n]. A map X• → Y• of simplicial sets/spaces is a natural transformation of
functors.

570
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The category Set is naturally a subcategory of Top (those spaces with the dis-
crete topology), and so a simplicial set is a functor whose codomain is Set.
Therefore when we speak of simplicial spaces from now on, this will implicitly
include the case of simplicial sets.

As was the case with cosimplicial diagrams, we write di and si in place of
X•(di) and X•(si) respectively when X• is understood. We also call di and si the
ith face and degeneracy maps respectively. For a simplex x ∈ Xn, we call dix
its ith face and say x is degenerate if there is an (n − 1)-simplex x′ such that
si(x′) = x for some i.

The following construction is the dual of the totalization of a cosimplicial
space (Definition 9.1.5).

Definition A.1.2 Given a simplicial space X• : Δop → Top, its geometric
realization (or classifying space) |X•| is the space

|X•| =
⎛⎜⎜⎜⎜⎜⎜⎝∐

n≥0

X[n] × Δn

⎞⎟⎟⎟⎟⎟⎟⎠
/(

(di(x), t) ∼ (x, di(t)), (si(x), t) ∼ (x, si(t))
)
.

One observation is that the degenerate simplices in a way do not con-
tribute to the realization, essentially because the equivalence relation says
that the non-degenerate simplices determine where the degenerate ones
must map. In other words, each degenerate simplex is equivalent to a non-
degenerate one; in fact it is the degeneracy of a unique non-degenerate
simplex (and the iterated degeneracy operator is unique as well). For more
details (with pictures) about how this follows from the equivalence relations,
see [Fri12, Section 4].

Remark A.1.3 Dually to Remark 9.1.6, the realization can be described as
a coequalizer (or coend of a bifunctor) as follows. For a simplicial space,
we have naturally associated to it a bifunctor X• × Δ• : Δop × Δ → Top.
Then

We leave it to the reader to define the maps a and b. �

One nice feature of the realization is that, for a simplicial set X•, |X•| is a CW
complex with one n-cell for each non-degenerate n-simplex of X• [May92,
Theorem 14.1]. Another useful result says that realization commutes with
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products, stated below. For a proof, see for example [May92, Theorem 14.3].
The product of two simplicial sets is defined levelwise, with the obvious faces
and degeneracies.

Theorem A.1.4 For X• and Y• simplicial sets, there is a homeomorphism (in
the category of compactly generated Hausdorff spaces)

|X• × Y•| � |X•| × |Y•|.

The collection of simplicial sets with maps (natural transformations) between
them forms a category, denoted by SSet. Realization is a functor from this
category to Top; that is, given a map f : X• → Y•, we have an induced map

| f | : |X•| −→ |Y•|. (A.2)

Remark A.1.5 The realization functor | − | has an adjoint (see Defini-
tion 7.1.18) called the total singular complex functor S . This is essentially
given by mapping the cosimplicial simplex into a space. That is, given a space
X, define Xn = Map(Δn, X). Precomposing with the cofaces di and codegen-
eracies si in the cosimplicial simplex yields the faces and degeneracies di and
si in S X. We leave it to the reader to check that S is the right adjoint to |− |. �

Remark A.1.6 (Čech complex) Given a space X and an open cover U of X,
one can also construct a simplicial space called the Čech complex, denoted by
Č(U), equipped with a canonical map |Č(U)| → X. It is a classical result of
Segal [Seg68] that the canonical map |Č(U)| → X is a homotopy equivalence
if X has a partition of unity subordinate to U. This result was extended in
[DI04] where it was proved that this map is a weak equivalence for any open
cover U of X. �

Because realization of a simplicial space is a colimit (compare the above
coequalizer to the one in (7.4.4)), it is not homotopy invariant. The most that
can be said in general is that there are maps

hocolim X• −→ |X•| −→ colim X•.

However, for a cofibrant simplicial space, namely one for which the latching
maps (see Definition 8.4.7)
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Ln(X•) =
n−1⋃
i=0

si(Xn−1) −→ Xn

are cofibrations, we have the following dual of Proposition 9.1.8.

Proposition A.1.7 ([DI04, Appendix A]) If X• is a cofibrant simplicial
space, then the natural map

hocolim X• −→ |X•|
is a homotopy equivalence.

Taking the coequalizer from Remark A.1.3 only over the injective maps [n] ↪→
[m] produces the fat realization of X•, denoted by ||X•||. This is the same as
dropping the degeneracies in a simplicial space and then taking the realization.
For such a semisimplicial space, we have the same statement as above: given an
objectwise weak equivalence of simplicial spaces X• → Y•, the induced map
of realizations ||X•|| → ||Y•|| is also an equivalence. In general, the simplicial
and semisimplicial realization are different, but we have the following result.
Recall the notion of a homotopy terminal functor from Definition 8.6.2.

Proposition A.1.8 The inclusion Δop
inj ↪→ Δop is homotopy terminal so that,

for a cofibrant simplicial space X•, the map

||X•|| −→ |X•|
is a homotopy equivalence.

The disadvantage of a semisimplicial realization is that it is typically very
large; even when X• is a constant simplicial space at a point, |X•| has a simplex
in each dimension.

Recall that Δ≤n is the full subcategory of Δ whose objects are the sets [k] for
0 ≤ k ≤ n. Here is a definition that is analogous to Definition 9.1.13.

Definition A.1.9 The nth truncation of a simplicial space X• is the composite
functor

trnX• : Δ≤n ↪→ Δ X•−→ Set /Top .

The truncations trnX• of X• themselves gives rise to simplicial spaces as
follows.
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Definition A.1.10 The n-skeleton of a simplicial space X• is the simplicial
space sknX• such that sknXk = Xk if k ≤ n and for k > n it contains precisely
the degenerate subspaces of X•.

Remark A.1.11 In analogy with Remark 9.1.14, the n-skeleton is really a
(left) Kan extension and it is (left) adjoint to the truncation functor. �

Note that sknX• ⊂ skn+1X•, in the sense that sknXk ⊂ skn+1Xk for all k. Dually
to (9.1.8), the union of the n-skeleta of X• is equal to X•. More precisely, in
analogy with (9.1.8) and Proposition 9.1.17, we have the following.

Proposition A.1.12 If X• is a simplicial space, then colimnsknX• is naturally
isomorphic to X•.

The realization |sknX•| can be built out of |skn−1X•| using a pushout diagram
that is dual to the one appearing in the proof of Proposition 9.1.19. For details,
see [GJ99, Chapter VII, Proposition 1.7]. However, if X• satisfies certain con-
ditions, that pushout square simplifies. (These conditions are always satisfied
in the case of the simplicial replacement diagram, defined below, which is the
case we care about most.) Namely, the n-skeleton is roughly built out of the
(n − 1)-skeleton by attaching the non-degenerate simplices, but this cannot be
done as easily as for simplicial sets since, for a simplicial set, one would in each
Xn use the disjoint union over all non-degenerate simplices, but, for spaces, this
would produce a discrete set of non-degenerate simplices which is usually not
discrete in Xn. One thus defines a simplicial space X• to be degeneracy-free if
each Xn contains a subspace Nn as a direct summand that represent the non-
degenerate part of Xn. This subspace is then used for building the n-skeleton
out of the (n−1)-skeleton. For a precise definition and further explanation, see
[DI04, Definition A.4] (also see [GJ99, Chapter VII, Definition 1.10]).

We then have the following statement, the details of which can be found in
[GJ99, Chapter 7, Equation (3.10)] (also [DI04, Equation (A.1)]).

Proposition A.1.13 The commutative diagram
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is a pushout. Therefore, since the left vertical map is a cofibration by
Proposition 2.3.9 (and since ∂Δn → Δn is a cofibration), it follows by
Proposition 2.3.15 that the right vertical map is also a cofibration.

The following is the dual of Proposition 9.1.17 and is the analog of Proposi-
tion A.1.12 on the level of realizations.

Proposition A.1.14 ([GJ99, Chapter 7, Equation 3.9]) For a simplicial space
X•, there is a natural homeomorphism

|X•| � colim (|sk0X•| −→ |sk1X•| −→ · · · ) .

An augmentation of a simplicial space X• is a space X−1 and a map X0 → X−1

that coequalizes the two faces from X1 to X0. For an augmented simplicial
space, there is also a natural map

|X•| −→ X−1 (A.3)

that is dual to that in (9.1.18).
For a diagram F : I → Top, we can construct its simplicial replacement∐
• F. The nth space of this simplicial space is given by

�nF =
∐

i0
α0←i1

α1←i2
α2←···αn−1← in

F(in).

We leave it to the reader to fill in what the face and degeneracy maps must be.
We then have this analog of Theorem 9.3.3.

Theorem A.1.15 (Simplicial model for the homotopy colimit) For F : I →
Top a small diagram of spaces, there is a homeomorphism

hocolim
I

F � |�•F| .

We then also have the dual of Proposition 9.3.4 with the dual proof that uses
augmentations mentioned above as well as the dual of Proposition 9.1.25
whose formulation we leave to the reader.

Proposition A.1.16 Suppose I is a small category with final object i1, and
let F : I → Top be a diagram of spaces. Then the map

F(i1) −→ hocolim
I

F

is a homotopy equivalence.
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We invite the reader to formulate the duals of Proposition 9.3.7 and
Corollary 9.3.8.

Combining Proposition A.1.14 and Theorem A.1.15, we thus have that,
given a diagram of spaces F, there is a tower of cofibrations

|sk0 �• F| −→ |sk1 �• F| −→ · · · (A.4)

whose (homotopy) colimit is hocolim F. One might wonder what the cofibers
of this tower are, in analogy with the description of the fiber of the totaliza-
tion tower from Proposition 9.1.19. While that result gives the fibers for any
cosimplicial space, below we give the cofibers for the special case of simpli-
cial replacement of a diagram and leave the general case to the reader. Recall
that Bn(I) denotes the set of n-simplices in B•I and ndBn(I) denotes the set of
non-degenerate n-simplices, namely the strings of length n without the identity
maps.

Proposition A.1.17 For a diagram F : I → Top, the cofibers of the
associated tower of cofibrations from (A.4) are given as∐

In∈ndBn(I)

ΣnF(in)+.

Proof The simplicial replacement is always degeneracy-free [Dug01, Proof
of Lemma 2.7] and so we have the pushout square from Proposition A.1.13:

where Nn is the non-degenerate subspace of Xn. The space Xn, in turn, is the
degree n part of the simplicial replacement of the diagram F and it is thus the
coproduct indexed by Bn(I) of F(in). Then Nn is a subcoproduct of that; it
is the coproduct, indexed by ndBn(I), of F(in). The above square is thus the
same as

The cofiber of the right vertical map is what we are interested in. That map is
a cofibration since the left vertical map is and the square is a pushout. Thus
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the cofibers of the two vertical maps are homeomorphic, and the left ones are
those we can compute, using Example 2.4.13:∐

In∈ndBn(I)

Δn/∂Δn ∧ F(in)+.

But since Δn/∂Δn = S n (the sphere has a natural basepoint given by the col-
lapsed boundary of the n-simplex) and smashing with the sphere is the same
as suspending, the above is the same as∐

In∈ndBn(I)

ΣnF(in)+. �

Example A.1.18 (Homology spectral sequence of a homotopy colimit) We
can use Proposition A.1.17 to set up a homology spectral sequence for
the homology of the homotopy colimit of a diagram F. In particular, we
can apply the spectral sequence associated to a tower of cofibrations from
Proposition 9.6.10 to the tower from (A.4) so that we get

E1
p,q = Hq+p

(
cofiber

(∣∣∣skp−1 �• F
∣∣∣ −→ ∣∣∣skp �• F

∣∣∣)) .
But this cofiber has been computed in Proposition A.1.17 and we have

E1
p,q = Hq+p

⎛⎜⎜⎜⎜⎜⎜⎜⎝ ∐
Ip∈ndBp(I)

ΣpF(ip)+

⎞⎟⎟⎟⎟⎟⎟⎟⎠ � ⊕
Ip∈ndBp(I)

Hq(F(ip)+).

The first differential d1 is the alternating sum of the maps induced on homology
by the face maps in �•F.

In the special case when F is a punctured cube, this spectral sequence
reduces precisely to the one encountered in Proposition 9.6.14. �

Recall the functor cn : P0([n]) → Δ from Definition 9.4.1. Here is the definition
that is dual to Definition 9.4.2.

Definition A.1.19 Given a simplicial space X•, the punctured (n + 1)-cube
associated to (the nth truncation of) X• is the pullback

c∗n(X•) = X• ◦ cn : P0([n]) −→ Top .

The contravariance of X• means the puncture is in the final entry in the cube.
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Example A.1.20 Let n = 2. Given a simplicial set X•, we obtain the
following punctured 3-cube:

�

Here is the analog of Theorem 9.4.4.

Theorem A.1.21 For a simplicial space X•, there is a weak equivalence

|sknX•| � hocolim
P0([n])

(X• ◦ cn).

In analogy with Remark 9.4.5, we have that, for an augmented simplicial space,
the question of the connectivity of the map |sknX•| → X−1 is the same as the
question of how cocartesian the cubical diagram

X• ◦ cn −→ X−1

is.
We conclude this section by observing that the dualization of Section 9.5 is

straightforward and we leave it to the reader.

A.2 Smooth manifolds and transversality

Although purely homotopical arguments are given in this book whenever pos-
sible, we still like to (and sometimes need to) invoke “dimension counting”
arguments from the smooth category. We give proofs of the Blakers–Massey
Theorem and its generalizations that utilize such arguments, though we also
present a purely homotopy-theoretic proof. Several of our applications (see
Examples 4.2.19, 4.2.20, 6.2.11, 6.2.12, and 6.2.14) of the Blakers–Massey
theorem are for smooth manifolds, and for these examples we need some of
the material from this section. We also need some of it in our discussion on
manifold calculus in Section 10.2, particularly in Section 10.3.
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At their heart, transversality arguments are an expression about our intu-
ition regarding dimension. This intuition is developed from the study of affine
spaces, where, for instance, generically the intersection of a k-dimensional
affine set and an l-dimensional affine set in an m-dimensional affine set is an
affine set of dimension m−k−l. In particular, they will generically not intersect
at all when k + l < m. Although we claim such arguments are often intuitive,
this is not to say that the theory behind them is not difficult or subtle.

As usual in this Appendix, this section is light on explanation and empha-
sizes definitions and results, sometimes not expressed in their most powerful
incarnation, but rather in a way suited to how we use them. The reader may
wish to consult [GG73], [Kos93], and [Lee03] for further details. Above
all, we assume the reader is already familiar with smooth manifolds. We
begin with a few words about handle decompositions of smooth manifolds,
smooth approximation of continuous maps, and then talk about regular values
and transversality before moving on to discuss jet bundles and the Whitney
topology, which sets the stage for the Thom Transversality Theorem, Theo-
rem A.2.19. More details for much of the material in this section can be found
in [GG73, Hir94, Lee03, Mil63].

A.2.1 Handle decompositions

Handle decompositions are not related to the rest of the material in this section,
but they are used in our discussion of manifold calculus in Section 10.2. A
handle decomposition of a smooth manifold is the smooth analog of a CW
structure on a topological space. This gives us a refined notion of dimension in
the following sense. Suppose N is a smooth manifold of dimension n and Q ⊂
N is a smooth closed submanifold of dimension q. A tubular neighborhood T
of Q has the structure of a manifold of dimension n, but for many purposes
we may treat T as a manifold of dimension q. We illustrate the uses of this
principle in several places, including Theorems 10.2.14, 10.2.28, 10.3.4, and
10.3.6.

Definition A.2.1 Let m be a fixed non-negative integer. For each 0 ≤ j ≤ m,
we let H j = Dj × Dm− j and refer to H j as a j-handle, where j is called the
handle index.

Definition A.2.2 Let L be a smooth m-dimensional manifold with boundary
∂L. Let e : ∂Dj × Dm− j → ∂L be a smooth embedding. The quotient space
L ∪e H j is referred to as L with a j-handle attached, and we call this process
attaching a j-handle to L.
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Attaching a j-handle to L in this way is analogous to attaching a j-cell to L in
the CW sense.

Definition A.2.3 A handle decomposition for a smooth compact m-
dimensional manifold M is a nested sequence

M−1 = ∅ ⊂ M0 ⊂ M1 ⊂ · · · ⊂ Mm = M,

where Mj is obtained from Mj−1 by attaching handles of index j.

Given a handle decomposition of a smooth manifold M, we may refer to M as
a handlebody.

Theorem A.2.4 Let M be a smooth closed manifold. Then M admits a handle
decomposition.

This can be proved using Morse theory. The (non-degenerate) critical points of
index j for a smooth function f : M → R correspond with handles of index j.

Definition A.2.5 For a smooth compact m-dimensional manifold M, we say
M has handle dimension j if j is the least positive integer such that M admits
a handle decomposition with handles of index at most j.

The m-dimensional manifold H j = Dj×Dm− j is a manifold with corners, since
∂H j = ∂Dj×Dm− j∪∂Dj×∂Dm− j D j×∂Dm− j. The union is taken along the “corner
set” ∂Dj × ∂Dm− j. This is the basic example of a “smooth manifold triad”.
Roughly speaking a smooth manifold triad is a triple (M, ∂0M, ∂1M) consisting
of a smooth manifold M with boundary ∂M decomposed as ∂M = ∂0M∪∂1M,
where the union is taken along a “corner set” ∂0M ∩ ∂1M. This corner set
should have the structure of a smooth manifold of dimension m− 2. We do not
need a precise definition for the purposes of this text and we refer the reader to
[GW99, Section 0] for more details.

A.2.2 Jet bundles and the topology on spaces of smooth maps

We will use jet bundles to define the topology of the space of smooth maps
C∞(M,N) between smooth manifolds M and N. We use separate notation
to distinguish it from the ordinary space of maps Map(M,N) (see Defini-
tion 1.2.1). We compare this topology with the compact open topology below
in Theorem A.2.12. Our main reference for material in this section is [GG73],
and the following is Chapter 2, Definition 2.1 there.
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Definition A.2.6 Let M and N be smooth manifolds and x ∈ M a point, and
suppose f , g : M → N are smooth maps.

1. f has zeroth order contact with g at x if f (x) = g(x) = y. We write f ∼0 g
at x.

2. f has first order contact with g at x if f has zeroth order contact with g at x
and Dx f = Dxg as maps TxM → TyN. We write f ∼1 g at x.

3. f has kth order contact with g at x if D f : T M → T N has (k − 1)th order
contact with Dg at every point in TxM. In this case we write f ∼k g at x.

4. Let Jk(M,N)(x,y) denote the set of equivalence classes of the relation ∼k at
x on the space of maps f : M → N such that f (x) = y.

5. Let Jk(M,N) =
⊔

(x,y)∈M×N Jk(M,N)(x,y), and call an element σ ∈ Jk(M,N)
a k-jet from M to N.

6. Each σ ∈ Jk(M,N) is an element of Jk(M,N)(x,y) for some pair (x, y) ∈ M ×
N, and we call x the source of σ and y the target, and we let α : Jk(M,N) →
M and β : Jk(M,N) → N denote the source and target maps respectively.

Given a smooth map f : M → N we have a map jk f : M → Jk(M,N) called
the k-jet of f , whose value at x is the equivalence class of f in Jk(M,N)(x, f (x)).
We have J0(M,N) = M × N and j0 f = (x, f (x)) is the graph of f . In fact
there is a map jk : M × C∞(M,N) → Jk(M,N) which sends (x, f ) to jk f (x). A
naive way of thinking about this map is that it associates the pair (x, f ) to the
Taylor polynomial of degree k at x. In fact, by [GG73, Chapter II, Corollary
2.3], f ∼k g at x if and only if the Taylor expansions of f and g at x of order k
agree.

If m and n are the dimensions of M and N respectively, then the k-jet space
Jk(M,N) is a smooth manifold of dimension m + n + dim(Bk

n,n), where Bk
m,n is

the direct sum of n copies of the vector space of polynomials of degree at most
k in m variables.

We now define the topology on the space C∞(M,N) of smooth maps from
M to N.

Definition A.2.7 ([GG73, Chapter II, Definition 3.1]) With M and N as
above, fix a non-negative integer k. For a subset U ⊂ Jk(M,N) let

B(U) = { f ∈ C∞(M,N) | jk f (M) ⊂ U}.

The family {B(U)}, where U ranges over all open sets of Jk(M,N), forms a
basis for a topology called the Whitney Ck topology, and we let Wk denote
the set of open subsets of C∞(M,N) in this topology. Note that Wk ⊂ Wl if
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k ≤ l. The Whitney C∞ topology on C∞(M,N) is the topology whose basis is
W = ∪∞k=0Wk.

One important property of the Whitney C∞ topology is that C∞(M,N) is a
Baire space in this topology: every countable intersection of open dense sets is
dense.

A.2.3 Smooth approximation of continuous maps

Every map between smooth manifolds is homotopic to a smooth map. The
following can be found, for example, in [Lee03, Theorem 6.15].

Theorem A.2.8 (Whitney Approximation Theorem) Let M be a smooth
manifold and f : M → Rk be continuous. Then for any positive continuous
function δ : M → R there exists a smooth map f ′ : M → Rk δ-close to f .

More generally we have the following (see e.g. [Lee03, Theorem 6.19]).

Theorem A.2.9 (Whitney approximation for manifolds) Suppose M and
N are smooth manifolds and f : M → N is a continuous map. Then f is
homotopic to a smooth map f ′ : M → N.

Here is a relative version. It can be found in [AGP02, page xxvii]; the authors
use it for precisely same reason we include it here – to get the connectiv-
ity of the inclusion map X → X ∪ en when attaching an n-cell to X (see
Example A.2.16).

Theorem A.2.10 Let f : U → V be a map between bounded open sets, U ⊂
Rm, V ⊂ Rn. Given any open sets W,W ′ such that W ⊂ W ′ ⊂ W ′ ⊂ U, there
exists g : U → V such that g|W : W → V is smooth, f |U−W′ = g|U−W′ , and f ∼ g
relative to U − W ′.

Remark A.2.11 This result can be applied to spaces which are only locally
manifolds. For instance, suppose X is a space and X∪ en is the result of attach-
ing an n-cell to X. Let f : P → X ∪ en be a map, where P is a smooth closed
manifold. Let x ∈ en be in the interior of the n-cell. We are going to change
f by a homotopy which is smooth in a neighborhood of f −1(x); the smooth
structure on the interior of en is the usual one inherited from Rn. Let V ⊂ e̊n

be an open set containing x, so that U = f −1(V) is an open set containing
f −1(x). We can clearly choose open sets W,W′ as in Theorem A.2.10 such that
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f −1(x) ⊂ W since f −1(x) is closed and therefore compact since P is compact.
By Theorem A.2.10, we can make a homotopy of f relative to U−W′ to a map
g which is smooth on W. �

Finally we compare the Whitney C∞ topology with the compact open topology.

Theorem A.2.12 Let M and N be smooth manifolds with M closed. The
inclusion C∞(M,N) → Map(M,N) is a weak homotopy equivalence.

Proof We sketch the idea, using the characterization of weak equiv-
alences given in Proposition 2.6.17. A map of pairs f : (Di, ∂Di) →
(Map(M,N),C∞(M,N)) is homotopic relative to the boundary to a map Di →
C∞(M,N) as follows. Using Theorem 1.2.7 f : Di → Map(M,N) corresponds
to a map f̃ : Di × M → N, and since M is compact and the inclusion
C∞(M,N) → Map(M,N) is open, there exists an open neighborhood T of
∂Di such that f |T×M : T × M → N is already smooth. Since T necessarily
contains a neighborhood of ∂Di of the form ∂Di × [0, ε), we may also assume
T = ∂Di × [0, ε) for some 0 < ε < 1. Let U ⊂ Di be an open disk of radius
1−ε/2 centered at 0 ∈ Di, so that U∪T = Di. We can clearly choose W,W ′ ⊂ U
as in Theorem A.2.10 with W a slightly smaller open disk and W∪T = Di. Now
apply Theorem A.2.10 to f̃ : Di × M → N to produce a map g̃ : Di × M → N
which is smooth and equal to f̃ on T ×M. This corresponds via Theorem 1.2.7
to the desired map g : Di → C∞(M,N). �

A.2.4 Transversality

Here we review some standard notions from differential topology. Our main
reference for this part is [GG73]. The following is Chapter II, Definition 1.11
there.

Definition A.2.13 Let M and N be smooth manifolds and f : M → N a
continuously differentiable map. Let x ∈ M, and let Dx f : TxM → T f (x)N
denote the derivative of f at x. Then

● corankDx f = min{dim M, dim N} − rankDx f ;
● x is called a critical point of f if corankDx f > 0;
● a point y ∈ N is called a critical value of f if it is the image of some critical

point of f ;
● a point y ∈ Y is called a regular value of f if f −1(y) contains no critical

points of f ; in particular, if y is not in the image of f then y is a regular value
of f .
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The following theorem is known as Sard’s Theorem, which can be found for
example in [GG73, Chapter 2, Theorem 1.12] (see also [Hir94] or [Mil63]). It
states that most values of f are regular values.

Theorem A.2.14 (Sard’s Theorem) Let M and N be smooth manifolds and
f : M → N a smooth map. Then the set of critical values of f has measure zero
in Y.

For the following consequence of Sard’s Theorem, see for example [GG73,
Chapter II, Corollary 1.14].

Corollary A.2.15 The set of all regular values of f is dense in N.

As a consequence, we can deduce the connectivity of the inclusion X →
X ∪ en. We first learned this proof from [BT82, Proposition 17.11].

Example A.2.16 Let X be a space, and f : ∂en → X be a map encoding
the attachment of an n-cell to X. Then the inclusion map X −→ X ∪ f en is
(n − 1)-connected.

To see this, let f : (Di, ∂Di) → (X ∪ en, X) be a map of pairs. Let V ⊂ e̊n

be an open set. As in Remark A.2.11 we may also assume f is smooth on
U = f −1(V). By Corollary A.2.15, there is a regular value x ∈ V for f . If
i < n, this means x is not in the image of f , so f may be considered as a map
Di → X∪en−{x}. X is a deformation retract of X∪en−{x}, and so f is homotopic
relative to ∂Di to X. This implies that X → X ∪ en is (n − 1)-connected. �

The remainder of the material in this portion of the appendix is here so that
we can showcase various applications of Theorems 4.2.3 and 6.2.3 to smooth
manifold theory.

Definition A.2.17 Let f : M → N be a smooth map of smooth manifolds,
Y ⊂ N a submanifold, and x ∈ M a point. We say f is transverse to Y at x,
written f � Y at x, if either f (x) � Y , or f (x) ∈ Y and

Dx f (TxM) + T f (x)Y = T f (x)N.

We say f is transverse to Y , written f � Y , if f is transverse to Y at every point
x ∈ X.

A straightforward and typical consequence of this is the following. Let
f : M → N be smooth and Y ⊂ N a submanifold. Suppose dim(M)+ dim(Y) <
dim(N), that is, dim(M) < codim(Y). Then f � Y if and only if f (M) ∩ Y = ∅.
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Theorem A.2.18 ([GG73, Chapter II, Theorem 4.4]) Let M and N be smooth
manifolds and Y ⊂ N a submanifold. Suppose f : M → N is smooth and f � Y.
Then f −1(Y) is a submanifold of M and codim( f −1(Y) ⊂ M) = codim(Y ⊂ N).
In fact, the normal bundle of f −1(Y) in M is the pullback of the normal bundle
of Y in N via the mapping f .

The following well-known result can be found, for example, in [GG73, Chapter
II, Theorem 4.9].

Theorem A.2.19 (Thom Transversality Theorem) Let M and N be smooth
manifolds and Y a submanifold of Jk(M,N). Let

TY = { f ∈ C∞(M,N) | jk f � Y}.

Then TY is the countable intersection of open dense sets in the Whitney C∞
topology, and if Y is closed, then TY is also open.

For the following consequence, see for example [GG73, Chapter II, Corollary
4.12]

Corollary A.2.20 (Elementary Transversality Theorem) Let M and N be
smooth manifolds and Y a submanifold of N. The subset of C∞(M,N) con-
sisting of those smooth maps transverse to Y is dense in C∞(M,N) and open if
Y is closed.

Additionally, we have the following relative version. Suppose U1 ⊂ U2 ⊂ M
are open sets such that U2 contains the closure of U1. Let f : M → N be
smooth and let V be any open neighborhood of f in C∞(M,N). Then there
exists g in V such that g is transverse to Y outside U2 and g = f on U1.

This follows from Theorem A.2.19 by choosing k = 0 so that J0(M,N) =
M × N, by noting that the inverse image of Y in M × N via the projection is
a submanifold of the product, and noting that if the 0-jet (i.e. graph) of j is
transverse to this inverse image, then f is transverse to Y .

Revisiting Example A.2.16, if Y = X ∪ en has the structure of a smooth
manifold of dimension n, then we can restate Example A.2.16 as saying that
the inclusion Y − {x} → Y is (n − 1)-connected. Here is a generalization.

Example A.2.21 Suppose M,N are manifolds with M ⊂ N a smooth closed
submanifold of codimension k. Then the inclusion N − M → N is (k − 1)-
connected.
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To see this, let f : (Di, ∂Di) → (N,N−M) be a map of pairs. By compactness
of M, there exists a neighborhood U of ∂Di such that f (U) ∩ M = ∅. By
Theorem A.2.10 the f : Di → N is homotopic relative to U to a map which
is smooth away from U (the details are similar to those found in the proof of
Theorem A.2.12). By abuse continue to call this map f . By Corollary A.2.20 f
is homotopic relative to ∂Di (in fact, relative to an open neighborhood of ∂Di)
to a map which is transverse to M. If i +m < n this means f misses M, so f is
homotopic to a map Di → N − M if i < n − m; in other words, the inclusion
N − M → N is (n − m − 1)-connected.

We end by discussing multijets and the relevant transversality theorem.

Definition A.2.22 Let Ms be the product of s copies of M, and recall the con-
figuration space Conf(s,M) ⊂ Ms as the set of all (x1, . . . , xs) ∈ Ms such that
xi � x j for all i � j. We then have the s-fold source map αs : (Jk(M,N))s →
Ms, and we define

Jk
s (M,N) = (αs)−1(Conf(s,M)).

The space Jk
s (M,N) obtains its manifold structure by being an open subset of

the manifold (Jk(M,N))s. Define jks f : Conf(s,M) −→ Jk
s (M,N) by

jks f (x1, . . . , xs) = ( jk f (x1), . . . , jk f (xs)).

For more details of the following, see for example [GG73, Chapter II, Theorem
4.13].

Theorem A.2.23 (Multijet Transversality Theorem) Let M and N be smooth
manifolds and Y a submanifold of Jk

s (M,N). Let

TY = { f ∈ Map(M,N) : jks f � Y}.
Then TY is the countable intersection of open dense sets in the Whitney C∞
topology, and if Y is compact, then TY is also open. �

A.3 Spectra

In this section we briefly review the notion of a spectrum and some basic
results about spectra. There are many good introductory sources on this mate-
rial [Ada78, Hat02, tD08]. We will mostly use spectra in Section 10.1 and,
as usual in this appendix, our goal is to present just enough basic definitions
along with motivating examples to provide for a self-contained exposition. One
important aspect of the theory of spectra that we will not pursue since we do
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not have use for it is that spectra “represent” cohomology theories. This was
alluded to in the discussion following Theorem 2.4.20.

Definition A.3.1 A spectrum E is a sequence of based spaces {En}n∈N
together with basepoint-preserving maps

ΣEn −→ En+1,

or equivalently by Theorem 1.2.9, maps

En −→ ΩEn+1.

If the latter maps are weak equivalences, then E is called an Ω-spectrum.

Example A.3.2 The spectrum ∗ whose every space is a point is an Ω-
spectrum. �

Example A.3.3 (Suspension spectrum) Given a based space X, let En = Σ
nX.

The structure maps ΣEn → En+1 are then identity and we have the suspen-
sion spectrum of X, denoted by Σ∞X. This is not necessarily an Ω-spectrum
since if ΣEn → En+1 is an equivalence, that does not necessarily imply that
the corresponding map En → ΩEn+1 is also an equivalence. If X = ∗, then
Σ∞∗ is precisely the spectrum ∗ from the previous example since the (reduced)
suspension of a point is a point. �

Example A.3.4 (Sphere spectrum) Setting X = S 0 in the previous example
gives an important special case of a suspension spectrum, namely the sphere
spectrum Σ∞S 0, which we will denote by S. Since ΣS n = S n+1, this spectrum
consists of spheres. �

Example A.3.5 (Eilenberg–MacLane spectrum) Suppose G is an abelian
group and set En = K(G, n), an Eilenberg–MacLane space (so K(G, n) has
no homotopy other than in dimension n, where πn(K(G, n)) � G). Using the
fact that, for any space X, πn+1(X) � πn(ΩX) (see (1.4.2)), we have a weak
equivalence

K(G, n) � ΩK(G, n + 1)

and we thus have an Ω-spectrum called the Eilenberg–MacLane spectrum,
denoted by HG. �

Example A.3.6 (Real and complex K-theory) Let O and U be the infinite-
dimensional orthogonal and unitary groups (direct limits of finite-dimensional



588 Appendix

orthogonal and unitary groups, which form sequences of inclusions). By Bott
periodicity, there are equivalences O → Ω8O and U → Ω2U, so this gives two
periodic Ω-spectra KO and KU, called complex and real K-theory (since these
spectra give rise to those two cohomology theories). �

A spectrum can be smashed with a space. That is, given a spectrum E and a
based space X, we can define the spectrum E ∧ X by

(E ∧ X)n = En ∧ X.

Recalling Example 1.1.16, we have

Σ(En ∧ X) = (ΣEn) ∧ X −→ En+1 ∧ X,

so the structure maps in E ∧ X are the product of stucture maps in E and the
identity map.

Suppose X is an n-connected space. By the generalization of the Freudenthal
Suspension Theorem (see Theorem 4.2.10), the suspension map

πi(X) −→ πi+1(ΣX) (A.1)

is an isomorphism for i ≤ 2n. Iterating this map therefore gives a sequence

πi(X) −→ πi+1(ΣX) −→ πi+2(Σ2X) −→ · · · (A.2)

where the maps necessarily eventually become isomorphisms even without
any assumption on the connectivity of X. Given a sequence of groups and
homomorphisms

G0
h0−→ G1

h1−→ · · · ,
the direct limit, or colimit, of this sequence is defined as

Gn =
∐

n

Gn/∼,

where g ∼ g′ if ( f j ◦ f j−1 ◦· · ·◦ fi+1 ◦ fi)(g) = g′ for some i, j. (This is analogous
to the colimit of sequence of spaces; see Example 7.3.31.) We can thus define
the ith stable homotopy group of X, πs

i (X), as the colimit of the sequence (A.2):

πs
i (X) = colim

n
πi+n(ΣnX). (A.3)

In particular, for X = S 0, we have the stable homotopy groups of spheres,

πs
i (S 0) = colim

n
πi+n(S n)
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which are one of the most important (and difficult) objects in homotopy theory.
Note that, again by Freudenthal Suspension Theorem,

πs
i (S 0) = πi+n(S n)

for n > i + 1.
For a spectrum E, there are maps

πi+n(En) −→ πi+n+1(En+1) (A.4)

given as the composition of the suspension map (1.1.2) and the map induced
on homotopy groups by the spectrum structure map:

πi+n(En)
Σ−→ πi+n+1(ΣEn) −→ πi+n+1(En+1).

It thus makes sense to mimic (A.3) and define the ith homotopy group of the
spectrum E as

πi(E) = colim
n

πi+n(En). (A.5)

Notice that a spectrum could have homotopy groups in negative dimensions.
We say a spectrum is connective if it does not have any negative homotopy
groups.

Thus for the suspension spectrum Σ∞X of a space X, by definition we
have

πi(Σ
∞X) = πs

i (X).

In particular, stable homotopy groups of spheres can be regarded as the
homotopy groups of the spectrum Σ∞S 0 = S.

It follows that, for an Ω-spectrum E, we have

πi(E) = πi+n(En), n ≥ 0. (A.6)

In particular, we have the following.

Example A.3.7 Let HG be the Eilenberg–MacLane spectrum from Example
A.3.5. Then

πi(HG) =

⎧⎪⎪⎨⎪⎪⎩G, i = 0;

0, otherwise. �

Definition A.3.8 A map of spectra f : E → F is a collection of maps

fn : En −→ Fn, n ≥ 0,
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that commute with the structure maps in E and F. Such a map is a weak
equivalence of spectra if

f∗ : πi(E) −→ πi(F)

is an isomorphism for all i.

Example A.3.9 From the definitions, we have a weak equivalence S ∧ X �
Σ∞X. �

Using maps of spectra as defined above, we can define the category of spectra
which we will denote by Spectra.

The following standard and easy result says that, up to weak equivalence, we
can assume we are working with an Ω-spectrum. For a proof, see, for example
[Ada78, Sections 1.6 and 1.7].

Proposition A.3.10 Every spectrum is weakly equivalent to an Ω-spectrum.

For an Ω-spectrum E, we have from the definitions that, for any En,

En
�−→ ΩkEn+k.

Therefore En is a k-fold loop space for any k, and is for this reason called
an infinite loop space. From the examples we have had so far, we see
that Eilenberg–MacLane spaces and the infinite-dimensional orthogonal and
unitary groups are all infinite loop spaces.

One can create an infinite loop space out of any space X as follows. Let

Ω∞ : Spectra −→ Top∗

be the functor which, given a spectrum E, replaces it by an equivalent Ω-
spectrum F and then picks off the first space F0 which is an infinite loop space
by the above comments. Composing this with the functor

Σ∞ : Top∗ −→ Spectra

which assigns to a space X its suspension spectrum, we get the infinite loop
space functor, usually denoted by Q:

Q = Ω∞Σ∞ : Top∗ −→ Top∗ . (A.7)

This can also be thought of as

QX = Ω∞Σ∞X = hocolim
n
ΩnΣnX.
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The maps are given using Theorem 1.2.7. We have a commutative diagram

where the vertical maps are the inclusion Y → ΣY (induced by the inclusion
Y × {1/2} → Y × I). The horizontal maps correspond via Theorem 1.2.7 to
maps X → ΩnΣnX and X → Ωn+1Σn+1X and the vertical maps above induce
maps ΩnΣnX → Ωn+1Σn+1X.

Example A.3.11 Unravelling the definitions gives

πi(Σ
∞S 0) = πi(QS 0). �

Given a diagram E → G ← F, we can define its homotopy pullback

holim(E → G ← F)

levelwise. Namely, the nth space in this spectrum is

holim(En → Gn ← Fn)

and the structure maps

holim(En → Gn ← Fn) −→ Ω holim(En+1 → Gn+1 ← Fn+1)

are induced by the structure maps in the three spectra using the fact that loops
commutes with homotopy pullbacks (Corollary 3.3.16).

Similarly one can define the homotopy pushout of a diagram E ← H → F
levelwise. For the structure maps, one uses the fact that suspension commutes
with homotopy pushouts (Corollary 3.7.19).

Now, given a commutative square

of spectra, we have canonical maps

a(S) : H −→ holim(E → G ← F)

and

b(S) : hocolim(E ← H → F) −→ G

induced by the canonical levelwise maps from (3.3.1) and (3.7.1).
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Definition A.3.12 The commutative square diagram S is homotopy cartesian
if a(S) is a weak equivalence and it is homotopy cocartesian if b(S) is a weak
equivalence.

The following says that the notions of homotopy cartesian and homotopy
cocartesian squares of spectra are the same. A proof can be found in [LRV03,
Lemma 2.6].

Proposition A.3.13 Suppose S is a commutative square of spectra. Then this
square is homotopy cartesian if and only if it is homotopy cocartesian.

Remark A.3.14 Using homotopy pullbacks and pushouts of spectra, we
could define homotopy limits and colimits of punctured cubes of spectra
via iterated homotopy pullbacks and pushouts (inspired by Lemma 5.3.6 and
Lemma 5.7.6). Furthermore, we could then define what it means for a cube
of spectra to be homotopy (co)cartesian or strongly (co)cartesian. Proposi-
tion A.3.13 then says that a cube of spectra is homotopy cartesian if and only
if it is homotopy cocartesian. �

The previous result gives a special and important relationship between homo-
topy fibers and homotopy cofibers of maps of spectra. Given a map of spectra
f : E → F, we can define its homotopy fiber and cofiber as a levelwise
homotopy fiber and cofiber. Or, since we know what homotopy pullbacks and
pushouts of spectra are, as

hofiber( f ) = holim(∗ → F
f← E)

and

hocofiber( f ) = hocolim(∗ ← E
f→ F),

where ∗ denotes the constant spectrum.
We then have the following consequence of Proposition A.3.13.

Corollary A.3.15 Homotopy fibration sequences of spectra are the same as
homotopy cofibration sequences of spectra. Namely, given a sequence E →
F → G, we have

E � hofiber(F → G) ⇐⇒ G � hocofiber(E → F)

Furthermore, for a map f : E → F of spectra, we have a weak equivalence

hofiber( f ) � Ω hocofiber( f )

(where looping a spectrum means looping levelwise).
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Proof Consider the square

If this square is homotopy cartesian, that means that there is a weak equiva-
lence E � hofiber(F → G) and, if it is homotopy cocartesian, that means that
there is a weak equivalence G � hocofiber(E → F). But the two notions are
equivalent by Proposition A.3.13.

For the second part, the square

is homotopy cocartesian and so, by Proposition A.3.13, it is also homotopy
cartesian. By levelwise application of Proposition 3.3.18, this means that there
is a weak equivalence hofiber( f ) � hofiber(∗ → hocofiber( f )). But the right
side is Ω hocofiber( f ) by levelwise application of Example 2.2.9. �

The second part of the above result is of course false in the realm of topo-
logical spaces, but as we saw in Example 4.2.12, for a map f : X → Y of
based spaces, there is a map hofiber( f ) → Ω hocofiber( f ) whose connectivity
is roughly the sum of the connectivity of X with the connectivity of f .

There is another familiar result that can be deduced from Proposition A.3.13.

Corollary A.3.16 For any spectrum E, there are weak equivalences E �
ΣΩE and E � ΩΣE (where the suspension of a spectrum is taken levelwise).

Proof The first equivalence immediately follows from considering the homo-
topy cartesian square

By Proposition A.3.13, this square is also homotopy cocartesian, and hence
ΣΩE � E. For the second statement, we start with the homotopy cocartesian
square
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Again by Proposition A.3.13, this square is also homotopy cartesian, and hence
we have a weak equivalence E � ΩΣE. �

Remark A.3.17 One of the equivalences in the previous result can be argued
directly. Namely, the map E → ΩΣE given levewise by the Freudenthal maps
En → ΩΣEn (see Theorem 4.2.10) has an inverse given levelwise by the maps
ΩΣEn → ΩEn+1 � En (we can assume these are weak equivalences since E is
weakly equivalent to an Ω-spectrum). �

We also want to extend the notion of a group action to spectra. This is done
levelwise. Namely, a group G acts on a spectrum if there is a map G×En → En

for each n satisfying the usual axioms of an action that is compatible with
the spectrum structure maps. To explain this, the map G × En → En can be
regarded as a map G → En × En and, for each g ∈ G, the suspension of the
map fn,g : En → En and the map fn+1,g : En+1 → En+1 fit into the commutative
diagram

In terms of functors, this means that there is a functor

F : •G −→ Spectra

with F(•) = E and g �→ ( fg : E → E) (where fg is the collection of maps fn,g).
Then one can define the spectra of homotopy fixed points and homotopy orbits
as

ChG = holim•G

F and ChG = hocolim•G

F, (A.8)

where the homotopy limit and colimit are taken levelwise as in Examples
8.2.11 and 8.2.23. These levelwise homotopy (co)limits inherit structure maps
from C and therefore form spectra, because homotopy limits commute with
loops and homotopy colimits commute with suspensions. In Section 10.1, we
are especially interested in the action of Σk on certain spectra.
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A.4 Operads and cosimplicial spaces

This section contains a brief introduction to the relationship between operads
and cosimplicial spaces. The details for most of what will be explained here can
be found in the papers of McClure and Smith [MS02, MS04a, MS04b], who
have used this relationship for a proof of the Deligne’s Hochschild cohomology
conjecture. An application of this operadic machinery that is useful to us is to
spaces of knots, and this is the subject of Section 10.4.2. For basics on operads
(in any category), including motivation for their study, see [MSS02] (see also
Theorem A.4.6 below for one of the earliest and most important applications
of operads).

We will only consider operads in the category of spaces. The basic definition
is the following.

Definition A.4.1 A non-symmetric, or non-Σ, (topological) operad O is a
collection of spaces {O(k)}k≥0 along with an element 1 ∈ O(1) called the
identity and structure maps

γ : O(k) × O( j1) × · · · O( jk) −→ O( j1 + · · · + jk)

for all k, j1, . . . , jk ≥ 0, satisfying the following.

● Identity axiom: for x ∈ O(k), γ(1, x) = γ(x, 1, . . . , 1) = x.
● Associativity axiom: the diagram

commutes.

This is equivalent to the standard definition of an operad except the axioms
having to do with the action of the symmetric group have been removed. Non-
symmetric operads are thus also called operads without permutations.
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A special case of the operad structure maps are the circle-i operations

◦i : O(k) × O( j) −→ O(k + j − 1) (A.1)

given by

(x, y) �−→ (x, 1, . . . , 1, y, 1, . . . , 1),

where y on the right appears in the slot i + 1. It is easy to see that all operadic
structure maps are generated by these operations so that it suffices to specify
the ◦i maps.

Example A.4.2 (Associative non-symmetric operad) The associative non-
symmetric operad Ass is defined by Ass(k) = ∗ for all k. �

Example A.4.3 (Little n-cubes operad) The little n-cubes operad (or little n-
disks operad or little n-balls operad) Cn = {Cn(k)}k≥0, where Cn(k) is the space
of embeddings of In × k in In and where the embedding on each summand In

is of the form f (�x) = D�x + �c, for some invertible matrix D. We take Cn(0) to
be the one-point space.

The structure maps essentially consist of “shrinking the cubes and insert-
ing them into others”. For a detailed description of these maps, see [MSS02,
Section 2.2]. �

Remark A.4.4 One standard way to define non-Σ operads is via a category of
rooted trees [Boa71, MSS02, Sin06]. Roughly, these are (isomorphism classes
of) rooted, planar trees with labeled leaves. The ◦i operation is given by graft-
ing the root of one tree onto the ith leaf of another. A topological non-Σ operad
is then simply a functor from the category of such trees (where the morphisms
are defined by contractions of edges) to Top satisfying the obvious axioms (see
e.g. [Sin06, Definition 2.13]). �

Definition A.4.5 For O a non-symmetric operad and X a space, an action of
O on X consists of maps

fk : O(k) × Xk −→ X

satisfying

● fk(1, x) = x for all x ∈ X;
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● the diagram

commutes.

One of the main uses of operads in topology is in the following recognition
principle.

Theorem A.4.6 ([BV73, May72]) If a connected space X admits an action
of the little n-cubes operad, then it is homotopy equivalent to an n-fold loop
space.

Definition A.4.7 A morphism f : O → P of operads is a collection of maps

fk : O(k) −→ P(k), k ≥ 0,

which are compatible with the structure maps and the identity.

Definition A.4.8 A non-symmetric operad with multiplication is a non-
symmetric operad O together with a morphism Ass → O.

It is not hard to see a multiplicative structure on an operad O as defined above
is equvalent to the existence of morphisms

e : 1 −→ O(0) and μ : 1 −→ O(2)

satisfying

μ ◦1 μ = μ ◦2 μ and μ ◦1 e = μ ◦2 e = Id. (A.2)

Remark A.4.9 The motivating example for Definition A.4.8 is that of the
endomorphism operad End(A), where A is an associative algebra. �

Using the multiplicative structure, one can then associate a cosimplicial space
to an operad with multiplication as follows.
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Definition A.4.10 ([GV95]) For an operad with multiplication O, the associ-
ated cosimplicial spaceO• is defined byO[n] = On with cofaces di : On → On+1

defined by

di(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
μ ◦2 x, i = 0;

x ◦i m, 1 ≤ i ≤ n;

μ ◦1 x, i = n + 1,

and codegeneracies si : On+1 → On defined by

si(x) = x ◦i e, 0 ≤ i ≤ n.

It is easy to see that, because of identities (A.2), the cosimplicial identities in
O• are indeed satisfied.

The following important result is due to McClure and Smith.

Theorem A.4.11 [MS02, Theorem 3.3] The totalization Tot(O•) of the
cosimplicial space associated to an operad with multiplication admits an
action of an operad equivalent to the little 2-cubes operad C2. The same is
true for the homotopy invariant totalization hoTot(O•) [MS04a, Theorem 15.3
and Proposition 10.3] (see also [Sin06, Theorem 7.3]).

Combining Theorem A.4.11 with Theorem A.4.6, we have

Corollary A.4.12 For O an operad with multiplication, there is a homotopy
equivalence

Tot(O•) � Ω2X

for some space X.

Remark A.4.13 McClure and Smith prove a more general result than The-
orem A.4.11 in [MS04a]: if a cosimplicial space X• is an algebra over a
certain functor-operad Ξn, then Tot X• admits an action of an operad equiv-
alent to Cn [MS04a, Theorem 9.1]. In this context, having a Ξ2 structure on a
cosimplicial space amounts to having an operad with multiplication that gives
rise to that cosimplicial space [MS04a, Section 10], so the result reduces to
Theorem A.4.11.

It should also be noted that the result which serves as the basis for this gen-
eralization is due to Batanin [Bat98] (a simplified proof is given in [MS04a]).
Namely, he proves that, if X• has a certain cup product (see discussion prior
to Theorem 4.3 in [MS04b] or [MS02, Definition 2.1]), then Tot X• is an
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A∞ space (it has an action of an A∞ operad, i.e. a non-symmetric operad
whose each space is weakly equivalent to a point) and is therefore equivalent
to a loop space. Batanin’s proof uses the box product described in Exam-
ple 9.2.10. McClure and Smith conjecture that totalization in fact gives a
Quillen equivalence between cosimplicial spaces with this cup product and
A∞ spaces. �

Example A.4.14 Suppose X is a topological monoid, so that there exists a
continuous multiplication X × X → X, and the basepoint acts as the unit. Let
O(k) = Xk and define

◦i : O(k) × O( j) −→ O(k + j − 1)

(x1, . . . , xk) ◦i (y1, . . . , y j) �−→ (x1, . . . , xi−1, xiy1, xiy2, . . . , xiy j, xi+1, . . . , xn).

If morphisms e and μ are simply the basepoints, then O• is precisely the cobar
construction from Example 9.2.3. �

Example A.4.15 The above can be generalized to produce a cosimplicial
space whose totalization is the k-fold loop space of a based space X for k ≥ 2.
Again O(k) = Xk but the ◦i operations are more complicated and arise from the
maps of the simplicial k-sphere to X. For details, see [MS02, Example 3.6]. �

Another example that is relevant in the study of the topology of spaces of
knots is that of compactified configuration spaces; see Section 10.4.2.
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homology of spaces of long knots in codimension > 2. Geom. Topol.,
14:2151–2187, 2010.



608 References

[Lur09] Jacob Lurie. Higher topos theory. Annals of Mathematics Studies, Vol.
170. Princeton University Press, Princeton, NJ, 2009.
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chain complex, 24
circle-i operations, 596
classifying space, 571

of a category, 384
of a group, 388

co-H space, 297
co-cone, 360

cobar construction
cyclic, 460
geometric, 458
two-sided, 460

cocartesian cube, 258
cocartesian square, 136

and homotopy cocartesian square, 152
cocomplete category, 360
codegeneracies, 444
coend, 371

model for colimit, 372
model for homotopy colimit, 412

coequalizer, 362, 369
as iterated pushout, 364
model for colimit, 369

cofaces, 444
cofiber, 28

and homotopy cofiber, 58
and homotopy invariance, 28
as pushout, 134
homotopy, see homotopy cofiber
of tower of skeleta, 576

cofibrant
cube, 269

colimit is homotopy colimit, 270, 416
functor, 415
pushout cube, 269
pushout square, 165
replacement, 166, 420

and k-cocartesian square, 166
colimit is homotopy colimit, 421
of a cube, 270

space, 415
square, 165

colimit is homotopy colimit, 165
cofibration, 47

and basepoints, 55
and composition, 53
and homotopy equivalence, 55
and homotopy invariance, 54
and inclusion, 51
and injectivity, 48
and pushout, 54, 55, 137
and relative CW complexes, 50
and submanifold, 52
and weak equivalence, 55
coproduct, 49
long exact sequence, 53
of homotopy colimits, 432
preserved by homotopy colimit, 423
sequence, 48
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of total homotopy cofibers, 274
square, 165
which is homotopy equivalence, 63

Cofinality Theorem, 434
coformality

of little cubes operad, 568
cohomology spectral sequence of cosimplicial

space, 499
cojoin, 217
cokernel as coequalizer, 363
colimit, 360

and maps, 375
as coend, 372
as disjoint union, 374
as functor, 366
coequalizer model, 369
commutes with

colimit, 376
limit, 378

homotopy cofiber as, 365
homotopy pushout as, 365
infinite symmetric product, 364
least common multiple as, 361
least upper bound as, 361
mapping cylinder, 365
of a cube, 255
of a punctured cube, 255

as iterated pushout, 257
of a sequence of groups, 588
of a tower of cofibrations, 409
orbit space, 365
over product category, 376
pushout as, 133
supremum as, 361

commutative diagram, 7
commutator map, 218

iterated, 332
compact-open topology, 12
compactly generated space, 5
complete category, 352
concave subset, 324
cone, 9, 59, 352

fiberwise, 181
mapping, 58
of a map, 9
reduced, 9

configuration space, 251, 292, 530, 558
Fulton–MacPherson compactification, 560
Kontsevich compactification, 560
unordered, 530, 535

connected category, 416

connecting map, 34
in homotopy exact sequence, 22

connective spectrum, 589
connectivity

of a space, 67
of loop space, 69
of suspension, 70

connectivity estimate, 543
constant

cosimplicial space, 458
diagram, 346
map, 6
spectrum, 587

contact
kth order, 581
first order, 581
zeroth order, 581

contractible space, 15
and homotopy cofiber, 156
weakly, 67

contravariant functor, 343
convex subset, 316
coproduct

as colimit, 361
in a category, 349, 350
of cofibrations, 49
of homotopy cocartesian squares, 153

cosimplex, 446
codegenerate, 446

cosimplicial
contraction, 457
diagram, 445
homotopy, 457
identities, 444
indexing category, 444, 570
model for homotopy pullback, 460
model for loop space, 458
model for mapping space, 461
replacement, 465

and homotopy limit, 465
of finite acyclic diagram, 469

resolution of a space, 458
simplex, 445

cosimplicial space, 445
associated to an operad, 598
augmentation, 455
based, 456
box product, 463
cohomology spectral sequence, 499
constant, 458
cubical replacement, 472
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diagonal, 478
fibrant, 449
homology spectral sequence

and homotopy initial functor, 501
and Hurewicz map, 501
complete convergence, 499
E1 term, 498
E2 term, 498
exotic convergence, 499
of a truncation, 500

homotopy spectral sequence
and homotopy initial functor, 501
and Hurewicz map, 501
E1 term, 493
E2 term, 494
of a truncation, 500

left contraction, 456
matching map, 449
matching space, 449
multi-, 476
non-fibrant, 449
normalization, 453
right contraction, 457
totalization, 446
truncation, 451

and homology spectral sequence, 500
and homotopy spectral sequence, 500

covariant functor, 343
covering space, 29
critical

point, 583
value, 583

cross-effect
cube, 519
of a functor, 519

cube, 221, 344
and fibers of totalization tower, 474, 475
as map of cubes, 224
based, 222
cartesian, 230
cocartesian, 258
cofibrant, 269

colimit is homotopy colimit, 270, 416
cofibrant pushout, 269
cofibrant replacement, 270
colimit, 255
cross-effect, 519
equivalent to cofibrant cube, 270
equivalent to fibrant cube, 243
face, 223
factorization, 240, 241, 267

fibrant, 243
limit is homotopy limit, 246, 416

fibrant pullback, 243
fibrant replacement, 243
homology groups, 274
homotopy cartesian, 235
homotopy cocartesian, 262
homotopy colimit, 258
homotopy groups, 254
homotopy limit, 231
k-cartesian, 235
k-cocartesian, 262
limit, 227
of configuration spaces, 252, 292
of cubes, 224, 241, 242, 267, 268
of embedding spaces, 296
of open inclusions, 262
of products and join, 264, 274
of submanifolds, 294
of suspensions, 271
punctured, 222, 344
pushout, 258
strongly cartesian, 242

equivalent to pullback cube, 243
strongly cocartesian, 268

and homotopy fibers, 276
equivalent to pushout cube, 270

total homotopy cofiber, 272
total homotopy fiber, 249

Cube Theorem
First, 282
Second, 187, 283

cubical
diagram, see cube
indexing category, 221, 386
replacement of cosimplicial space, 472

CW approximation, 18
CW complex, 8

dimension, 9
finite, 9
relative, 8

CW pair, 8
cyclic cobar construction, 460

deformation retraction, 14
degeneracies, 571
degeneracy-free simplicial space, 574
degenerate simplex, 571

does not contribute, 571
degree of an object, 414
derived functor, 380
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diagonal
cosimplicial space, 478
map, 6

diagram, 343
commutative, 7
constant, 346
cosimplicial, 445
cosimplicial replacement, 465
cubical, see cube
natural transformation, 345
non-commutative, 7
of spaces, 7
simplicial replacement, 575

difference map, 72
differential of a functor, 521
direct

homotopy colimit, 398, 416, 417
limit, 363

of a sequence of groups, 588
product of vector spaces, 362
subcategory, 414
sum of vector spaces, 362

directed system, 363
of spaces, 419

discrete category, 340
disjoint union

as homotopy pushout, 140
as pushout, 134

disjunction, 548
strong, 548
weak, 549

disjunction problem, 197
distinguished open set, 83
distributive law, 174, 431
Dold–Thom Theorem, 89, 506

cosimplicial version, 461
generalization, 280

dual Barratt–Puppe sequence, 117
dual Blakers–Massey Theorem, see

Blakers–Massey Theorem

Eilenberg–MacLane
space, 61
spectrum, 587

homotopy groups, 589
Elementary Transversality Theorem, 585
embedding, 295

disjunction, 548
space, 525

embedding functor
connectivity estimate

for linear stage, 545
for Taylor tower stages, 547

convergence of Taylor tower, 543
first two derivatives, 538

empty set, 4
end, 370

model for homotopy limit, 412
model for limit, 370

equalizer, 354, 367
as iterated pullback, 356
model for limit, 368
vs. limit, 356

equivalence
homotopy, 15
isotopy, 525
of categories, 346
weak, 16

error estimate in Taylor tower, 541
evaluation map, 30
excision, 25

and pairs of spaces, 25
homology, 183
and multivariable functors, 508

excisive functor, 506
universal examples, 506

exponential law, 13
based, 14
unbased, 13

exponentiation
commutes with homotopy limits, 236
commutes with homotopy pullback, 114
preserves homotopy cartesian cubes, 236
takes cocartesian to cartesian, 171

faces, 571
factorization

of cubes, 240, 267
of squares, 121, 163, 436

fat
realization, 573
wedge, 260, 272

fiber, 28
and homotopy fiber, 43
and homotopy invariance, 28
as pullback, 95
bundle, 29
homotopy, see homotopy fiber
of totalization tower, 453

and cubical replacement, 474, 475
product, 356

and homotopy pushout, 173
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of spaces, 94
sequence, 47

fiber–cofiber construction, 193
fiberwise

cone, 181
join, 180, 291
suspension, 181

fibrant
cosimplicial space, 449
cube, 243

limit is homotopy limit, 246, 416
functor, 415
pullback cube, 243
pullback square, 124
replacement, 124, 420

and k-cartesian square, 126
limit is homotopy limit, 421
of a cube, 243

space, 415
square, 124

limit is homotopy limit, 124
fibration, 29

and composition, 34
and homotopy equivalence, 39
and homotopy invariance, 36
and open cover, 40
and pullback, 35, 39, 101
and surjectivity, 30
and uniqueness of lifts, 32
and weak equivalence, 39
but not a universal quasifibration, 87
homotopy equivalent fibers, 35
homotopy long exact sequence, 34
Hopf, 30
Hurewicz, 29
locally determined, 40
of homotopy limits, 432
preserved by homotopy limit, 423
preserved by maps, 33
product, 30
sequence, 29

of total homotopy fibers, 254
preserved by loops, 33

Serre, 29
space of sections, 530
that is a homotopy equivalence, 64
trivial, 30

filtered
category, 377
colimit commutes with finite limit, 378

homotopy colimit commutes with finite
homotopy limit, 427

final object, 343
and contractible realization, 387
and homotopy colimit, 396

finitary functor, 504, 525
finite

category, 340
homotopy limit commutes with filtered

homotopy colimit, 427
limit commutes with filtered colimit, 378

finite type knot invariants, 568
First Cube Theorem, 282
first homotopy group of a square, 216, 330
first order contact, 581
fixed points, 357

as limit, 358
fold map, 6, 177
formality of little cubes operad, 567

and collapse of Bousfield–Kan spectral
sequence, 568

free loop space, 13
as homotopy pullback, 104

Freudenthal Suspension Theorem, 190, 588
generalization, 191

full subcategory, 340
Fulton–MacPherson

compactification, 560
operad, 564

equivalent to little cubes, 564
functor, 343

k-excisive, 505
adjoint, 344
agree to order k, 510
category, 347
cofibrant, 415
colimit, 366
colimit-preserving, 376
constant, 346

and homotopy colimit, 396
and homotopy limit, 391

contravariant, 343
covariant, 343
cross-effect, 519
derived, 380
differential, 521
embedding, see embedding functor
excisive, 506
fibrant, 415
finitary, 504, 525
good, 526
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Grothendieck construction, 442
homogeneous, 515, 535

and infinite loop space, 517
homotopy, 504
homotopy initial, 433
homotopy terminal, 433
identity, 344
isotopy, 525
left adjoint, 344
limit, 359
limit-preserving, 376
linear, 506, 527
overcategory, 382
polynomial, 505, 526
polynomial approximation, 512, 532

finite model for knot space, 555
finite model in manifold calculus, 533
for knots, 556

ρ-analytic
homotopy calculus, 523
manifold calculus, 540

reduced, 505
right adjoint, 344
stably k-excisive, see stably k-excisive

functor
symmetric, 518
undercategory, 382
vs. diagram, 343

functor-operad, 598

Ganea’s Fiber-Cofiber Construction, 193
dual, 195

Ganea’s Theorem, 176
generalized

Eilenberg–Moore spectral sequence, 480
Whitehead product, 186, 219, 334

geometric cobar construction, 458
two-sided, 460

geometric realization, see realization
gluing lemma, 142

dual, 104
good functor, 526
Grassmannian, 551
greatest common divisor, 354
greatest lower bound, 353
Grothendieck construction, 442
group action

continuous, 357
on a spectrum, 594

group as a category, 341
grouplike simplicial set, 462

half-smash product, 11
Hall basis, 335
handle, 579

attaching, 579
decomposition, 580
dimension, 580
index, 579

and radius of convergence of Taylor
tower, 540

handlebody, 580
Hilton–Milnor Theorem, 190, 334, 336
Hochschild homology, 463
homeomorphic spaces, 6
homeomorphism, 6

and homotopy equivalence, 19
of pairs, 8

homogeneous functor
homotopy calculus, 515
manifold calculus, 535

homological excision, 25
Homological Whitehead Theorem, 187, 202
homology, 24

and k-connected map, 67
and k-connected space, 79
differential, 24
Hochschild, 463
long exact sequence of a pair, 25
of a cube, 274
of a map, 171
of a square, 171
reduced, 24
relative, 24

homology spectral sequence
for long knots, 566

collapses, 567
of cosimplicial space

and homotopy initial functor, 501
and Hurewicz map, 501
complete convergence, 499
E1 term, 498
E2 term, 498
exotic convergence, 499

of homotopy colimit, 577
of homotopy limit, 500
of punctured cube, 490
of total cofiber, 492
of tower of cofibrations, 486
of truncation of cosimplicial space, 500

homotopic maps, 14
and homotopy cofiber, 149
and homotopy fiber, 110
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and mapping cylinder, 148
and mapping path space, 109

Homotopical Whitehead Theorem, 19, 187
homotopy

inverse, 15
classes of maps, 15

based, 15
of pairs, 15

cosimplicial, 457
equivalence, 15
equivalent spaces, 15
long exact sequence of a pair, 21

boundary map, 22
connecting map, 22

type, 15
homotopy calculus of functors

homogeneous functor, 515
and infinite loop space, 517

layer of Taylor tower, 516
classification, 522
is homogeneous, 516

polynomial approximation, 512
ρ-analytic functor, 523
radius of convergence, 523
Taylor tower, 514

homotopy cartesian cube, 235
and exponentiation, 275
and homotopy fibers, 238
and map of cubes, 239
and products, 235

homotopy cartesian square, 111, see also
homotopy pullback

and cartesian square, 113
and exponentiation, 171
and homotopy fibers, 120
and products, 113
and relative homotopy groups, 121
and weak equivalence, 116
equivalent to fibrant pullback square, 125
of spectra, 592

homotopy cocartesian cube, 262
and disjoint unions, 263
and exponentiation, 275
and homotopy cofibers, 266
and map of cubes, 266
and wedges, 263

homotopy cocartesian square, 150, see also
homotopy pushout

and cocartesian square, 152
and coproduct, 153
and exponentiation, 171

and homotopy cofibers, 162
and union, 153
and weak equivalence, 155
equivalent to cofibrant pushout square, 165
of spectra, 592

homotopy coexact sequence, 61
homotopy cofiber, 57

and cofiber, 58
and contractible space, 156
and homotopic maps, 149
and long exact sequence, 60
and projection map, 59
and retracts, 170
as colimit, 365
as homotopy colimit, 58
as homotopy pushout, 140
as pushout, 135
commutes with suspension, 60
iterated, 169
of map of spectra, 592
total, 168, 272, see also total homotopy

cofiber
homotopy colimit, 395

and colimit, 396
and constant factor, 396
and covering category, 434, 435
and exponentiation, 275, 426
and final object, 396, 575
and realization, 573
as coend, 412
as functor, 398
as homotopy Kan extension, 413
as quotient, 395
commutes with

homotopy colimit, 265, 427
homotopy limit, 428
join, 265
products, 263, 429
smash product, 265
suspension, 265, 430
union, 429
wedge, 263, 265, 429

direct, 416, 417
homology spectral sequence, 577
homotopy orbits, 398
is homotopy invariant, 409
of a cube, 258
of a punctured cube, 258

and suspension, 259
is homotopy invariant, 261
of identity maps, 259
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of a tower, 398
over the empty category, 396
pointed, 258, 395
preserves cofibrations, 423
restriction induces cofibration, 271, 432
special case of homotopy pushout, 138
Thomason’s Theorem, 442
truncated, 411

homotopy equivalence
of squares, 124
preserved by maps, 15
vs. weak equivalence, 16, 68, 100, 112

homotopy exact sequence, 47
homotopy excision, see Blakers–Massey

Theorem
homotopy extension property, 47
homotopy fiber, 42

and fiber, 43
and homotopic maps, 110
and long exact sequence, 46
and loop space, 44
and retracts, 131
as homotopy limit, 43, 103
as homotopy pullback, 103
as limit, 357
as pullback, 95
commutes with loops, 45
iterated, 128
of map of spectra, 592
of mapping spaces, 45
total, 127, 249, see also total homotopy fiber

homotopy fiber product, 102
homotopy fixed points, 394

spectrum, 594
homotopy functor, 504
homotopy groups, 20

of a cube, 254
of an Eilenberg–MacLane spectrum, 589
of a map, 132
of a spectrum, 589
of a square, 133
of a triad, 185
relative, 21
stable, 588

homotopy initial functor, 433
Cofinality Theorem, 434

homotopy invariance
of colimit of tower of cofibrations, 409
of homotopy colimit, 409
of homotopy colimit of punctured cube, 261
of homotopy limit, 399

of homotopy limit of punctured cube, 234
of homotopy pullback, 104
of homotopy pushout, 142
of limit of tower of fibrations, 399

homotopy invariant totalization, 449
homotopy Kan extension, 412
homotopy lifting property, 29
homotopy limit, 389

and constant factor, 391
and covering category, 434, 435
and exponentiation, 275, 426
and initial object, 391, 467
and limit, 390
and totalization, 448
as end, 412
as functor, 394
as homotopy Kan extension, 413
as natural transformations, 389
commutes with

exponentiation, 236
homotopy colimit, 427
homotopy limit, 236, 427
loops, 237, 430
product, 236, 429

homology spectral sequence, 500
homotopy fixed points, 394
homotopy spectral sequence, 495
inverse, 416, 417
is homotopy invariant, 399
of a cube, 231
of a punctured cube, 230

and loop space, 231
as iterated homotopy pullback, 232
is homotopy invariant, 234
of identity maps, 231

of a punctured square, 102
of a tower, 393
over the empty category, 391
preserves fibrations, 423
restriction induces fibration, 248, 432
truncated, 404

homotopy orbits, 398
spectrum, 594

homotopy pullback, 102, see also homotopy
cartesian square

and free loop space, 104
and homotopy fiber, 103
and loop space, 104
and universal property, 102
and weak equivalence of diagrams, 108
as end, 371
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as homotopy limit, 392
as limit, 357
as pullback, 102
commutes with

exponentiation, 114, 236
homotopy pullback, 236
homotopy pushout, 286
loops, 120, 237
product, 114

cosimplicial model, 460
distributes over homotopy pushout, 174, 431
is homotopy invariant, 104
iterated, 119, 232
of identity maps, 103
of spectra, 591

homotopy pushout, 138, see also homotopy
cocartesian square

and fiber product, 173
and homotopy cofiber, 140
and homotopy fibers, 174
and identity maps, 140
and join, 141
and mapping cylinder, 140
and products, 154
and smash product, 141
and suspension, 141
and weak equivalence of diagrams, 148
as coend, 372
as colimit, 365
as homotopy colimit, 397
as pushout, 140
commutes with

homotopy pullback, 286
homotopy pushout, 265
join, 159
products, 263
smash product, 159
suspension, 159
wedge, 154, 159

iterated, 158, 259
of spectra, 591

homotopy spectral sequence
and steep vanishing line, 485
complete convergence, 483
conditional convergence, 483
for long knots, 566
for Taylor tower, 524
Mittag–Leffler, 484
of cosimplicial space

and homotopy initial functor, 501
and Hurewicz map, 501

E1 term, 493
E2 term, 494

of homotopy limit, 495
of punctured cube, 487
of total fiber, 489
of tower of fibrations, 482
of truncation of cosimplicial space, 500

homotopy terminal functor, 433
Cofinality Theorem, 434

Hopf fibration, 30
Hurewicz

fibration, 29
map, 198

and infinite symmetric product, 199
Hurewicz Theorem

Absolute, 199
Relative, 187, 200

identity
map, 6
morphism, 339

identity functor, 344
and excisiveness, 506
convergence of Taylor tower, 523
stably excisive, 510

immersion
is a linear functor, 529
space, 525

inclusion
and cofibration, 51
map, 6

indexing category
cosimplicial, 444, 570
cubical, 221, 386
simplicial, 444

infimum as a limit, 353
infinite loop space, 590
infinite symmetric product, 89, 280, 506

and excision, 89
and homology groups, 89
as colimit, 364

infinitely-connected
map, 68
pair, 68
space, 67

initial object, 343
and contractible realization, 387
and homotopy limit, 391

intersection as limit, 354
inverse

category, 414
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homotopy limit, 416, 417
in a category, 342
limit, 355

as equalizer, 355
morphism, 342
system, 355

of spaces, 417
isomorphism

natural, 346
of objects in a category, 342

isotopy, 525
equivalence, 525
functor, 525

iterated
commutator map, 332
homotopy cofiber, 168, 169

and total homotopy cofiber, 168, 272
homotopy fiber, 128

and total homotopy fiber, 128, 250
homotopy pullback, 119, 232
homotopy pushout, 158, 259
pullback, 228
pushout, 257

j-handle, see handle
join, 11

as homotopy pushout, 141
commutes with

homotopy colimit, 265
homotopy pushout, 159

connectivity, 161
fiberwise, 180, 291
of loop spaces, 175
reduced, 11

K-theory spectrum, 587
k-cartesian

cube, 235
and homotopy fibers, 238

square, 111
and homotopy fibers, 120
and products, 113

k-cocartesian
cube, 262

and homotopy cofibers, 266
square, 150

and homotopy cofibers, 162
k-connected

map, 68
and attaching a cell, 79
and cofibration, 69

and compositions, 70
and homology, 67
and homotopy cofiber, 70
and homotopy groups, 69
and mapping cylinder, 69

pair, 68
and CW complexes, 79
and relative homotopy groups, 68

space, 67
and homology, 79

k-excisive functor, 505
k-fold differential of a functor, see differential

of a functor
k-jet, 581

of a smooth map, 581
source, 581
target, 581

kth cross-effect, see cross-effect of a functor
kth layer of the Taylor tower, see layer of the

Taylor tower
kth order contact, 581
kth polynomial approximation, see polynomial

approximation
Kan extension, 372
kernel as equalizer, 355
knot

invariants, 555
finite type, 568

long vs. closed, 555
space, 554

and Kontsevich operad, 565
cosimplicial model, 561
is two-fold loop space, 565
modulo immersions, 554

types, 555
Kontsevich

compactification, 560
Integral, 567
operad, 564

and Taylor tower for knots, 565
equivalent to little cubes, 564

latching
category, 415
map, 415
space, 415

layer of the Taylor tower
classification, 522, 537
homotopy calculus, 516
manifold calculus, 535

least common multiple as colimit, 361
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least upper bound as colimit, 361
Lebesgue lemma, 26
left cofinal, 433
left contraction of a cosimplicial space, 456
left Kan extension, 372

homotopy, 412
lifting axiom, 64
limit, 352

and maps, 375
and totalization, 448
as end, 370
as functor, 359
as natural transformations, 373
commutes with

colimit, 378
limit, 376

direct, 363
equalizer model, 368
fixed points, 358
greatest common divisor, 354
greatest lower bound, 353
homotopy, see homotopy limit
homotopy fiber, 357
homotopy pullback, 357
infimum, 353
intersection, 354
inverse, 355
of a cube, 227
of a punctured cube, 226

as iterated pullback, 228
of a tower of (co)fibrations, 423
of a tower of fibrations, 399
over product category, 376
path space, 357
pullback, 94, 356
vs. equalizer, 356

linear functor, 506, 527
link maps, 542
little n-cubes operad, 596
local quasifibration, 84

but not universal quasifibration, 86
is a quasifibration, 85

long exact sequence
of a cofibration, 53
and quasifibrations, 81
Barratt–Puppe, 61
dual Barratt–Puppe, 47
homotopy coexact, 61
homotopy exact, 47
in homology, 25
in homotopy, 21

of a fibration, 34
and of a pair, 34

of a triad, 185
of homology groups of a square, 171
of homotopy groups of a square, 133

long unknot, 554
loop space, 13, 44

and join, 175
as homotopy fiber, 44
as homotopy limit of a punctured cube, 231
as homotopy pullback, 104
connectivity, 69
free, 13
infinite, 590

looping a map, 13
loops

adjoint to suspension, 14
commute with

homotopy fibers, 45
homotopy limits, 237, 430
homotopy pullbacks, 237
pullback, 120

preserve fibration sequences, 33
Lusternik–Schnirelmann category, 196, 502

m-cosimplicial space, see multi-cosimplicial
space

manifold
triad, 580
with corners, 560, 580

manifold calculus of functors
analytic continuation, 542
homogeneous functor, 535

classification, 537
layer of Taylor tower, 535

classification, 537
is homogeneous, 535

polynomial approximation, 532
for knots, 556

ρ-analytic functor, 540
radius of convergence, 540
Taylor tower, 534

for long knots, 557
map

of pairs, 12
and loop space, 13
based, 7
commutator, 218
constant, 6
diagonal, 6
evaluation, 30
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fold, 6
homology groups, 171
homotopy groups, 132
Hurewicz, 198

and infinite symmetric product, 199
∞-connected, 68
identity, 6
inclusion, 6
k-connected, 68
latching, 415
matching, 415
null-homotopic, 14
of cubes, 224

and homotopy cartesian cubes, 239
and homotopy cocartesian cubes, 266

of diagrams, 345
of simplicial sets/spaces, 570
of spectra, 589
of squares, 125
of tower of (co)fibrations, 423
of weak equivalences, 117
pullback corner, 98
quotient, 6
restriction, 6
transverse to

point, 584
submanifold, 584

mapping
cone, 58

reduced, 58
cylinder, 56

and homotopic maps, 148
as colimit, 365
as homotopy colimit, 397
as homotopy pushout, 140
as pushout, 135
double, 139
homotopy invariant, 57
reduced, 56

microscope, 418
path space, 41

and homotopic maps, 109
as homotopy limit, 392
as homotopy pullback, 104
as pullback, 95
homotopy invariant, 42

space, 12
and weak equivalences, 17
based, 12
cosimplicial model, 461

telescope, 419

torus, 397
maps

and colimit, 375
and homotopy colimit, 275, 426
and homotopy limit, 275, 426
and limit, 375
as a bifunctor, 370, 389
as a homotopy limit, 391
codegeneracy, 444
coface, 444
degeneracy, 571
face, 571
homotopic, see homotopic maps
is a linear functor, 527
preserve fibrations, 33
preserve homotopy equivalences, 15
takes cocartesian to cartesian, 171
takes cofibrations to fibrations, 62

matching
category, 415
lemma, 104
map, 415

for cosimplicial space, 449
space, 415

for cosimplicial space, 449
maximal subset, 316
minimal subset, 324
Mittag–Leffler condition, 484
model category, 380
monad, 461
morphism

identity, 339
in a category, 339
inverse, 342
of operads, 597

multi-cosimplicial space, 476
totalization, 477

Multijet Transversality Theorem, 586
multivariable functor and excision, 508

n-cell, 8
n-cube, see cube
n-simplex, 5
n-skeleton, 8, see also skeleton
nth homotopy group, 20
nth symmetric product, 89
nth truncation, see truncation
natural isomorphism, 346
natural transformation

and homotopy between realizations, 387
objectwise, 345
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of diagrams, 345
pointwise, 345
space, 373

and limit, 373
as end, 370

nerve of a category, 384
non-commutative diagram, 7
non-degenerate

basepoint, 8
chain of morphisms, 384

normalization of a cosimplicial space, 453
null-homotopic map, 14

Ω-spectrum, 587
object

final, 343
initial, 343
of a category, 339

objectwise natural transformation, 345
one-point space, 4
open pushout square, 151
open triad, 151
operad

action, 596
on knot space, 566

and cosimplicial space, 598
associative, 596
associativity axiom, 595
circle-i operations, 596
Fulton–MacPherson, 564
identity axiom, 595
identity element, 595
Kontsevich, 564
little n-cubes, 596

coformality, 568
formality, 567

morphism, 597
non-symmetric, 595
recognition principle, 597
structure maps, 595
with multiplication, 564, 597
without permutations, 595

opposite category, 341
orbit space, 358

as colimit, 365
overcategory, 382

of a functor, 382

p-adic integers, 355
pair, 7

CW, 8

∞-connected, 68
k-connected, 68

and relative homotopy groups, 68
partial totalization, 452
partition of a set, 290
path components, 20
path space, 13

as limit, 357
path-connected space, 20
pointed

homotopy colimit, 258, 395
space, 7

pointwise natural transformation, 345
polynomial approximation

for knots, 556
in homotopy calculus, 512
in manifold calculus, 532

finite model, 533, 555
polynomial functor

in homotopy calculus, 505
in manifold calculus, 526

poset, 340
of open subsets of a manifold, 524

product
amalgamated, 365
and colimit, 374
as limit, 353
as pullback, 94
category, 342
commutes with

homotopy colimit, 263, 429
homotopy limit, 236, 429
homotopy pullback, 114

half-smash, 11
in a category, 349, 350
of k-cartesian squares, 113
of fibrations, 30
of homotopy cartesian squares, 113
preserves homotopy cocartesian cubes, 263
preserves homotopy pushouts, 154
smash, 11

pullback, 35
and exponentiation, 137
and fiber, 95
and homeomorphisms, 96
and homotopy fiber, 95
and injections, 96
and mapping path space, 95
and product, 94
as limit, 356
bundle, 96
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corner map, 98
in a category, 356
iterated, 228
not homotopy invariant, 100
of a fibration, 35, 39, 93, 101
of a punctured cube, 226
of identity maps, 95
of spaces, 94
square, 99
strict, 99, 230

punctured
knots, 556
square, 92

punctured cube, 222, 344
associated to cosimplicial space, 472
associated to simplicial space, 577
constant, 225
homology spectral sequence of, 490
homotopy colimit of, 258
homotopy limit of, 230
homotopy spectral sequence of, 487
of simplices, 225

Puppe sequence, see Barratt–Puppe sequence
pushout, 133

and attaching a cell, 135
and cofiber, 134
and exponentiation, 137
and homeomorphisms, 135
and homotopy cofiber, 135
and mapping cylinder, 135
and surjections, 135
and wedge, 134
as a colimit, 364
cube, 258
in a category, 364
iterated, 257
not homotopy invariant, 137
of a cofibration, 54, 55, 137
of a punctured cube, 255
of categories, 437
of groups, 365
of identity maps, 134
open pushout, 151
square, 136
strict, 136, 258
union, 364

quasifibration, 80
and homotopy long exact sequence, 81
and mapping cylinders, 281
but not a fibration, 36, 81

definition via pullbacks, 81
local, 84
patching criterion, 82
universal, 85

Quillen’s Theorem A, 437
Quillen’s Theorem B, 437
quotient

by the empty set, 135
map, 6
space, 4
topology, 4

R-completion of a simplicial set, 461
homotopy spectral sequence, 495

R-resolution of a simplicial set, 462
ρ-analytic functor

homotopy calculus, 523
manifold calculus, 540

realization, 571
and cubical homotopy colimit, 578
and homotopy colimit, 573
as a colimit of realizations of skeleta, 575
as a functor, 572
as a homotopy colimit, 396
commutes with products, 572
contractible, 387
fat, 573
is a CW complex, 571
of a category, 384
of a cubical indexing category, 386
of a tower indexing category, 387

reduced
join, 11
suspension, 10
cone, 9
functor, 505
homology, 24
mapping cone, 58

Reedy category, 414
regular

homotopy, 525
value, 583

relative homotopy groups, 21
and k-connected pair, 68
and homotopy cartesian square, 121

Relative Hurewicz Theorem, 187, 200
replacement

cofibrant, 420
fibrant, 420
simplicial, 575



628 Index

restricted cosimplicial space, see
semicosimplicial space

retract, 6, 131
is closed, 6

retraction, 6
right cofinal, 433
right contraction of a cosimplicial space, 457
right Kan extension, 372

homotopy, 412
rooted trees, 596

S -cube, see cube
Sard’s Theorem, 584
Second Cube Theorem, 187, 283

implies First Cube Theorem, 284
second-quadrant spectral sequence, 482
section, 6
Seifert–van Kampen Theorem, 26, 153, 365
semicosimplicial space, 450
semisimplicial space, 573
sequence

cofibration, 48
fibration, 29

Serre fibration, 29
Serre Theorem, 187, 203
set

of path components, 20
simplicial, 571

simplex, 5
cosimplicial, 445
degenerate, 571

does not contribute, 571
punctured cubical, 225
singular, 24

simplicial
indexing category, 444
replacement, 575

and homotopy colimit, 575
set, 571

as colimit of its skeleta, 574
grouplike, 462
R-good, 462

space, 570
augmentation, 575
degeneracy-free, 574

simply-connected space, 20
singular

homology, 24
simplex, 24

skeleton, 574
Smale–Hirsch Theorem, 529, 556

small category, 340
smash product, 11

as a homotopy pushout, 141
commutes with homotopy colimit, 265
commutes with homotopy pushout, 159
of a spectrum with space, 588

smooth manifold triad, 580
space
∞-connected, 67
base, 29
based, 7
co-H, 297
cofibrant, 415
compactly generated, 5
configuration, 251
connectivity, 67
contractible, 15
Eilenberg MacLane, 61
fibrant, 415
k-connected, 67
latching, 415
mapping, 12
matching, 415
of embeddings, 525
of immersions, 525
of knot invariants, 555
of knots modulo immersions, 554
of link maps, 542
of long immersions, 554
of long knots, 554

cosimplicial model, 561
is a two-fold loop space, 565

of maps, see mapping space
of maps of cubes, 224
of natural transformations, 373

and limit, 373
as end, 370
of cubes, 224

of paths, see path space
of punctured knots, 556
of sections, 530
path-connected, 20
pointed, 7
semisimplicial, 573
simplicial, 570
simply-connected, 20
total, 29
triple resolution, 461
weakly contractible, 67
well-pointed, 8, 55, 56

spaces
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homotopy equivalent, 15
homeomorphic, 6
pair, 7

k-connected, 68
spectral sequence, see also

homology/homotopy spectral sequence
Barratt’s desuspension, 463
generalized Eilenberg–Moore, 480
rth page, 482
second-quadrant, 482
unstable Adams, 480
Vassiliev, 567

spectrum, 587
K-theory, 587
category, 590
connective, 589
constant, 587
Eilenberg–MacLane, 587
equivalent to Ω-spectrum, 590
homotopy fixed points, 594
homotopy groups, 589
homotopy orbits, 594
smashing with a space, 588
sphere, 587
structure maps, 587
suspension, 587
weak equivalence, 590

sphere spectrum, 587
square

as a map of maps, 92
cartesian, 99
cocartesian, 136
cofibrant, 165

colimit is homotopy colimit, 165
pushout, 165
replacement, 166

equivalent to cofibrant square, 165
equivalent to fibrant square, 125
factorization, 121, 163, 436
fibrant, 124

limit is homotopy limit, 124
pullback, 124
replacement, 124

first non-vanishing homotopy group, 216,
330

homology groups, 171
homotopy cartesian, see homotopy cartesian

square
equivalent to fibrant pullback square, 125

homotopy cocartesian, see homotopy
cocartesian square

equivalent to cofibrant pushout square,
165

homotopy groups, 133
homotopy pullback, see homotopy pullback

square
homotopy pushout, see homotopy pushout

square
k-cartesian, 111
k-cocartesian, 150
long exact sequence of homology groups,

171
long exact sequence of homotopy groups,

133
of spectra

homotopy cartesian, 592
homotopy cocartesian, 592

of suspensions, 167
pullback, 99
punctured, 92
pushout, 136
total homotopy cofiber, 168
total homotopy fiber, 127

stable homotopy groups, 588
of spheres, 588

stably k-excisive functor, 510
Stasheff associahedron, 560
strict

pullback, 99, 230
pushout, 136, 258

strongly cartesian cube, 242
equivalent to pullback cube, 243

strongly cocartesian cube, 268
and homotopy fibers, 276
equivalent to pushout cube, 270

structure maps
operad, 595
spectrum, 587

subcategory, 340
full, 340

subcomplex, 8
subset

concave, 324
convex, 316
maximal, 316
minimal, 324
partition, 290

supremum as a colimit, 361
suspension

adjoint to loops, 14
as homotopy cofiber, 59
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as homotopy colimit of a punctured cube,
259

as homotopy pushout, 141
commutes with

homotopy cofiber, 60
homotopy colimit, 265, 430
homotopy pushout, 159

connectivity, 70
fiberwise, 181
of a map, 10
of a sphere, 10
reduced, 10
unreduced, 10

suspension spectrum, 587
as excisive functor, 507

symmetric functor, 518
symmetric product

infinite, 89, 280
nth, 89

Taylor tower
convergence for embeddings, 543
error estimate, 541
for long knots, 557
homotopy calculus, 514

layer, 516
homotopy spectral sequence, 524
manifold calculus, 534

layer, 535
radius of convergence

homotopy calculus, 523
manifold calculus, 540

Thom Transversality Theorem, 585
Thomason’s homotopy colimit theorem, 442
topology

compact-open, 12
on a coproduct, 351
on a product, 350
on a totalization, 446
Whitney, 582

total
complex, 497
generalized Whitehead product, 334
space, 29
tower, 452

total cofiber, see total homotopy cofiber
total fiber, see total homotopy fiber
total homotopy cofiber

and iterated homotopy cofiber, 168
and retracts, 273
and suspension, 273

as iterated homotopy cofiber, 272
as total homotopy cofiber of a square, 274
cofibration sequence, 274
homology spectral sequence, 492
of a cube, 272
of a square, 168

total homotopy fiber
and loops, 252
and retracts, 252
as iterated homotopy fiber, 128, 250
as total homotopy fiber of a square, 254
fibration sequence, 254
homotopy groups in stable range, 218, 332
homotopy spectral sequence, 489
of a cube, 249
of a square, 127

totalization, 446
and homotopy limit, 448, 449, 477
and limit, 448
as a functor, 447
as an equalizer, 447
based, 446
homotopy invariant, 449
of a multi-cosimplicial space, 477
partial, 452
tower, 452

tower
homotopy colimit, 398
homotopy limit, 393
of cofibrations

colimit is homotopy invariant, 409
homology spectral sequence, 486
of skeleta, 576

of fibrations
homotopy spectral sequence, 482
limit is homotopy invariant, 399

of partial totalizations, 452
realization of indexing category, 387
Taylor, see Taylor tower

Transversality Theorem
Elementary, 585
Multijet, 586
Thom, 585

transverse map, 584
triad

homotopy groups, 185
excisive, 185
first non-zero homotopy group, 185
long exact homotopy sequence, 185
smooth manifold, 580

triple, 185, 461
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resolution of a space, 461
trivial fibration, 30
truncation

of a cosimplicial space, 451
homology spectral sequence, 500
homotopy spectral sequence, 500

of a homotopy colimit, 411
of a homotopy limit, 404
of a simplicial set, 573

twisted arrow category, 439

undercategory, 382
of a functor, 382

union
as pushout, 364
of homotopy cocartesian squares, 153

unit
disk, 5
interval, 4
sphere, 5

universal property, 348
of the colimit of a punctured cube, 255
of the limit of a punctured cube, 227
of the pullback, 94
of the pushout, 133

universal quasifibration, 85
and pullback over disks, 86
is a local quasifibration, 85
patching criterion, 88

unordered configuration space, 530, 535
unreduced suspension, 10
unstable Adams spectral sequence, 480

van Kampen Theorem, see Seifert–van
Kampen Theorem

Vassiliev invariants, see finite type knot
invariants

Vassiliev spectral sequence, 567
collapses, 567

vector bundle, 29
vector space

direct product, 362
direct sum, 362

very small category, 342

weak equivalence, 16
and homotopy cartesian square, 116
and homotopy cocartesian square, 155
and homotopy groups, 22
and mapping spaces, 17
of maps, 117
of pairs, 16
of spectra, 590
of squares, 124
vs. homotopy equivalence, 16, 68, 100, 112

weak topology, 4
weakly contractible space, 67
wedge, 11

as a homotopy pushout, 140
as a pushout, 134
commutes with

homotopy colimit, 263, 265, 429
homotopy pushout, 154, 159

fat, 260, 272
wedge sum, see wedge
well-pointed space, 8, 56
Whitehead product

generalized, 186, 219, 334
total generalized, 334

Whitehead Theorem
Homological, 187, 202
Homotopical, 187

Whitney Approximation Theorem, 582
for manifolds, 582

Whitney topology, 582

Z-nilpotent completion, 462
zeroth order contact, 581




